Chapter 1

1.1

a) One dimensional, multichannel, discrete time, and digital.
b) Multi dimensional, single channel, continuous-time, analog.
¢) One dimensional, single channel, continuous-time, analog.
d) One dimensional, single channel, continuous-time, analog.
e) One dimensional, multichannel, discrete-time, digital.
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= o.é); = ﬁﬁ periodic with N, = 200.

= £ = periodic with NV, = 7.
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= 5 = periodic with N, = 2.
= ? = non-periodic.
=S5 (3) = % = periodic with IV, = 10.

a) Periodic with period T}, = 2F.
b) f = % = non-periodic.
¢) f = 13- = non-periodic.
d) cos(g) is non-periodic; cos(’3*) is periodic; Their product is non-periodic.
T1) is periodic with period N,=4
) is periodic with period N,=16
cos(™* + %) is periodic with period N,=8
Therefore, x(n) is periodic with period N,=16. (16 is the least common multiple of 4,8,16).

1.4

(a) w = 2 implies that f = £. Let

a= GCD of (k,N), ie.,
k=FKa,N=Na.
Then,

/

f:ﬁ7

which implies that

v
o
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N
k
GCD(k, N)
NP
(c)
N 16
k =
GCD(k,N) =
N,

1.5

(a) Refer to fig 1.5-1
(b)

7
= 01234567
= 71111117
17777771

0123456789101112 ... 16
6121412181214 ... 16
» = 168164168162168164 ... 1

———> xa(t)

15 20 25 30
—-—=>t(ms)

Figure 1.5-1:

xo(nT)
zq(n/F)
3sin(mn/3) =
1 7
o3
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Figure 1.5-2:

(c)Refer to fig 1.5-2
x(n):{O 3.3 0, -3 fi},Np:G.

PV2 V20 V2' V2
(d) Yes.
100
x(1) = 3 = 3sin( Fﬂ) = F, = 200 samples/sec.
S
1.6
(a)

z(n) = Acos(2nFyn/Fs+0)

= Acos(2n(T/T,)n +6)

But T/T, = f = x(n) is periodic if f is rational.
(b) If x(n) is periodic, then f=k/N where N is the period. Then,

k
Ti=(5T) = k(%)T = kT,

Thus, it takes k periods (kT},) of the analog signal to make 1 period (T) of the discrete signal.
(¢c) Ty=kT, = NT =kT, = f =k/N =T/T, = fis rational = x(n) is periodic.

1.7

(a) Fmax = 10kHz = Fy > 2Fmax = 20kH z.
(b) For Fy = 8kHz, Fyyq = Fs/2 = 4kHz = 5kHz will alias to 3kHz.
(c) F=9kHz will alias to 1kHz.

1.8

(a) Fmax = 100]€HZ, Fs > 2Fma,x = 200H z.
(b) Fyojq = %5 = 125Hz.
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1.9

(a) FII’I&X = 360H2, FN = 2Fmax = T720Hz.
(b) Ffold = % = 300H z.
c
z(n) = x4(nT)
za(n/Fs)
= sin(4807mn/600) + 3sin(7207n/600)

z(n) = sin(4mn/5) — 3sin(4mn/5)
—2sin(4mn/5).
Therefore, w = 47 /5.
(d) yo(t) = z(Fst) = —2sin(4807t).
1.10
(a)
Number of bits/sample = log21024 = 10.
[10, 000 bits/sec]
F, = .
[10 bits/sample]
= 1000 samples/sec.
Ffold = b500Hz.
(b)
18007
Fmax =
27
= 900Hz
Fny = 2Fmax = 1800Hz.
(c)
6007 , 1
i = ?(E)
= 0.3;
18007 , 1
o= — (FS)
= 0.9
But fo = 0.9>05= fo=0.1.
Hence, z(n) = 3cos[(2m)(0.3)n] 4+ 2cos[(27)(0.1)n]
TMaX — %y -
(d) A= T = 515235) = #(2)3'
1.11
x(n) = x4(nT)
— 3c0s 1007n 4 9sin 2507n
N 200 200
6
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3
= 3cos (%) — 2sin (T)

1
T/ — - — T/
e = yalt) = 2(t/T)
w1000t . ( 3m1000¢
= 3cos —2sin | ———
2 4
Yao(t) = 3cos(500mt) — 2sin(750mt)
1.12
(a) For Fy = 300H z,
z(n) = 3cos <%) + 10sin(mn) — cos (%)
™ ™
= 3cos (?> — 3cos (?)
(b) 2, (t) = 3cos(100007t/6) — cos(100007t/3)
1.13
(a)
Range = ZImax — Typin — 12.7.
range
=1
m + A
= 127+ 1 =128 = log(128)
7 bits.
(b) m =1+ 127 = 636 = log2(636) = 10 bit A/D.
1.14
. les ha
R = (20 samp es) y bits
sec sample
= 160%
sec
Fs
FfOld = ? =10Hz.
1volt
luti =
Resolution 28 1
= 0.004
1.15

(a) Refer to fig 1.15-1. With a sampling frequency of 5kHz, the maximum frequency that can be
represented is 2.5kHz. Therefore, a frequency of 4.5kHz is aliased to 500Hz and the frequency of
3kHz is aliased to 2kHz.

© 2007PearsorEducation)nc., UpperSaddleRiver,NJ. All rightsreservedThis materialis protectedunderall copyrightlaws
astheycurrentlyexist.No portionof this materialmay be reproducedin anyform or by anymeanswithout permissiorin
writing from the publisher. Forthe exclusiveuseof adopterf thebookDigital SignalProcessingi-ourthEdition, by JohnG.
ProakisandDimitris G. Manolakis.ISBN 0-13-187374-1.



Fs = 5KHz, FO=500Hz Fs = 5KHz, FO=2000Hz

1 1
05 05
0 0
-05 -05
1 50 100 1 50 100
Fs = 5KHz, FO=3000Hz Fs = 5KHz, FO=4500Hz
1 1
05 05
0 0
-05 -05
1 50 100 1 50 100

Figure 1.15-1:

(b) Refer to fig 1.15-2. y(n) is a sinusoidal signal. By taking the even numbered samples, the
sampling frequency is reduced to half i.e., 25kHz which is still greater than the nyquist rate. The
frequency of the downsampled signal is 2kHz.

1.16

(a) for levels = 64, using truncation refer to fig 1.16-1.
for levels = 128, using truncation refer to fig 1.16-2.
for levels = 256, using truncation refer to fig 1.16-3.
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FO = 2KHz, Fs=50kHz
T T

T
0.5 i
o i
-0.51 b
_l L L L L L
0 40 50 60 70 80 90 100
FO = 2KHz, Fs=25kHz
1 T T T
0.5 b
or i
-0.51 b
_l Il Il Il Il Il L L
0 5 10 15 20 25 30 35 40 45 50

Figure 1.15-2:

levels = 64, using truncation, SQNR = 31.3341dB
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Figure 1.16-1:
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levels = 128, using truncation, SQNR = 37.359dB

1 1
0.5 0.5
G S
< g
A 0 A 0
| |
|
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-1 -1
0 50 100 150 200 0 50 100 150 200
-=>n -=>n
0
-0.005
<
()
A -0.01
|
-0.015
-0.02
0 50 100 150 200
Figure 1.16-2:
levels = 256, using truncation, SQNR=43.7739dB
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Figure 1.16-3:

10
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(b) for levels = 64, using rounding refer to fig 1.16-4.
for levels = 128, using rounding refer to fig 1.16-5.
for levels = 256, using rounding refer to fig 1.16-6.

levels = 64, using rounding, SQNR=32.754dB

1 1
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Figure 1.16-4:
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levels = 128, using rounding, SQNR=39.2008dB
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Figure 1.16-5:

levels = 256, using rounding, SQNR=44.0353dB
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Figure 1.16-6:
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(c¢) The sqnr with rounding is greater than with truncation. But the sqnr improves as the number
of quantization levels are increased.
(d)

levels 64 128 256

theoretical sqnr 43.9000 49.9200 55.9400

sqnr with truncation 31.3341 37.359  43.7739

sqnr with rounding ~ 32.754  39.2008 44.0353

The theoretical sqnr is given in the table above. It can be seen that theoretical sqnr is much
higher than those obtained by simulations. The decrease in the sqnr is because of the truncation
and rounding.

13
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Chapter 2

2.1

12
=1...0,2,2,1,1,1,1,0,. ..
o) = {0,330 }

Refer to fig 2.1-1.
(b) After folding s(n) we have

2/3

Figure 2.1-1:

Wl o
W =
p
—

z(—n) = { ..0,1,1,1,1,
i
After delaying the folded signal by 4 samples, we have
21
— 4)=4...0,0,1,1,1,1,=,=,0,... 7.
x( nJr ) { 797 ) ) ) ’37 37 ) }

On the other hand, if we delay x(n) by 4 samples we have

12
—4)=4...0,0,-,-,1,1,1,1,0,... 5.
:r(n ) { (T)’ ’3737 ) ) ) N }
Now, if we fold z(n — 4) we have
21
-n—4)=+<...0,1,1,1,1, -, -,0,0,...
1:( n ) { 7777’3737 7(%7 }

15
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()
2 1
—n44)=14...0,1,1,1,1,,2,0,...
x( n+) { 97777737377 }

(d) To obtain z(—n + k), first we fold x(n). This yields x(—n). Then, we shift z(—n) by k
samples to the right if £ > 0, or k samples to the left if & < 0.

(e) Yes.
z(n) = écs(n -2)+ gé(n +1)4+uln) —u(n —4)
2.2
(n) = 0,1,1,1,1 11 0
xr\n - ) 7T7 ) 72727 b
(a)
11
‘T(TLZ){"'07?7171a1715272707 }
(b)
11
2(4—n) = 0,5 5. L1110,
T
(see 2.1(d))
(c)
(n+2)= 01111110
xr\n - AR ) ) ) 7’]"272’ )
(d)
x(n)u(?n){...0,1,1,1,1,0,0,...}
T
(e)
x(n—l)é(n—?)):{...0,0,1,0,...}
T
()
3;‘(77,2) = { 0,2(4),z(1),z(0), z(1),z(4),0, }
1
= {...0,2,1,%,1,2,0,..}
(2)
oy~ 2 tatn)
2
11
CL‘(—TL) = {...072,2,1,1,171,0,. }
_ o L1l 11ty
- AR 74?4727 ) b 727474’ b
16

© 2007PearsorEducation]nc., UpperSaddleRiver,NJ. All rightsreservedThis materialis protectedunderall copyrightlaws
astheycurrentlyexist.No portion of this materialmaybereproducedin anyform or by anymeanswithout permissiorin
writing from the publisher. Forthe exclusiveuseof adopterf the bookDigital SignalProcessingi-ourthEdition, by JohnG.
ProakisandDimitris G. Manolakis.ISBN 0-13-187374-1.



To(n) = 5
1 1 1 111
= { Oa 44 2707070357171707 }
2.3
(a)
0, n<0
u(n)—un—1)=6dén)=<¢ 1, n=0
0, n>0
(b)
” 0, n<0
k;xa(k) = u(n) = { L n>0
= 0, n<0
kZ_Oé(n—k):{ 1 n>0
2.4
Let
1
reln) = 3le(n) + ()],
roln) = 3le(n) — 2(-n)
Since
ZTe(—n) = ze(n)
and

it follows that

The decomposition is unique. For

we have

and
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2.5

First, we prove that

Z ze(n)xo(n) =0
Z Te(n)xo(n) = Z Te(—m)x,(—m)
= - Z Ze(m)xz,(m)
= — Z Ze(n)zo(n)
= Z ze(n)zo(n)
= O_
Then,
Yo ) = Y [we(n) + zo(n))?
= Z ;Lg(n)—i- Z :U?)(TL)‘I- Z 2z (n)zo(0)
= E7e + Eo ) )
2.6
(a) No, the system is time variant. Proof: If
w(n) = y(n) = o(n?)
z(n—k) —yn) = z[(n—k)’]
= a(n®+ Kk — 2nk)
# yln—k)

yn—2) = {...,0,?,1,1,1,0,...}

18
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(5)
y2(n) =Tlax(n —2)] = { .., 0, 170,9,0, 1,0,.. }
(6)
ya2(n) # y(n — 2) = system is time variant.
(c) (1)
z(n) = {%, 1,1,1}
(2)
y(n) = {%,0,0,0,0,—1}
(3)
y(n—2) = {(T),o, 1,0,0,0,0, —1}
(4)
2(n —2) = {9,0, 1,1,1,1, 1}
(5)

yQ(n) = {(%a 0, 170707 07 0, _1}

(6)
y2(n) = y(n — 2).

The system is time invariant, but this example alone does not constitute a proof.

(d) (1)
y(n) = na(n),
z(n) = {...,0,%71,1,1,0,...}
(2)
y(n) = {?123}
(3)
y(n —2) = {...,9,0,0,1,2,3,...}
(4)

z(n—2) = {...,0,0,0,1,1,1,1,...}
T

19
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ya(n) =T[x(n—2)] ={...,0,0,2,3,4,5,...}

(6)

y2(n) # y(n — 2) = the system is time variant.

2.7

(a) Static, nonlinear, time invariant, causal, stable.
(b) Dynamic, linear, time invariant, noncausal and unstable. The latter is easily proved.
For the bounded input (k) = u(k), the output becomes

e, 0 n<—1
v = 3 am={ 0, "I
e —oo 3 =

since y(n) — oo as n — oo, the system is unstable.
(c) Static, linear, timevariant, causal, stable.
(d) Dynamic, linear, time invariant, noncausal, stable.
(e) Static, nonlinear, time invariant, causal, stable.
(f) Static, nonlinear, time invariant, causal, stable.
(g) Static, nonlinear, time invariant, causal, stable.
(h) Static, linear, time invariant, causal, stable.
(i) Dynamic, linear, time variant, noncausal, unstable. Note that the bounded input
x(n) = u(n) produces an unbounded output.
(j) Dynamic, linear, time variant, noncausal, stable.
(k) Static, nonlinear, time invariant, causal, stable.
(1) Dynamic, linear, time invariant, noncausal, stable.
(m) Static, nonlinear, time invariant, causal, stable.
(n) Static, linear, time invariant, causal, stable.

2.8
(a) True. If
v1(n) = T1[xz1(n)] and
v2(n) = Ti[z2(n)],
then
a121(n) + agxa(n)
yields

av1(n) + agve(n)

by the linearity property of 77. Similarly, if
y1(n) = Ta[v1(n)] and
y2(n) = Tafvz(n)],

then
Brvi(n) + Bava(n) — y(n) = Bryi(n) + Bay2(n)

by the linearity property of 75. Since
v1(n) = Ti[x1(n)] and

20
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va(n) = Taw2(n)),
it follows that
Arz1(n) + Asza(n)
yields the output
AT [z1(n)] + AT [x2(n)],

where 7 = 7;75. Hence 7 is linear.
(b) True. For Ty, if

x(n) — v(n) and
z(n—k) - v(n—k),
For 715, if
v(n) — y(n)
andv(n — k) — y(n — k).
Hence, For 7;75, if
z(n) — y(n) and
z(n—k) = yn—k)

Therefore, 7 = 7775 is time invariant.
(c) True. 7y is causal = v(n) depends only on x(k) for k < n. 73 is causal = y(n) depends only on v(k) for k <
n. Therefore, y(n) depends only on z(k) for k¥ < n. Hence, T is causal.
(d) True. Combine (a) and (b).
(e) True. This follows from hi(n) * ha(n) = ha(n) * hi(n)
(f) False. For example, consider
71 : y(n) = nz(n) and

T3 :y(n) = nx(n+1).

Then,
L[L[(n)]] = T2(0)=0.
T[T[6(n)]] = Ti[é(n+1)]
= —i(n+1)
# 0

(g) False. For example, consider
71 :y(n) = z(n) + b and

T : y(n) = x(n) — b, where b # 0.
Then,
T[z(n)] = To[Ti[z(n)]] = To[z(n) 4+ b] = z(n).

Hence 7 is linear.
(h) True.

T, is stable = v(n) is bounded if x(n) is bounded.

T, is stable = y(n) is bounded if v(n) is bounded .

21
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Hence, y(n) is bounded if x(n) is bounded = T = 7775 is stable.
(i) Inverse of (c). 73 and for 75 are noncausal = 7 is noncausal. Example:

7i:y(n) = z(n+1)and
Toyn) = o(n—2)
=7:y(n) = z(n-1),

which is causal. Hence, the inverse of (c) is false.
Inverse of (h): 77 and/or 73 is unstable, implies 7 is unstable. Example:

T: : y(n) = "™, stable and 75 : y(n) = Infz(n)], which is unstable.

But 7 : y(n) = x(n), which is stable. Hence, the inverse of (h) is false.

2.9
(a)

n

y(n) = > h(k)z(n—k),z(n)=0,n<0
k=—o0
n+N n+N
yn+N) = > hE)zn+N—k)= > hlk)zn-Fk)
k=—o00 k=—o00
n n+N
= > hkzn-k)+ > hk)a(n-k)
k=—oc0 k=n-+1
n+N
= y(m)+ D h(k)z(n—Fk)
k=n-+1

For a BIBO system, lim,,_,o|h(n)| = 0. Therefore,

lim,,_ooy(n + N) = y(N).

(b) Let x(n) = z,(n) + au(n), where a is a constant and
Zo(n) is a bounded signal with lim z,(n) = 0.

n— oo

Then,

h(k) + yo(n)

clearly, >, 2%(n) < 0o = Y, y2(n) < oo (from (c) below) Hence,
lim,, oo |yo(n)| = 0.

22
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and, thus, lim,,y(n) =a ) ,_, h(k) = constant.

(©)
y(n) = > hk)x(n—k)
k
S = Y [Z Mk)a(n - k>]
— 00 —o00 k
= > > kA1) w(n—k)zn-1)
koo n
But
Zaz(n —k)z(n—1) < Zzg(”) = By
Therefore,

For a BIBO stable system,

> |h(k)| < M.
k
Hence,
E, < M*E,, so that
E,<0if E, <0.
2.10

The system is nonlinear. This is evident from observation of the pairs
z3(n) < ys(n) and xa(n) < ya(n).

If the system were linear, y2(n) would be of the form

Ya(n) = {37 6, 3}

because the system is time-invariant. However, this is not the case.

2.11

z1(n) + x2(n) = d6(n)

and the system is linear, the impulse response of the system is

y1(n) +y2(n) = {0,:%,—1,2,1}.

If the system were time invariant, the response to zs(n) would be

{3,2,1,3,1}.
3

23
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2.12

(a) Any weighted linear combination of the signals z;(n),i = 1,2,..., N.
(b) Any z;(n — k), where k is any integer and i = 1,2,..., N.

2.13

A system is BIBO stable if and only if a bounded input produces a bounded output.
y(n) = Z h(k)a(n —
ly(n)] Z\h )z (n — k)|
M, " |h(k
k

where |z(n — k)| < M,. Therefore, |y(n)| < oo for all n, if and only if

Zm )| < .

IN

IN

2.14

(a) A system is causal < the output becomes nonzero after the input becomes non-zero. Hence,

z(n) =0 for n < n, = y(n) =0 for n < n,.

(v) )
n) = Z h(k)x(n — k), where z(n) =0 for n < 0.

If h(k) =0 for k < 0, then
y(n) = Z h(k)x(n — k), and hence, y(n) = 0 for n < 0.
0

On the other hand, if y(n) = 0 for n < 0, then

Zh k)= h(k) =0,k < 0.
2.15
(a)
Forazl,Za" = N-M+1
n=M
fora;él,Za" = aM 4+ M4+ aVY
n=M
N
(1fa)Za" = aM M M oV — N - VT
n=M
= gM _ N+
24
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(b) For M =0, |a|] <1, and N — oo,

2.16

Nt 1

g a" = Jal < 1.
1—a
n=0

y(n) = h(n) * z(n) = {1,3,7,7,7,6,4}
SNy =35 Y ak)=5 Y a(k)=1
n k

k

y(n) = {1747 2,—4, 1}

4, > hk)y=2, > w(k)=2
k

k

(]

<

g
Il

1 13 5
=0, 5=, 2, =2,0,—=, 2
y(n) { 727 2’2) ) ) 27 }

y(n) - {17 27 334a 5}

S yn)=15 > hn)=1, > z(n)=15

n

y(n) = {07()’ 1a _17 27 27 1a 3}

dyn)=8, D hn)=4, > x(n)=2

n

y(n) = {0707 ]-a _]-a 27 27 ]-7 3}

Yoy =8, Y hm)=2 Y a(n)=4

n

y(n) = {Oa 1347 _47 _5a _17 3}

25
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Zy(n) = -2, Zh(n) =1, Zx(n) =9

n n

(8)
y(n) =u(n) +u(n — 1) + 2u(n — 2)
Zy(n) = 00, Zh(n) = 00, Zx(n) =4
(9)
y(n) ={1,-1,-5,2,3,-5,1,4}
Symy =0, Samy=0, > a(n)=4
(10)
y(n) ={1,4,4,4,10,4,4,4,1}
Syn)=36, > h(n)=6 > z(n)=6
(11)
y(n) = 203" — (7)"Juw)
Z?J(n) = g Zh(n) = % Zw(n) =2
2.17
(a)
z(n) = %,1,1,1}

=
S
~—
|
-
“
Nl
©
N
—
—

<
g

I
M=

xz(k)h(n — k)

k=0
y(0) = z(0)h(0) =6,
y(1) = =z(0)h(1l) +z(1)h(0) =11
y(2) = z(0)h(2) +z(1)h(1) +z(2)R(0) =15
y(3) = z(0)h(3) + x(1)h(2) + z(2)h(1) + z(3)h(0) = 18
y(4) = z(0)h(4) +z(1)h(3) + 2(2)h(2) + x(3)h(1) + 2(4)h(0) = 14
y(5) = z(0)h(5) +z(1)h(4) + z(2)R(3) + z(3)h(2) + x(4)h(1) + 2(5)h(0) = 10
y(6) = xz(1)h(5) + x(2)h(4) +x(3)h(2) =6
y(7) = x(2)h(5) + z(3)h(4) =3
y(@8) = z(3)h()=1
y(n) = 0,n>9
y(n) .11,15,18,14,10,6, 3, 1}

Il
—o

26
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(b) By following the same procedure as in (a), we obtain

y(n) = {6, 11,15, 1T8, 14, 10,6, 3, 1}

(c) By following the same procedure as in (a), we obtain

mm{Lzzz@
T

(d) By following the same procedure as in (a), we obtain

mm:{Lzzz@
T

2.18
(a)
12 _ 45
I(’I’L) - {?737331337372}
h(n) = {171,%,1,1}
y(n) = xz(n)*h(n)
1 10 20 11
= {3, ,2,3,5,3,6,5,3,2}
(b)
z(n) = %n[u(n)—u(n—?)]7
h(n) = u(n+2)—u(n—23)
y(n) = z(n)*h(n)
- %n[u(n)—u(n—?)]*[u(n—l—?)—u(n—B)]
= %n[u(n) xu(n+2) —un)xun—3)—uln—"7) xuln+2)+uln—"7) xu(n —3)]
yn) = S0(nt 1)+ 6(n) + 2600 — 1) + L 6(n —2) + 56(n — 3) + 5'6(n —4) + 65(n — 5)
+58(n — 6) + 55(n — 6) + %15(7@ ST+ 6(n—8)
2.19
4
y(n) = Y hk)a(n—k),
k=0
z(n) = {a_S,a_Q,ofl,%,oz, ,as}
h(n) = {%,1,1,1,1}
27
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4
yin) = > x(n—k),-3<n<9
k=0
= 0, otherwise.

Therefore,
y(=3) = a7
y(-2) = z(=3)+az(-2)=aP+a?
y(-1) = aP+a?+al,
y(0) = aP+a?4+at+1
y(1) = a3 +a?4+at+1+a,
y(2) = aP+a+al+l4+a+a?
y(3) = al+l+a+a®+ad,
y(4) = a*+aP+at+a+l
y(5) = a+al+ad+at+a’,
y(6) = o?+ad+at+a’
y(7) = o +a*+a’,
y(8) = a*+a’,
y(9) = o
2.20

a) 131 x 122 = 15982

b) {11,3,1} *{11,2,2} = {1,5,9,8,2}

c) (1+32+22)(1+22+222) =1+52+ 922+ 823 + 22*
d) 1.31 x 12.2 = 15.982.

e) These are different ways to perform convolution.

(
(
(
(
(

2.21
(a)
y(n) =Y au(k)b" Fu(n — k) =" (ab™')*
k=0 k=0
_ bn“:gn“u(n), a#b
y(”)_{ b (n - u(n), a—b
(b)
z(n) = {172,%,1}
h(n) = {%,—1,0,0,1,1}
y(n) = {1,1,%,0,0,3,3,2,1}
28
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8
—
E

I

{17171313170,_1} )
T
{172,3,2,1}

T

{17 37 6a ?79787 57 1a _27 _27 _1}

{1,1,1,1,1} s

T

{O,”717 1, 17 1, 1, 1}
T

)

n) = W(n)+H(n-9),
)
)

=
&
[

<

—

S
[

B
=
I

= ¢ (n)+y (n—9), where

{0,0, 1,2,3,4,5,5,4,3,2, 1}
7

2.22

yi(n) = o(n)* hin)

z(n) + z(n —1)

= {1,5,6,5,8,8,6,7,9,12,12,15,9}, similarly
{1,6,11,11,13, 16, 14, 13, 15,21, 25, 28, 24,9}
(0.5,2.5,3,2.5,4,4,3,3.5,4.5,6,6,7.5, 4.5}

{0.25,1.5,2.75,2.75, 3.25, 4, 3.5, 3.25, 3.75, 5.25, 6.25, 7, 6, 2.25}

— {0.25,0.5, —1.25,0.75,0.25, —1,0.5,0.25,0,0.25, —0.75, 1, 3, —2.25}

<

=

—~
3
I

3
~— — ~— ~—
I

ys(n) = =yi(n), because

hs(n) = =hi(n)

1
ya(n) = Zyz(n), because

1

ha(n) = 1h2(”)

(¢) y2(n) and y4(n) are smoother than y; (n), but y4(n) will appear even smoother because of the
smaller scale factor.

(d) System 4 results in a smoother output. The negative value of hs5(0) is responsible for the
non-smooth characteristics of y5(n)
(e)

13 1 11 13 9
=22 1,2,1,-1,0,=,=,1,—=, 2, -~
yG(n) {272a 19 g Ty 2}

y2(n) is smoother than yg(n).

29
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2.23

We can express the unit sample in terms of the unit step function as d(n) = u(n) — u(n — 1).
Then,

h(n) = h

Il
>
—~ o~
2
*
=
3
~—
I
<
—~
S
I
—_
-

= h

Using this definition of h(n)

y(n) = hn)*a(n)

I
—~
VA
—
S
~
|
Vo)
—~
S
|
—
N
~—
*
8
—~
S
~

2.24
If
yi(n) = nyi(n—1)+x1(n) and
y2(n) = nya(n—1)+ z2(n) then
z(n) = azi(n)+ bra(n)

produces the output
y(n) =ny(n — 1) + z(n), where

y(n) = ayi(n) + byz(n).

Hence, the system is linear. If the input is z(n — 1), we have

(n—1)y(n—2)+x(n—1). But
ny(n —2) +z(n—1).

y(n—1)
y(n—1)

Hence, the system is time variant. If z(n) = u(n), then |z(n)| < 1. But for this bounded input,
the output is
y(0)=1, y(l)=1+1=2 y@2)=2x2+1=5,...

which is unbounded. Hence, the system is unstable.

2.25
(o
5(n) = (n) —ay(n— 1) and,
S(n—k) = ~(n—k) —ay(n—k—1). Then,
o(n) = kfix%ﬁ@—k)
- ki PRy (n — k) — ar(n — k — 1)

30
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z(n)
Thus, cg
(b)
(c)
2.26

With x(n) = 0, we have

4
-1 =
y(n )+3

2.27

o0 o0

= > akyn—-k)—a > z(k)y(n—k-1)
k=—o0 k=—o00
= Z z(k)y(n — k) —a Z z(k—1)y(n —k)
k=—o00 k=—o00
— S (o) — aslk— Dy(n - k)
k=—oc0
= z(k)—ax(k—1)
y(n) = Tlz(n)]
= 7] Z cry(n — k)]
k=—o0
= Z aT[y(n — k)]
k=—o00
— S g k)
k=—oc0
h(n) = T[5(n)]
= T[y(n)—ay(n—1)]
= g(n)—ag(n—1)
yln—1) = 0
Y1) = —3u(-2)
W) = (—3)w(-2)
) = (-3)°%(-2)
y(k) = (,%)Wr?y(,g) «— zero-input response.

Consider the homogeneous equation:

y(n) — %y(n 1)+ éy(n —2) =0.

The characteristic equation is

1
- =0.A
6

5
22— A
At

W =

1
2a

31
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Hence,

The particular solution to
z(n) = 2"u(n) is

yp(n) = k(2")u(n).

Substitute this solution into the difference equation. Then, we obtain

B2 () — ()@ Juln — 1) + ()@ )uln — 2) = 2"u(n)
For n = 2,
5k k 8
dh-Fre=d=k=.

Therefore, the total solution is

y() = 5yn) + ) = 5 (2")uln) + e (5)"u(n) + ea(5)"ulm).

To determine ¢; and ¢y, assume that y(—2) = y(—1) = 0. Then,

y(0) =1 and
5 17
1)=-y(0)+2=—
y(1) = Zy(0) +2 = -
Thus,
§+c +c = 1=c+ec ,7%
5 1 2 = 1 2= Tk
E%—}c +lc = E:>3c +2 -
5 124732 T 5 1T = Ty
and, therefore,
2
Cl—_1,02:5.
The total solution is . ) 5 1
— 22" — (=\» “ro\n
yn) = | @ = G+ 25" v
32
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2.28

Fig. 2.28-1 shows the transient response, y.;(n), for y(—1) = 1 and the steady state response,
Yzs (n)

1
©
0.8 | @ i
®
®
0.6 i
0.4 *
lii *
0 TTTTT???(PCFCPQQQQQ@O@@O@@OG}(\(\MH{T\MK\(\(\
0 5 10 15 20 25 30 35 40 45 50
Normalized Transient Response
° 600000 PPPPPTP PYYYYYYTY
09PF T
8l 099 .
o®
o9
6, —
4+ _
1] *
L
0 5 10 15 20 25 30 35 40 45 50
Steady State Response
Figure 2.28-1:
2.29
h(n) = hi(n)*ha(n)
= Z a*lu(k) — u(k — N)[u(n — k) — u(n — k — M)]
k=—o0
= Z a*u(k)u(n — k) — Z a*u(k)u(n — k — M)
k=—o0 k=—oc0
a"u(k — N)u(n — k) + Z a"u(k — N)u(n —k — M)
k=—o0 k=—o0
n n—M n n—M
k=0 k=0 k=N k=N
= 0
33
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2.30

y(n) =3y(n — 1) — 4y(n — 2) = x(n) + 22(n — 1)

The characteristic equation is
M —3\—-4=0.

Hence, A =4, -1 and
yrn(n) = c1(n)4" + co(—1)".

Since 4 is a characteristic root and the excitation is
z(n) = 4"u(n),
we assume a particular solution of the form
yp(n) = knd"u(n).

Then
knd"u(n) — 3k(n — 1)4" tu(n — 1) — 4k(n — 2)4" 2u(n — 2)

=4"u(n) +2(4)" tu(n — 1)

. Forn =2,

k:(32—12):42+8:24—>k:g
The total solution is
y(n) = yp(n) +yn(n)
= gn4n + 14" + c2(=1)" | u(n)
To solve for ¢; and ¢y, we assume that y(—1) = y(—2) = 0. Then,
y(0) =1 and

y(1) =3y(0)+4+2=9

Hence,
c1+cy=1and
24
E —+ 401 — Cy = 9
21
461 — C2 = E
Therefore,
o 26 den— 1
L7 o5 M@= Tos
The total solution is
6 26 1
= | Zp4qm ZEqn (1)
yn) = [gnd + 247 — = (1" [u(w)
34
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2.31
From 2.30, the characteristic values are A = 4, —1. Hence
yrn(n) = 14" + co(—1)"

When z(n) = 6(N), we find that
y(0) =1 and

y(1) —3y(0) =2 or

y(1) = 5.
Hence,
ci1+co=1and 4¢cy —c2 =5
This yields, ¢; = g and cp = f%. Therefore,
1
) = |24~ 207 o)
2.32

(a) L1 :N1+M1 and L2 :N2+M2
(b) Partial overlap from left:

low N1+M1 hlgh N1+M2—1
Full overlap: low Ny 4+ M, high Ny + M,
Partial overlap from right:

low N2+M1+1 hlgh N2+M2

(c)
xz(n) = {1,1,1,171,1,1}
T

h(n) = {2,%,2,2}

N, = -2,

Ny = 4,

M, = -1,

M, = 2,

Partial overlap from left: n=-3 n=-1 L;=-3

Full overlap: n=0 n=3

I
o

Partial overlap from righttn =4 n=6 Lo

35
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2.33
(a)
y(n) —0.6y(n — 1) + 0.08y(n — 2) = x(n).

The characteristic equation is
A% — 0.6\ + 0.08 = 0.

A =0.2,0.4 Hence,

=z +ten
Ynn) = 015 025 .
With x(n) = §(n), the initial conditions are
y(0) = 1,
y(1) — 0.6y(0) = 0= y(1)=0.6.
Hence,ci +¢c2 = 1 and
1 2
5014—5 = 06=c =-1,c5 =3.

Therefore h(n) [—(;)” + 2(2)”] u(n)

The step response is

s(n) = Zh(n—k),nzo

(b)
y(n) —0.7y(n — 1) + 0.1y(n — 2) = 2z(n) — z(n — 2).

The characteristic equation is
A —0.7A+0.1=0.

A= %,% Hence,

1 1
yh(n):cli —|—czg .
With z(n) = §(n), we have
y(0) = 2,
y(1) = 0.7y(0) = 0=y(1) =14
Hence,ci + ¢ = 2 and
1 1
561 -+ g = 14 = =
=c1+ gc = E
P T 5
These equations yield
_o 4
1 = 3 , C2 = 3
10,1 4.1
h — “VT\n T o\n
) = |5G)" =56 uw
36
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The step response is

s(n) = Z h(n — k),

k=0
101, 4~ 1,
= ? (2) k_§2(g) ¥
k=0 k=0
10,1, < 4.1,
= 3G 22’“—5(5) 2;05’“
= 26 ) - 55 67— 1)
2.34
111 1
h(n) = {%727478316}
y(n) = {%72,2.5,3,3,372,1,0}
2(0)h(0) = y(0) = z(0) =1
%x(O)er(l) = y(l)éx(l):;

By continuing this process, we obtain

3373
x(n) = {1,2,2,4,2,.. }
2.35
(a) h(n) = hi(n) * [ha(n) — hs(n) * ha(n)]
(b)
hs(n) * ha(n) (n—Du(n —2)
ha(n) — hz(n) * ha(n) = 2u(n)—d(n)
hi(n) = %5(n)+i(5(n—l)+75(n—2)
Hence h(n) = [;6(11) + ié(n -1+ =d(n— 2)] * [2u(n) — 6(n)]
= %é(n)—l—gé(n—1)+26(n—2)+gu(n—3)
(c)
xz(n) = {1,0,9,370, 4}
15 2513
y(n) = {2,4,%,4,2,5,2,0,0,...}
37
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2.36

First, we determine

For z(n) = u(n + 5) — u(n — 10), we have the response

antt —1 av -1
s(n+5)—s(n710):ﬁu(n+5)f — u(n — 10)
From figure P2.33,
y(n) = x(n)*h(n) —z(n)*h(n—2)
a"tt —1 a" 9 -1
Hence, y(n) = ﬁu(n +5)— — u(n — 10)
_“":: Lutm+3)+ “:_1 — L —12)
2.37
h(n) = [u(n)—u(ln—M)|/M
s(n) = > u(k)h(n—k)
k=—00
n LH n
k:O K -
2.38
Yool = Y e
n=-—0o0 n=0,neven
= Yl
n=0
_ 1
- 1—|al?

Stable if |a| < 1

38
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h(n) = a™u(n). The response to u(n) is

yi(n) = Y ulk)h(n—k)

1 —qgnt!
= —u(n)
1—a
Then, y(n) = y1(n) —y1(n —10)
1

= 17— [0=a"Mu(n) = (1 - a"")u(n - 10)]

2.40

We may use the result in problem 2.36 with a = % Thus,
1 n+1 1 n—9
ym) =21 - (5" ulm) =2 |1 (5)"° | u(n — 10)

2.41

k=0

= Z(%)k:Q,n<O

k=0

39
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y(n) = > hik)
k=n
- Y
k=n
oo n—1
DY YET
k=0 k=0
- 229
2
= 2(%)",11 >0
2.42
(a)
he(n) hi(n) x ha(n) * hg(n)
= [6(n) —d(n —1)] xu(n) * h(n)
= [u(n) —u(n—1)] x h(n)
= d(n)*h(n)
= h(n)
(b) No
2.43

(a) z(n)d(n —ng) = x(no). Thus, only the value of z(n) at n = ng is of interest.
xz(n) * 6(n —ng) = x(n — ng). Thus, we obtain the shifted version of the sequence z(n).

(b)
y(n) = Y h(k)z(n—k)
k=—o00
Linearity:z1(n) — y1(n) = h(n)xx1(n)
za(n) = ya(n) = h(n)*x2(n)
Then z(n) = ax1(n)+ Bra(n) — y(n) = h(n) x x(n)
y(n) = h(n)*loxi(n) + fra(n)]
= ah(n)xx1(n) + Bh(n) * z2(n)

Time Invariance:

z(n) —y(n) = h(n)*z(n)
x(n—ng) = yi(n) = h(n)*x(n—ngp)
= Zh(/ﬂ)l’ n—mng—k)
k
= y(n—nop)
(¢) h(n) = d(n — np).
40
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v(n) b O s(n)
g L
z
;1
21
-a
N

Figure 2.44-1:

41
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s(n) @ b, v(n)

e

» =0

ggi

Figure 2.44-2:

2.45
y(n) = —gyln—1)+a(n) + 20(n ~2)
YD) = gy +r(-2) +2u(—4) =1
YD) = gy a(-1) +2a(-3) =
WO) = —5y(-1)+20(=2) +a(0) = ]
y(1) = —%y(O) + (1) +22(-1) = %, etc
2.46
(a) Refer to fig 2.46-1
(b) Refer to fig 2.46-2
42
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X(n) O 1/2 y(n

O

Figure 2.46-1:

2.47

1 3
v1) = Su0) +a(1) +2(0) = 5
1 3
y(2) = §y(l) +z(2)+2(1) = 1 Thus, we obtain
333 3 3
- {1,222 2 2
sy = {13352 2

(b) y(n) = Sy(n — 1) +2(n) + 2(n — 1)
(¢) As in part(a), we obtain 5 13 29 61
y(n) = {1’ 2478 16""}
(d)
y(n) = uln)xh(n)
= > u(k)h(n— k)
k

43

© 2007PearsorEducation]nc., UpperSaddleRiver,NJ. All rightsreservedThis materialis protectedunderall copyrightlaws
astheycurrentlyexist.No portion of this materialmaybereproducedin anyform or by anymeanswithout permissiorin
writing from the publisher. Forthe exclusiveuseof adopterf the bookDigital SignalProcessingi-ourthEdition, by JohnG.
ProakisandDimitris G. Manolakis.ISBN 0-13-187374-1.



x(n) y(n)

+
21
-1
21
-2 +
21
21
-3
Figure 2.46-2:
= Y h(n—k)
k=0
y(0) = hO)=1
5
y1) = hO)+ (1) =2
y(2) = h(0)+ h(l) +h(2) = —, etc
(e) from part(a), h(n) = 0 for n < 0 = the system is causal.
> 3 11 :
Z |h(n)| =1+ 5(1 + 3 + 1 +...) =4 = system is stable
n=0
2.48
(a)
y(n) = ay(n —1)+ bx(n)
= h(n) = ba"u(n)
> b
Z h(n) = =1
= 1—-a
=b = 1l-a.

44
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k=0
_ an+1
= b[lla ]u(n)
s(o0) = 1 E o= 1
=b = 1—a

(¢) b=1—a in both cases.
2.49
(a)

y(n) = 0.8y(n—1)+2x(n)+3x(n—1)

y(n) — 0.8y(n — 1)
The characteristic equation is

2z(n) + 3z(n —1)

A—08 = 0
A = 08
yn(n) = ¢(0.8)"

Let us first consider the response of the sytem

y(n) —0.8y(n — 1) = z(n)

to z(n) = d(n). Since y(0) = 1, it folows that ¢ = 1. Then, the impulse response of the original
system is

h(n) = 2(0.8)"u(n)+3(0.8)" tu(n —1)
= 25(n)+4.6(0.8)" tu(n — 1)

(b) The inverse system is characterized by the difference equation
1
z(n) =—-15z(n—1)+ iy(n) —0.4y(n—1)

Refer to fig 2.49-1

2.50

y(n) =09y(n—1) +z(n) +2z(n — 1) + 3z(n — 2)
(a)For x(n) = d(n), we have

y(0) = 1,

y(l) = 2.9,

y(2) = 561,

y(3) = 5.049,

y(4) = 4.544,

y(5) 4.090, . .
45
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y(n) N 05 x(n)

+
Z-l
15 -04
Figure 2.49-1:
(b)
s(0) y(0) =1,
s(1) = y(0)+y(1)=391
s(2) = y(0)+y(l)+y(2) =9.51
s(3) = w(0)+y(1)+y(2) +y(3) =14.56
4
s4) = > y(n)=19.10
0
s(5) = > y(n)=23.19
0
(c)
h(n) = (0.9)"u(n)+2(0.9)" tu(n — 1) + 3(0.9)" 2u(n — 2)
= &(n) +2.95(n — 1) + 5.61(0.9)"2u(n — 2)
2.51
(a)
y(n) = %x(n) + %x(n —-3)+y(n—-1)
for z(n) = d(n), we have
1112222
= {5 5seeee)
(b)
ym) = Sun—1)+ Syln—2)+ srln—2)
with z(n) = d(n), and
y(=1) = y(—2) =0, we obtain
113 1 11 15 41
hn) = {0’0’2’4’16’8’128’256’1024””}
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y(n) = 1l4y(n—1)—0.48y(n —2) + z(n)
with z(n) = d(n), and
y(—1) = y(—2) =0, we obtain
h(n) = {1,1.4,1.48,1.4,1.2496,1.0774,0.9086, ...}
(d) All three systems are IIR.
(e)
y(n) = l4y(n—1)—0.48y(n —2)+ z(n)
The characteristic equation is
A —1.4XA+048 = 0 Hence
A = 0.8,0.6. and
yn(n) = ¢1(0.8)" 4+ ¢2(0.6)"For z(n) = §(n). We have,
ci+ca = 1and
0.8¢;1 +0.6ca = 14
=c = 4,
cs = —3. Therefore
h(n) = [4(0.8)" —3(0.6)"] u(n)

2.52
(a)

hi(n) = cod(n)+c16(n—1)+ c26(n — 2)

ha(n) = bad(n) +b16(n—1) 4+ bed(n —2)

hs(n) = agd(n)+ (a1 + apaz)d(n — 1) + a1axd(n — 2)

(b) The only question is whether

h3(’I’L) = hg(n) = hl (n)
Let a9 = ¢y,
a1 +agxcp = ci,
asa; = co. Hence
% + ag9Cy — C1 = 0
= coag —cias+co = 0

For ¢g # 0, the quadratic has a real solution if and only if

c? —4cgeg >0

2.53
(a)
yn) = gyl —1)+a(n) +aln—1)
For y(n) — %y(n— 1) = §(n), the solution is
M) = ()"l + (3" u(n 1)
47
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(b) k() * [6(n) +6(n — 1)]

(3)"u(n) + (3)" u(n - 1).

2.54
(a)
convolution: y1(n) = {%, 3,7,7,7, 6,4}
correlation: y1(n) = {1, 3,7,7, Z, 6,4}
(b)
convolution: ya(n) = {;, 9, %, -2, %, —6, fg, 2}
correlation: y1(n) = {;, 9, g, -2, %, -6, —g, —2}
Note that ya(n) = y2(n), because ha(—n) = ha(n) (¢

convolution: y3(n) =

correlation: y1(n) = 1,4,10, 20 25,24,16

/—Hr—/H

11 20, 30,20, 11 4}

(c)
convolution: y4(n) = {%,4, 10, 20, 25, 24, 16}
correlation: y4(n) = {4, 11,20,3TO,20, 11,4}
Note that hg(—n) = hy(n+3),
hence, y3(n) = ya(n+3)
and ha(—n) = hs(n+3),
= y(n) = ys(n+3)
2.55
Obviously, the length of h(n) is 2, i.e.
h(n) = {ho,h1}
ho = 1
3ho+h, = 4
=hy = 1Lh=1

2.56

N M
(2.5.6) yn) = - Z ary(n — k) + Z brax(n —k
k=1 k=0

48
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N
(259 whn) = - Z arw(n — k) + x(n)
k=1

M
(25.10)  y(n) = Y brw(n—k)
k=0
From (2.5.9) we obtain
N
x(n) = w(n) + Z arw(n —k)  (A)
k=1

By substituting (2.5.10) for y(n) and (A) into (2.5.6), we obtain L.H.S = R.H.S.

2.57
y(n) —dy(n —1) +4y(n—2) = w(n)—a(n—1)
The characteristic equation is
N —4dr+4 = 0
A = 2,2. Hence,
yn(n) = 12" + con2”

The particular solution is
yp(n) = k(=1)"u(n).
Substituting this solution into the difference equation, we obtain
E(=1)™u(n) — 4k(=1)" " u(n — 1) + 4k(=1)""2u(n — 2) = (=1)"u(n) — (=1)" tu(n — 1)
For n=2,k(1+4+4)=2= k= 2. The total solution is

2
y(n) = [e12" 4+ con2™ + §(—1)" u(n)

From the initial condtions, we obtain y(0) = 1,y(1) = 2. Then,

+2
C — =
'y

= Cc =

2
261+262—§ =

= Cy =

Wl N ol =

2.58

From problem 2.57,
h(n) = [c12™ + can2™] u(n)

With y(0) = 1,y(1) = 3, we have

c1 = 1
2c1 +2c0 = 3
49
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= Cy =

2
Thus h(n) = [2" + ;HQTL} u(n)
2.59
z(n) = x(n)*d(n)
= z(n) *[u(n) —u(n —1)]
= [z(n) —xz(n—1)]*u(n)
= Y [w(k) =2k — D] u(n — k)
k=—o00
2.60
Let h(n) be the impulse response of the system
k
s(k) = Y h(m)
= h(k) = s(k)—s(k—1)
y(n) = Y h(k)z(n—k)
k=—o0
= Y [s(k) = s(k—D]a(n—k)
k=—o00

2.61

z(n) =

1, ng—N<n<nyg+ N
0, otherwise

Y

ol L “N<n<N
"= 0, otherwise

oo

)= Y w(m)a(n ~ 1)

n=—oo

The range of non-zero values of ~,,(l) is determined by
ng—N<n<ng+N

ng—N<n—-I<ng+N
which implies

—2N <[ <2N

For a given shift [, the number of terms in the summation for which both x(n) and x(n —[) are
non-zero is 2N + 1 — |I|, and the value of each term is 1. Hence,

=[N +1-ll, 2N <i<2N
Yo\ = 0, otherwise

50
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For 744 (1) we have

R
2.62
(a)
Yea(=2) = 2(0)a(2) + 2(1)(3) = 3
Yo (—1) = z(0)z(1) + z(1)2(2) + 2(2)2(3) =5
3
,YML(O) = Z xQ(n) =7
n=0
Also Yeu (1) = 7zu(l)
Therefore 7v,,(I) = {1,375,?,5,3, 1}
(b)
Yyy(D) = Z y(n)y(n —1)
We obtain .
'Yyy(l) = {17335a7757371}

we observe that y(n) = x(—n + 3), which is equivalent to reversing the sequence x(n). This has
not changed the autocorrelation sequence.

2.63
Yeall) = D a(m)a(n—1)
n=-—o00

_ 2N +1—|l|, —2N <[I<2N

a 0, otherwise
Yz (0) = 2N +1

Therefore, the normalized autocorrelation is
1
Tx l = - y <<

Pza(l) 2N+1(2N+1 ), —2N <1< 2N

= 0, otherwise

2.64

Yeull) = Y z(n)a(n—1)

n=-—oo

51
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o0

— Z [s(n) +y15(n — k1) + y2s(n — ko) *

[s(n — 1) +ms(n —1 — ki) +y2s(n =1 — k2)]
= (L+97 +93)7ss(0) + 71 [rss (4 k1) + 755 (1 — Ka)]
+72 [’Yss(l + k2) + ’Yss(l — k’g)]
7172 [Yss (U + k1 = k2) +Yss (1 + k2 — k1))
(b) Yax(l) has peaks at [ = 0,%ky, £ky and £(k1 + k2). Suppose that ki < ky. Then, we can

determine v; and k1. The problem is to determine 5 and ks from the other peaks.
(¢c) If 45 = 0, the peaks occur at [ = 0 and [ = +k;. Then, it is easy to obtain v; and k.

2.65

(a) The shift at which the crosscorrelation is maximum is the amount of delay D.
(b) variance = 0.01. Refer to fig 2.65-1.
(b) Delay D = 20. Refer to fig 2.65-1.

1 1.5
1
0.5
—_ . 05
S S
X >
. .
| | -05
-0.5
-1
-1 -15
0 50 100 150 200 0 50 100 150 200
——>n —-—>n
15
10
B
= 5
AN
|
|
0
-5
-20 0 20
__>|

Figure 2.65-1: variance = 0.01

(¢) variance = 0.1. Delay D = 20. Refer to fig 2.65-2.

(d) Variance = 1. delay D = 20. Refer to fig 2.65-3.

(e) z(n) ={-1,-1,—-1,4+1,+1,+1,+1,—-1,+1,—1,+1,+1,—1,—1,+1}. Refer to fig 2.65-4.
(f) Refer to fig 2.65-5.
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Figure 2.65-2: variance = 0.1
1 3
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Figure 2.65-3: variance = 1
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Figure 2.65-4:
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Figure 2.65-5:
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2.66

(a) Refer to fig 2.66-1.
(b) Refer to fig 2.66-2.

impulse response h(n) of the system
T T

0.5r

—=>h(n)

45 50

20 25 30 35 40

-0.5
0
-—>n

Figure 2.66-1:

(c) Refer to fig 2.66-3.
(d) The step responses in fig 2.66-2 and fig 2.66-3 are similar except for the steady state value

after n=20.
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zero-state step response s(n)
1.6 T T T T T

5 10 15 20 25 30 35 40 45 50
—>n

Figure 2.66-2:

step response
T T T

5 10 15 20 25 30 35 40 45 50
-->n

Figure 2.66-3:
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2.67

Refer to fig 2.67-1.

—-=> h(n)

0 10 20 30 40 50 60 70 80 90 100
-—>n

Figure 2.67-1:
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Chapter 3

3.1
(a)
X(z) = Zx(n)z "
= 32°4+64+2 1 —422ROC: 0 < 2] < 0
(b)
X(z) = Zx(n)z*"
- Y
n=>5
1
- Y
= 2z
1
— 2(52_1>m+5
m=0
-1
_ (F_y5 1
= 2 ) 1—1z1
- (T RoC: | >
T3 Lt TS
3.2
(a)
X(z) = Zm(n)z‘”
= Z(l—}—n)z*"
n=0
_ ZZ—7L+ZnZ—n
n=0 n=0
= 1
B = — : 1
ut T;)z T ROC: |z| >
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& —1
and anin = m ROC ‘Z| >1
n=0
1—2z71 N 271
TR R
1
=)

Therefore, X(z) =

o

X(z) = Z(a”—ka‘")z‘"

n=0
o0 oo

= E a"27”+g a "z "
n=0 n=0

- 1
But "z7" = —— ROC: |z] >
u ;a z T lz| > |a]

. —-n_—n 1 1
and 7;00, z = (1_571)2 ROC |Z| > m

1 1
Hence, X(z) = + T

1
= v ROC: |z| > max (|al, m)

|
V
\

n=0
o 4 .
. [efwon — g=jwon]
= E na | | #
n=0 J
1 { aelwoz~1 ae Jwoz—1 ]
_ E

2j | (1 —aeiwoz=1)2 (1 — ge—Jwoz—1

laz™! — (az71)3] sinwg
(1 — 2acoswoz=1 + a2272)2’

|z] > a

oo
X(z) = Zna”caswonz_”

n=0
00 . .
. elwon 1 e—jwon .
= E na f z
n=0
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(1 —aeiwoz—1)2 (1 — ge—dwoz—1)2

1 aelwoz—1 ae Iwo =1
2
[ 2,2

+ (az™1)3] sinwg — 2422

- ) >
(1 — 2acoswoz=1 + a?z—2)2 2] >a
()
X(z) = A Z r"cos(won + @)z~ "
n=0
_ Air" |:ejwon€j¢ +2ejwon€j¢:| -
— A 67¢ + e_j¢'
2 |1 —refwoz=l 1 —pe—dwoy—l
cosp — rcos(wy — @)zt
= A y >
[1 — 2rcoswoz—! + 1222 2| >
(8)
N 1 2 1 n—1_-—n
X(2) = Zi(” +n)(5)" e
n=1
_ (l)Sz_l -1
But ) -1 _ 3 _
;:1 1112 (1-1.71)2
— 1 _—
Z TN
n=1 (1- %2*1)3
1 Z_l 2;*1 + 1272
Therefore, X = 5 + S
erefore, X (2) 2 {(1 — %271)2 1- %271)3
4l > &
— , Py
(1—3271)° 3
(h)
o0
X(z) = ZQn—n_Z s
n=0 n=10
1 (l)loz—lo
= 2
N L1 1._
1-352 1 1-1z 1
1— (%2—1)10 s 1
= e 7 2 -
1-— %z—l ’ 9

The pole-zero patterns are as follows:

a) Double pole at z =1 and a zero at z = 0.

b) Poles at z =a and z = 1. Zeros at z=0and z = $(a + 1).

c) Pole at z = —1 and zero at z = 0.

d) Double poles at z = ae?™° and z = ae~"° and zeros at z = 0, z = +a.

e) Double poles at z = ae?™° and z = ae~7*° and zeros are obtained by solving the quadratic

(
(
(
(
(

acosw0z2 — 2%z + a3005w0 =0.

(f) Poles at z = re?™0 and z = ae™7*° and zeros at z = 0, and z = rcos(wg — ¢)/coso.
() Triple pole at z = £ and zeros at z = 0 and z = 5. Hence there is a pole-zero cancellation so
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that in reality there is only a double pole at z = % and a zero at z = 0.

(h) X(z) has a pole of order 9 at z = 0. For nine zeros which we find from the roots of

1
1-— (5271)10 = O
1
or, equivalently, (5)10 -2 = 0
1 jomn
Hence, z, = 56 0 . n=12,...,k.
Note the pole-zero cancellation at z = %
3.3
(a)
o) 1 0
X = Shyrere 3 e
n=0 n=-—oo
_ . 1 n_n
1 12—1—'—2(5) -1
n=0
1 1
= + -1,
1—3271  1-3z
5
_ 6
(1- %z—l)(l — %z)
The ROC is § < || < 2.
(b)
. 1 —n - n.,—n
Xo(z) = > ()2 > oz
n=0 n=0
B 1 1
I R
_gz—l

The ROC is |z| > 2.
()

Xg(z) = Z xl(n+4)z7"
= Zz Xl(Z)
I
B (1-— %2*1)(1 — %z)
The ROC is § < |2] < 2.
(d)
Xa(z) = Z x1(—n)z™"
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= Xl(Z 1)
5
_ 6
(1—22)(1— 1271
The ROC is 3 < [2] < 3.
3.4
(a)
X(z) = > n(-1)"z"
n=0
d . n.,—n
= — %Z(—n z
n=0
_ 41t
N dz |1+ 271
51
= e !
(b)
X(z) = Zn%f"
n=0
?
22— z "
dz? n=0
_ o
N dz? [1— 271
z7t 2271
(I—271)?  (1—z71)3
271427
(1 271)3 5| |> 1
(c)
—1
X(z) = Z —na™z™"
— .
=~z Z (n)z
. d 1
N dz |1—az!
az~?
= (1 _a271)2,|z| < |a|
(d)
X(z) = Z(—l)"cos(fn)z "
n=0
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From formula (9) in table 3.3 with a = —1,

1 +z_1cos§

X -
(2) 1+2z71cosh + 272
1+ %z_l
= —s : 1
Ips— ROC: |z| >
()
X(z) = > (-1
n=0
1
= T P>
(f)
z(n) = {1,0, -1,0,1, —1}
T
X(2) = 1—z242%—275 240
3.5
Right-sided sequence :z,.(n) = 0,n < ng
-1 o0
X (z) = Z xp(n)z"" + Zxr(n)z_”
n=ngo n=0

The term Z;ino x,(n)z~™ converges for all z except z = co.
The term )~ x,(n)z"" converges for all |z| > ro where some ro. Hence X,.(z) converges for

ro < |2] < 0o when ng < 0 and |z| > 7o for ng > 0

Left-sided sequence :z;(n) = 0,n > ng
0 no
Xi(z) = Z zi(n)z™" + Z xy(n)z™"
n=—oo n=1

The first term converges for some |z| < r;. The second term converges for all z, except z = 0.
Hence, X;(z) converges for 0 < |z| < r; when ng > 0, and for |z| < r; when ng < 0.

Finite-Duration Two-sided sequence :x(n) = 0,n > ng and n < ny, where ng > ny
no
X(z) = Z x(n)z="
n=ni
—1 n=ng
= Z z(n)z™" + Z xz(n)z™"
n=nq n=0

The first term converges everywhere except z = co.
The second term converges everywhere except z = 0. Therefore, X (z) converges for 0 < |z| < co.
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3.6

un) = Y (k)
k=—oc0
=y —yn-1) = z(n)
Hence,Y(2) =Y (2)z™! = X(2)
_ X(2)
Y(Z) - 1— Z—l
3.7
[y, nz0
ml(n) == { (%)—n7 n< 0
(e%e] 1 1 ]_
Xi(z) = YT+ Y (T
n=0 n=-—o
1 1
Tt
_ g
(1— 32711 - 32)
XQ(Z) _ Z(%)n -n
n=0
1
= T _17§<\z|<2
_9 10 —4
Then,Y(z) = 1_1.1 + 1— iz—l 1-— 3271
3 2
—o(Lyn L 10(yn
Hence,y(n) = { 3(22()%1)’ Al n ig
3.8
(a)
yn) = ak)
k=—oc0
= Z z(k)u(n — k)
k=—o0
Y (2) X(2)U(2)
_ X@
1—2-1
(b)
u(n) = u(n) = > ulk)u(n—k)
k=—o00
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n

= > (k) = (n+ Du(n)

k=—o00
Hence,z(n) = wu(n)*u(n)
andX (z) = ﬁ, |z] > 1

3.9

y(n) = x(n)e*o". From the scaling theorem, we have Y (z) = X(e™7%0z). Thus, the poles and
zeros are phase rotated by an angle wy.

3.10
1 n
z(n) = Ffu()+ (=1)"u(n)]
X+ _ z +z
=) .
From the final value theorem
z(oc0) = liml(z —1)X(2)
B z(z—1)
o ;Lml(z—i_ z+1 )
_ 1
2
3.11
(a)
1+224
X = —
(2) 1—2z71 4272
= 144z 47272410272 4.
Therefore,z(n) = {1, 4,7,10,...,3n+1,.. }
T
(b)
X(z) = 22452248 4...
Therefore,z(n) = { o, —(Bn+1),...,11,8,5, 2,0}
7
3.12
1
X =
(2) (1—2:-1)(1— 1)
A B Cz!

(—2:0)  [A-z1) (1-z1)
A = 4,B=-3C=-1
Hence,z(n) = [4(2)" —3 —n]u(n)
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3.13

z1(n)

I
—N
8
~—
I3
:—/
3
¢)
<
@
=

Xi(z) = Z x1(n)z™"

= Z x(ﬁ)z "
= Z x(k)z—2*
k=—o0
= X(z%
(b)
x2(n) = z(2n)
Xo(z) = Z xo(n)z™"
= Z x(2n)z™"
= Z x(k)z*%
k=—o0
LS [ DR
- k::z—oo |: 2 :| ’ 7k
1 & Kk 1 &
= 5 x(k)z~2 +§ Z x(k)(—=z
k=—o0 k=—o0
= 5 [X(Vz+X(-V2)]
3.14
(a)
1-3271
e = T
B A B
T [+ G20
A 2.B=-1
Hence,z(n) = [2(—=1)" = (=2)"]u(n)
(b)
X(z) = !

1—z 141272

Al — %z_l) + B(%z‘l)

1—z 141272
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A = 1,B=1

1— L (cosT)z71
Hence, X (2) = T V2 : T
1—2-5(cos)z"" + (3)22*2
N %(sin%)zfl
1-— 2%(003%),2—1 + (%)22—2
1 T 1 T
Hence,z(n) = —)"cos—n + (—=)"sin—n| u(n
() = |(g)eosyn + () sinn | u(n)
(c)
P 277
X(z) 11—zt 1—271
z(n) = uln—06)+u(n—"7)
(d)
1 27?2
X = 2
(2) 14272 * 14272
1
X(z) = 2-
(2) 14+ 272
T T
xz(n) = cosgnu(n) + 20055(71 — 2)u(n — 2)
xz(n) = 25(n)—cosgnu(n)
(e)
1 1+6271+272
XG) = JaTeona T
4(1—-227142272)(1 - 3271
B Al —2z71h Bz1 n C
o 1-227142272 0 1-2271 42272 1 1!
A - 7§7B = §,C = H
5 10 20
3,1 m 23,1 m 17
H — _ 2 - \n o I S Y P T ri\n
ence,z(n) 5(\/5) cos4n+ 10(\/5) sm4n+ 20(2) u(n)
(f)
215271
X —
2) 1— 15271+ 0522
B Lo
11— 1271 1—z7t
1 n
o) = |+ )
()
1 2 -1 -2
X(z) _ +2z27" + =z

14+4271 4422
_ 2271 43272
N (142271 (14 2271)
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2271 272
byt (1+2271)2
z(n) = do(n)— 2(—2)”_1u(n -1+ (n-— 1)(—2)”_1u(n -1)
o(n)+ (n— 3)(—2)"_1u(n -1

(h)
1 (z+3)+1)
X(Z) = Z(z—l)(z— 21 )(24_ 1 )
2 \/Eej% \/iefj%
1 (1432t 45!
A (1-de (1 -2+ 222
_ Al — 1271271 N ALzt Cz 1
l—zt4d272  1—z144272 1-1x71
1 7 3
A = _§7B = g,C = Z
- 1 1 na ™ 7 1 n-1 ™ 317171
Hence,z(n) 75(5) cosz(n -1+ g(i) 2 smz(n -+ -(2) u(n —1)
(i)
-1t
X(2) = 1
=) 1+ 2271
_ 1 1 27t
B 1+3271 4143120
1, 1, 1,
vn) = (—g)"u(n) + 3(—5)" u(n— 1)
()
1—az"t
X@) = z=l—a
_ 1 /1—az"!
B a\1l—1z-1
a
_ 1 1 _ az™!
o al-ix1 11
1.1 1,1
— __(Z\n “\n -1
vn) = () u()+ ()" uln 1)
Lint1 Lin-1
= — -\ — 1
() Hun) + ()"~ 1)
3.15
5271
X —
(2) 1-2:D)3B—21)
Col—2zt 1t
1
If |z2| >2,z(n) = [2” - (3)”} u(n)
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If% <|z| < 2,z(n) = —(%)”u(—n —1) = 2"u(-—n —1)
If |z] < %,x(n) = (é)"u(fn —1)—2"u(—n—1)
3.16
(a)
nn) = ()" Mun-1)
1y,-1
S X)) = %,ppi
4
nal) = |14 ()] utw)
= Xo(2) = ! + ! szl >1
1—2-1 1—%2—1
Y(Z) = Xl(Z)XQ(Z)
_4 1 1
- 1—%3z—1+1—3z—1 1—%,2—1
yn) = [~3( 5+ Q)" )
(b)
z1(n) = wu(n)
1
:>X1(Z) = 1_ -1
wan) = 6(n) + (5)"uln)
:>X2(Z) = 1+1—1lz—1
Y(Z) = Xl(Z)XQ(Z)
3 1
Col—zt 14t
i) = |- ()] utm)
(c)
nin) = (5)"un)
= Xi(e) = —1
xzo(n) = cosmnu(n)
%) =y
Y(z) = Xi(2)Xa(2)
14271

(1-— %z*l)(l +2z71+272)
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A(l+z271) B
14+2271 4272 11271

A 2y L
3 3
y(n) = %coswn—l— %(%)” u(n)
(d)
z1(n) = nu(n)
= Xi(z) = ujw7
xza(n) = 2"u(n—1)
Xo(z) = 2
- 1= 2.1
Y(z) = Xi(2)Xa(z)
B 2272
(=2 H2(1—2271)
2 —2z7! 2
- 172*1_(172*1)2—’—1722*1
y(n) = [—Q(n +1)+ 2”“} u(n)
3.17
zzn+1)] = 2[XT(z)—2(0)]
= 2X7T(2) — z2(0)
Therefore, 2 X (2) = Z z(n+1)27" + zz(0)
n=0
(z—1D)XT(z) = — Z x(n)z™" + Z z(n+1)z7" + zz(0)
n=0 n=0
lim, 1 Xt (2)(z—-1) = =z(0)+ Z z(n+1)— Z x(n)
n=0 n=0
= liMm—oo [2(0) + (1) + z(2) + ...+ x(m)
—z(0) — z(1)x(2) — ... — z(m)]
= limmocox(m+1)
— ()
3.18
(a)
Yoowmz = Y e
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X+ X)) = e} + 2 ()]

- [t
= z[Re{z(n)}]

N

Lixe) -xey = Z{x(")ﬂn)]

2j 2j
= z[Im{z(n)}]
(d)
Xie(z) = > a(pE
n=—o0o,n/kinteger
= Z x(m)z~mk
= XM
(e)
Z eI (n)z™" = Z x(n)(e Iwoz)~m
= X(ze I%0)
3.19
(a)
X(z) = log(1—22),|z|< =
Y(z) = - ‘”2?
o 1
- 1 1 17|Z|<§
1
—yl) = (3 <0
Then,z(n) = %y(n)
= Sy u-n-1)
(b)
X(z) = log(l—%z 1),\z|>%
Y() = —zd)iiz)
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I
)
_
x
vV
|

3.20

z1(n) = rsinwgnu(n), 0<r<1

rsinwyz "t

X
1(2) 1 — 2rcoswgz=1 +r2z=2

Zero at z = 0 and poles at z = re™/%0 = r(coswy £ jsinwy).
(b)
z

(1 — refwoz=1)(1 — re—Jwoz—1)
z

XQ(Z) =

1 — 2rcoswoz=1 4 r2z—2

(¢) X1(z) and X2(z) differ by a constant, which can be determined by giving the value of X;(z)
at z = 1.

3.21

Assume that the polynomial has real coefficients and a complex root and prove that the complex
conjugate of the root will also be a root. Hence, let p(z) be a polynomial and z; is a complex

root. Then,

1

a2y + n_127 ... Fa1z1+ao=0 (1)

The complex conjugate of (1) is
an(Z)" + an1(2)" P+t ai(z2]) Fap =0

Therefore, 2} is also a root.

3.22

Convolution property:

o0 o0

z{z1(n) xz2(n)} = Z Z z1(k)za(n — k)| 27"
n=—oo Lk=—o0
= Z x1(k) Z xo(n —k)z™"
k=—o0 n=—oo
73
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o0

= Y a(k)zFXa(2)

k=—o00
= Xi(2)X2(2)
Correlation property:
ri2(l) = x1(n)*x2(-n)
Ri2(z) = z{z1(n)*xz2(—n)}
X1(2)z{w2(—n)}
= Xi(2)X2(27)

3.23
22 28
X(Z) = 1+Z+§+§+...
I
+14+z + T + ? =+ ...
1
wn) = o)+
3.24
(a)
1
X =
(2) 1+1.52-1 — 0.52-2
_ 0.136 n 0.864
- 1-0282"1  141.78271
Hence, z(n) = [0.136(0.28)" + 0.864(—1.78)"] u(n)
(b)
1
X =
(2) 10521 1 0.62-2
1—-0.25z"1 0.7326z"
= 0.3412
1—-0.52z"140.62"2 + 1—-0.52"14+0.62—2
Then, z(n) = (0.7746)" [cos1.24n + 0.3412sin1.24n] u(n)

partial check: z(0) = 1,z(1) = 0.5016,z(2) = —0.3476,z(c0) = 0. From difference equation,
x(n) —0.5z(n — 1) + 0.6x(n — 2) = d(n) we obtain, z(0) = 1,z(1) = 0.5,2(2) = —0.35,2(c0) = 0.

3.25

(a)
1
1— 1521 +0.522
2 1
1—21 1-05z1
[(0.5)" — 2] u(—n — 1)

X(z) =

For |z| < 0.5,z(n)

74
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For |z| > 1,z(n)

[2—(0.5)"] u(n)

For 0.5 < |z] < 1,z(n) = —(0.5)"u(n)—2u(—n—1)
(b)
X@) = (17052 12
0.5z71
- [ 1—0.52-1)2 ]22
For |z| > 0.5,2(n) = 2(n+ 1)(0.5)" u(n +1)
= (n+1)(0.5)"u(n)
For |z| < 0.5,2(n) = —2(n+1)(0.5)" " u(—n —2)
= —(n+1)(0.5)"u(-n—1)
3.26
3
X() = 1 130 14 22
-3 5
- I 1+1—3z 1
1 3.1, 27
ROC: 3< |z < 3,z(n) = g(g) u(n) — §3 (—n—1)
3.27
X(z) = Z x(n)z™"
= Y wiln)ai(n)z"
— nfl vr¥(n)z~"
- n_Zm 55 X0 s
= % > X (v)dv L_z_:oox;m)(i)—n] vt
= % ch(U) L_z:ooxg(n)(f;)_"] v do
! (2 v dv
= E?{Xl(v)Xz(v*) d
3.28

Conjugation property:

(0]
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= X'(z")
Parseval’s relation:
oo . 0o 1 - .
Z r1(n)xi(n) = Z 5 le(v)v” Ydvas(n)
n=-—00 n=—oo “T Je
L fxw | S sy v
= — v z5(n)(= v dv
omj J.O | A= TP
1 1
= — ¢ X X>(—)d
5 X)X ()
3.29
1 "d
R et
2y J.z—a
where the radius of the contour ¢ is r. > |a|. For n <0, let w = 1. Then,
1 Loy=n—1
= —_— a d
z(n) 2mj jg w — % 0
where the radius of ¢ is --. Since - < |a|, there are no poles within ¢’ and, hence x(n) = 0 for
n < 0.
3.30

x(n) = (N — 1 —n), since z(n) is even. Then

n=0
= 2(0)+z(1)z +. . 4 2(N=2)z7 V2 4 g(N - 1)z V!
|
- —(N-1/2 2(n) [Z(N7172n)/2 +27(N7172n)/2} Neven
n=0

If we substitute 2! for z and multiply both sides by 2~V ~1) we obtain
WX (7Y = X(2)

Hence, X (z) and X (27!) have identical roots. This means that if 27 is root (or a zero) of X (z)

then - is also a root. Since x(n) is real, then z{ must also be a root and so must &
1

3.31

From the definition of the Fibonacci sequence, y(n) = y(n — 1) + y(n — 2),y(0) = 1. This is
equivalent to a system described by the difference equation y(n) = y(n — 1) + y(n — 2) + z(n),

76
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where z(n) = §(n) and y(n) = 0,n < 0. The z-transform of this difference equation is Y (z) =
271V (2) + 272Y (2) = X (2) Hence, for X(z) = 1, we have

YO =
A B
VBl L VBT 145
where A = 2\/5,B7 WAl WA
Hence, y(n) = \/25\}%1(\/5;_ 1)"u(n) - 12_\}5/5(1_2\/5)"11(70
= =|e5E P B (A | )
3.32
(a)
Y(z)[1-0227"] = X(2)[1-0327"=0.0227?]
Y(z) = (1-01z7Y)(1—-0.2z"1)
X(z) 1—-0.2z"1
= 1-0.127"
(b)
Y(z) = X(2) [1 — 0.12_1]
Y(z) _ — 0121
X6 - 1-0.1

Therefore, (a) and (b) are equivalent systems.

3.33
X() = o
=z1(n) = a"u(n)
or zo(n) = —a"u(—n-—1)

Both z1(n) and z2(n) have the same autocorrelation sequence. Another sequence is obtained
from X (z71) = L

l—az

X(zh

Hence x3(n)
We observe that x3(n) has the same autocorrelation as x1(n) and z2(n)

7
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3.34

H(z) = _2: 3”Z*n+2(§)nz—n
n=0

n=—1
-1 1 2
= {3, + =0 ROC: z < |z < 3
1
X(z) = 1—271
Y(2) = H(2)X(2)
_1?)32—1
= , ROC: 1 < <2
(1—21)(1—32-1)(1 — 2271 12
13 3 2
_ 6 _ 2 _ 3
1—21 1-32"1 1—%z—1
Therefore,
3., 13 22,
y(n) = Z3"u(-n-1)+ [6 -3() ]u(n)
3.35
(a)
1 n
An) = (5)"u(n)
1
H =
® = T
1
z(n) = (=)"cos—u(n)
1— 171
X _ 4
(2) 1= 11412
Y(z) = H(2)X(z)
i 1- 1
I e [ e )
_ 7 L UGN 3v3 ¥3,-1
1-L1-1 "1 lpm14 127 7 1 1p-14 1,2
Therefore,
1.1 n 6 1 n ™ 3\/g 1 n ™
yn) = ;(g) + ;(5) St (5) mes u(n)
(b)
1 n
M) = (3)"u(n)
1
H(z) = e
1 n 1 —-n
z(n) = (3)"u(n)+(5)"u(-n~1)
78
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e
Y(z) = H(2)X(z)
—5,
T -y -hr -2
2 o,
- l—lz*1+1—%z*1 1—2z71
Therefore,
10 n 1 n 4 n
v = |5 2" )+ 32ratn -1
(c)
y(n) = —01ly(n—1)4+0.2y(n—2)+z(n) +z(n—1)
14271
HG) = 15011 202,
wn) = (3)"uln)
1
X(z) = ——
(2) 1— %z—l
Y(2) = H(2)X(2)
_ 14271
(1= 22 (1401271 —0.2272)
I S
1—2z71  1-04z71 1405271
Therefore,
1., 282, 11,
y(n) = —8(5) + 3(5) - 5(5) u(n)
(d)
1 1
yn) = Srln)— sx(n—1)
=Y(z) = %(1 -2 HX(2)
10
X(2) = 14272
B (1-271)/2
Hence, Y(z) = 1OW
B ™ m(n—1)
y(n) = 5c057u(n) - 5005Tu(n -1)
= [5005% - 5sin% u(n — 1) + 55(n)
= 5d(n)+ Esm(@ + z)u(n -1)
20 M Ty
10 . m™m m
= \ﬁsm(7 + Z)u(n)
()
y(n) = —y(n—2)+10z(n)
79
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10

Y(z) = WX(Z)
10
X = —
(2) 14272
100
e = aop
B 50 n 50 n —25j271 255271
14zt =gt (422 (1 — 212
Therefore,
y(n) = {50[5" + (=4)"] = 25n[5" + (=4)"]} u(n)
= (50 =25n)(j" + (=4)")u(n)
= (50— 25n)2005L;u(n)
(f)
2 n
an) = C)u)
1
H =
(2) 1-— %z*l
z(n) = uln)—un-—-"7)
1—z7"
X(z) = 1—271
Y(z) = H(2)X(2)
- 1—27"
(- 2271 —271)
5 =2 5 =2
_ 3 3 3 3 -7
o1 —21 +1—%z—1 - [1—2—1 + 1—32"1}2
Therefore,
1 2., 1 2. . -
v = g [5=200] um - 3 |52 atn =)
()
1 n
An) = (5)"u(n)
1
z(n) = (=1, —oo<n<oo
= cosmn, —oo<n<oo
x(n) is periodic sequence and its z-transform does not exist.
y(n) = |H(wo)|cos[tn + O(wy)],wo =7
1
H =
® = T
1
H(ﬂ-) = 1
1+3
2
37
2
Hence, y(n) = gcoswn, —oc0o<n< oo
80
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Therefore,

y(n)

3.36

3.37

= System is stable

Y(2)

—1

1—2z71 42,72 _,73
(L= =)= 31— L=-1)
1—z71 4272

(1- L )I— 11

< <1
S <le

< <1
> <2

)7

0.7y(n —1) - 0.12y(n — 2) + x(n — 1) + z(n — 2)
2714 272
071 o2 )

271

2724273
(1—2z"12(1— &= -

2
507

10

,2)

4.76271
(1—271)2

~12.36
(1-271)

—26.5
=5+

38.9

1— 2271

10 " ( )

81
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3 2
y(n) = |4.76n —12.36 — 26.5(m)" + 38.9(5)" u(n)
3.38
(a)
1
yn) = y(n—1)—cy(n—2)+a(n)
1
Y =
(Z) 1 _ %z_l + éz_g ( )
Impulse Response: X(z) = 1
2
Y = —
() 1—2271 1-1x1
1 n 1 n
= h(n) = |2(3)" = ()" | uln)
Since the poles of H(z) are inside the unit circle, the system is stable (poles at z = %7 %)
1
Step Response: X (z) = T
: : !
Y = —
(2) L—27t 1-3z71 N 1—1z71
8 1 1.1
— _ _2 _\n —(Z\n
s = |5 -2+ (" u)
(b)
1
yn) = yln—1)— Jy(n—2) +x(n) +2(n— 1)
1 —1
V() = X ()

1—2"14 %Z*Q

H(z) has zeros at z = 0,1, and poles at z = % Hence, the system is stable.
Impulse Response: X(z) = 1
1— 2 -1 m,—1 3.-1
Y(z) = _(;[)wc_()f4z 1 \2 _2+ Elz 1.,-2
1—2(v2)"1cosZz +(ﬁ) z 1—2z714 32
1
=y(n)=h(n) = (—=)" [coszn + sinzn} u(n)
2 4 4
1
Step Res se: X =
ep Response: X (z) 1
1+2z71
Y(2) =
) (1—z1Q—2"1+3272
_ —(1-4z71 1271 N 2
l—zt4dz2 1214172 1271
1
y(n) = (\—@)” [sm%n - cosgn} u(n) 4+ 2u(n)
(c)
2714271
H = —
(2) 1—21)3
82
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= h(n) = n‘u(n)

Triple pole on the unit circle = the system is unstable.

1
Step Response: X (z) = T
27 Y1+ 27
Y = —
@ - el
ol (044 27 1271427 +1 271
3 (1—2"1)4 2 (1—2"13  6(1—2z1)2
_ls 1o 1
yn) = (Gn*+ gn® + cnjuln)
1
= 3 (n+1)2n+ u(n)
(d)
y(n) = 0.6y(n—1)—0.08y(n —2) + z(n)
1
Y = X
(2) 0621 1 0.0822° )
Impulse Response: X(z) = 1
) = 1

-1 2
H(z) = 1= L1 P12
2 1
= h(n) = [2(5)71 (5)n:| u(n)
Step Response: X (z) = 1_12_1
1
Y@ = omoasmoa—
25 1 —3
Y6 = Ear it
v = |33+ 5"~ 3G u
(e)
y(n) = 0.7y(n—1) —0.1y(n — 2) + 2z(n) — z(n — 2)
2272
Y@ = oo
2272

T T Lha e

zeros at z = 0,2, and poles at z = %, % Hence, the system is stable.

Impulse Response: X(z) = 1
=5 16
3 15 ~1
H(z) = 2+ (l—%zl + 1—ézl>z
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5,1 46 1

_ Y royn—1 _ o yn—1 _
= h(n) = 26(n) 3(2) uln —1)+ 15(5) u(n —1)
1
Step Response: X (z) = 1
2—z72
Y =
® = T Lha -
5 10 =23
_ 2 3 6
1-21 + 1—1z71 +1f%z*1
5 10,1, 231,
y(n) = 5t §(§> - g(g) u(n)
3.39
(14271 1
X(z)= ——_ 17
T P e (e M A A
(a)
z1(n) = z(-—n+2)
Xi(z) = 272X(7YH
= - 2 (1+2) , ROC:|z| < 2
(I-32)(1—p2)(1—p*2)
Zero at z = —1, Poles at z = 2, %,pi and z =10
(b)
za(n) = €5 a(n)
Xo(z) = X(eF2)

1 —s—e%z_l
(1—Le271)(1 —pes z71)(1 — pre’s 271

All poles and zeros are rotated by % in a counterclockwise direction. The ROC for X(2) is
the same as the ROC of X (z).

3.40

1 1.1

w) = (G)uln) - ()" utn— 1)
1 1zt
X@) = 1-1z1 41— 11
1
B 1—3z71
ym) = (5)"uln)
1
Y(e) = 1—%,2*1
84
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H(z) = Y(2)X(2)
_ 1— %2*1
T -l ha- L.
B 3 2
o1 iz—l 1 %z—l
1 n 1 n
hn) = [3<4> o)) ] u(n)
(b)
1—171
H@z) = 1-— 1—722'—12 + 1—122—2
un) = Syln 1)~y —2)+a(n) ~ za(n—1)

(c) Refer to fig 3.40-1.
(d) The poles of the system are inside the unit circle. Hence, the system is stable.

x(n) .\

N

} 7/12 -1/2

71

-1/12

Figure 3.40-1:

3.41

1
1+a27 +ag22

If a% —4as < 0, there are two complex poles

—ay + jy/4as — a?
2

H(z) =

P12 =

85
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p1.2|*

= Qs

If a? — aday

2
ai .o das — a3

“ VAR TG ) g
(2)+< 5 ><

1

0, there are two real poles

—ay £ +/a} — 4ay

P12 = B
— /a2 — 4
nt 2a1 42 < 1and
—ay —+/a} — 4asy - )
2
= a1 — a9 1 and
a1 +ay > 1
Refer to fig 3.41-1.
) A4q°
real
real
complex
airazz—l aIazzl
2 1 1 2 ajg
real
‘1
Figure 3.41-1:
3.42
21y 1,2
H(z) 2
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H(z) = Zl{ __1;2,—1+1—32z—1]
I R 1 KB
(b)

Y(z) = H(2)X(2)
X() =

25 7 -3
Ve = At Lt
vin) = | g5 3G

(c) Determine the response caused by the initial conditions and add it to the response in (b).

y(n) — Sy(n— 1) + —y(n—2)

5 25 =0
Yt(z) - g [Yt(z)z"" +1] + % [Y*(z)e2+2"'+2] = 0
Y+ =
® = A a-n)
1 —12
_ 25 25
B 1—3z71 +1—%z—1
1.1 12,2
+ _ T (Z\n _ Zfr5\n
s = |G RG]
Therefore, the total step response is
25 33 1., 87,2,
v = [ () - 5] utm)
3.43
@Y (:)+ X(2)] 22 = Y(2)
-2
2
Y(z) = WX(Z)
Assume that @ > 0. Then
1 1
H(z) = —- a
(2) o (1—+Vaz=1)(1+ az"1)
RS R S D B
a2 l—+\az! 2al+Jaz!
1 1
h(n) = —=3(n)+ o~ [(Va)" + (=va)"] u(n)
1
Step Response: X(z) = T
Y(z) = G
(1= (= Vaz (1 + Vae )
87
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1 1 1
(a—1) + 2(a—va) 2(a++/a)

1—271  1—Vaz"! 1+ az"!
1 1 1

y(n) = a1 " 2a— va) (Va)" + m(—\/&)n u(n)
3.44
yn) = —ary(n—1)+box(n)+biz(n—1)
bo + b1zt
V() = X
(a)
bO + b1271 n n—1
H(z) = Tra T = h(n) =bo(—a1)"u(n) + b1(—a1)" uln —1)
—boay)z !
— b+ % = h(n) = bod(n) + (b1 — boar)(—ar)™ ‘u(n — 1)
(b)
Step Response: X(z) = 1 71271
bo —+ 612*1
Y(z) = (I-z"H)(14az71)
. by + b1 1 airby — by 1
T ol4a;1—271 14+a; 14+az!
ym) = [P BRI

14+ a1 1+aq

(¢) Let us compute the zero-input response and add it to the response in (b). Hence,

Yt()+ar [27'YT(2)+4] = 0
7&114
Y+(z) = [Tt
= 1y,i(n) = —arA(—a1)"u(n)

The total response to a unit step is
bo + b1 aibg — by —alA(l—i—al)

I e A R
(d)
x(n) = coswonu(n)
1 — 2z~ teoswy
X =
(2) 1—2z"1coswy + 272
(bo + b1z~ 1) (1 — 27t coswy)
Y(2) IV 9,1 2
(I1+a1271)(1 — 227 Lcoswg + 272)
B A B(1 — z7tcoswy) C(z7coswy)
T 14 a1zt 1—=2z"lcoswg+ 272 1—2z"1coswg + 22
Then, y(n) = [A(—a1)"™ + Beoswy + Csinwg] u(n)
88
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where A, B and C' are determined from the equations

A+ B = b
(2coswp)A + (a1 — coswy)B + (sinwg)C = by — bycoswy
A — (a1 — coswg)B + (sinwg)C = —bjcoswy
3.45
1
u(n) = Ly(n—1)+da(n) + Ba(n 1)
443271
Y(z) = @X(Z)
x(n) = e/""y(n)
1
A T
443271
Y = ,
(2) (1- %z—l)(l — eJwoz—1)
A B
Yz = 1-— %z—l 1 — ejwoz—1
where A = #
5~ eJWo
4eIwo
B = ;‘Lf’
eJWo — 3
1 _
Then y(n) = [A(Q)" + Bejw""] u(n)
The steady state response is
limy, —ooy(n) = yss(n) = Bel™on
3.46

(z —7red®) (2 — re=19)
2(z+0.8)

1—2rcos@z 1 4 r2z72
(140.821)

H(2)|=1=1=C

1 —2rcos® + r?2

1.
8 =2.77

(b) The poles are inside the unit circle, so the system is stable.
(c) y(n) = =0.8y(n — 1) + Cz(n) — 1.5v/3Cx(n — 1) + 2.25Cx(n — 2). Refer to fig 3.46-1.

3.47
(a)

Xi(2) = 224z+1+271 4272
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2.25

Figure 3.46-1:

Xo(z) = 142714272
Y(z) = Xi(2)Xa(2)
= 2242243432 43272228 427
Hence, z1(n) * z2(n) = y(n)
= {1,2,?,3,3,2,1}
By one-sided transform:
Xf(z) = 14214272
Xf(z) = 142714272
Yt(2) = 1+227 1432724273427
Hence, y(n) = {1,2,3,2,1}

(b) Since both z1(n) and xz5(n) are causal, the one-sided and two-sided transform yield identical
results. Thus,

Y(z) = Xi(2)Xa(2)
1
GRS
B 3 2
T T T P
Therefore, y(n) = {3(;)" - 2(;)"} u(n)
()
By convolution,
y(n) = wi(n)*xa(n)

= {4,11,20,39,20,11,4}
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By one-sided z-transform,

XF(z) = 24327144272
X (z) = 24271
Vi) = X{(2)XJ(2)
= 44871 F 11272 44273
Therefore, y(n) = {111, 8, 11,4}

(d) Both z1(n) and z3(n) are causal. Hence, both types of transform yield the same result, i.e,

Xi(z) = 14z 422423427
Xo(z) = 142714272
Then, Y(z) = Xi(2)Xa(2)
= 142 432724323 43274 4275 4276
Therefore, y(n) = {1,2,3,3,3,27 1}
T
3.48
o0
Xt (2) = Zx(n)zfﬂ
n=0
= 2
n=0
3.49
(a)
YH) 4+ 5 [7Y (o) +y(-1)] = 5 [TV (2) + 27 y(=1) +y(=2)] =0
(a)
AT
H LY T =
ence (2) T %z—l - iz_z
_ 0.154 0.404
- 1-031z71  140.81z7!
Therefore, y(n) = [0.154(0.31)" — 0.404(0.81)"] u(n)
(b)
YH(2) =15 [z7'Y T (2) +1] +05 [z 2YH(z) + 271 +0] =0
1.5 - 05271
y+ =
) 1— 1521 +05z2
205
o 1—21 1-052710
Therefore, y(n) = [2—0.5(0.5)"]u(n)

(2 —(0.5)" ] u(n)
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Y1 (z) =05 [z7'Y T (2) +1]

1— 3271
15— 327"
Y+(Z) — - 62
(1—-35271)(1-0.5271)
1-05271 1—2z71
7 1
Hence, y(n) = {2(0 5)" — 2(3)”] u(n)
(d)
YH(z)— H [z7°YT(2)+1] = !
4 1—271
51,1
Y+(Z) — 4 4
(1—2"1)(1-122)
4 =3 7
— 3 B 24
B 1—z*1+1—§ - +1+1 -1
4 31, 7,1,
Hence, y(n) = 37 §(§) + ﬂ(*i) u(n)
3.50
If h(n) is real, even and has a finite duration 2N + 1, then (with M = 2N + 1)
H(z) = h0)+h(1)z" ' +h(2)z2+...+ (M —1)z~M-D/2
since h(n) = h(M —n —1), then
H(z) = 27(1»171)/2(}1(0) [Z(Mq)/z I Zf(wal)/ﬂ

(1) {z(M—SW + z—<M—3>/ﬂ (M —1/2))

with M = 2N + 1, the expression becomes

H(z) = 2" N(h(0) [z +27"]
h(1) {ZN L—(N— 1)}
P2) [N V] ()
N-1
= N {h(N) + Z h(n)zN"" 4 h(n)z<N">}
n=0 n=0
= 2 N{WN)+P(z)+P(z""}
Now, suppose z1 is a root of H(z), i.e.,
H(z) = 27N {h(N)+P(z1)+P(z;")} =0
Then, h(N) + P(z1) + P(z;) = 0.
This implies that H (%) = 0 since we again have
h(N)+ P(z;')+P(z) = 0.
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3.51
(a)

z—1 1
H(z) = , ROC: = < |z| < 2
) (z+3)(z+3)(2—2) 5 < I
(b) The system can be causal if the ROC is |z| > 3, but it cannot be stable.
© A B C
H(z)

I e R P P g P

(1) The system can be causal; (2) The system can be anti-causal; (3) There are two other

noncausal responses.The corresponding ROC for each of these possibilities are :
ROC; :[z] >3; ROCy:|z|<3; ROCsz:3 <2/ <2 ROCys:2< |z <3;

3.52

z(n) is causal.

(a)

X(z) = Z x(n)z™"
n=0
lim, X (z) = z(0)

(b)(i) X(z) = % = lim, 0o X (2) = 0o = z(n) is not causal.
3

(1-52"2)°

(i) X(z) = —— = lim,5cX(2) = 1 Hence X(z) can be associated wih a causal
1-—352
sequence.
142
(i) X(z) = E:ga = lim,_X(z) = 0. Hence X(z) can be associated wih a causal
sequence.
3.53

1
e
is causal and stable. However when hy(n) = a™u(n + 3) = H(z) = {%—=r the system is stable

az™
but is not causal.

The answer is no. For the given system h1(n) = a™u(n) = Hi(z) = la| < 1. This system

3.54

Initial value theorem for anticausal signals: If 2:(n) is anticausal, then z(0) = lim,_0 X (2)
Proof: X(z) =30 z(n)z7" = 2(0) + 2(=1)z + 2(=2)22 + ... Then lim, o X (z) =

n=—oo

x(0)

3.55
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= ()" Pl — ()" Pu(n+ )

3
1
= 3%(n+2)—545(n+1) — 18(3)"u(n)
—18
H(z) = 812°—5dz+ Ry
3
o 8lz(z!
1-— %z*l

H(z) has zeros at z = 0,1 and a pole at z = 1.

(b) h(n) =816(n + 2) — 548(n + 1) — 18(3)"u(n)
(¢) The system is not causal, but it is stable since the pole is inside the unit circle.

3.56
(a)
1 Zn—l
= — d
z(n) 215 Jo1— 3271 :
1 n
= D i le
2nj Jez — 5
1
forn > 0,z2(n) = (5)”
1 1
f Oa(-1) = —d——d
orn < 0,z(—1) i L= z
1 1
= Sorl=ot Jlap =0
1 1
x(-2) = ———dz

27 c22(z—3)

IS T VS T
 dz z— 13 =0T ale=g T

By continuing this process, we find that 2:(n) = 0 for n < 0.

(b)
1 1
X = —0, 2| <z
© = k<
1 2" . . 1
x(n) = 5— ¢ ——dz, where c is contour of radius less than_
27{'] c R — 5 2

For n > 0, there are no poles enclosed in ¢ and, hence, z(n) = 0. For n < 0, we have
1 1

-1) = — ¢ ——--d
=(=1) 2mj Cz(z—%) :
1
= S rl=0=2
2

1 1
-2) = — ¢ ———d
#(=2) 27rj?£zz(z;) :
d 1
= ) |lg =4
dz(z—§)| 0
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Alternatively, we may change variables by letting w = z~!. Then,

o) = - (L,

; -1
2mj Jow =5 w

1 j{ -1
2mj Jor w1 = Sw)

1 7{ 2"t
= —— ¢ ———dw
2r) Jo w—2)

= —(2)™, n<o0
()
z—a
X =
©) = o>
1 el 2 — 1
z(n) = — ¢z 7dz ¢ has a radius greater than—
275 J. 1- |a
1 -1 n—1 _
S T e e CRL P
2 J. a z—
-1.1 1
F > 0 _ n—1/-"
orn>0.0(n) = () —a)
_ 1 n—1 1 n+1
= G-
1 -1 —
Forn=0,z(n) = -— ¢ — (2 al) dz
2rj Je a z2(z— )
-1 |—a %fa
N
a a
= i(az +1—a?)
a
-1
a
For n < 0, we let w = z~!. Then
1 —w " Hwt—a), 1
= — ——)d
z(n) 215 S 1—aw! ( w2) w
= 0, forn<0
(d)
1171t 1
1
X0 = ool
3 e
_ 10 10
1—3z71 1+ 3271

3,
z(n) = L% 107 7{ 0%
25 Joz — 5 271’] z + z

where the radius of the contour ¢ is greater than |z| = 3. Then, for n > 0

o) = |+ g )
Forn <0,z(n) = 0
95
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3.57

X(2) L—d’ <|\<10< <1
z) = a<|z| < - a
(1—az)(1—az"1)’ a’
B Lo
o l—az! 111
a
(n) = 1 z" 1 z"
wn)= 2n5 J.z—a N 2mj sz% :
1 n
Forn >0, — i dz = a" and
2rj J. 2z —a
1 n
— : rdz = 0
271'] CZ_E
1 z"
For n < 0, — dz = 0and
jJ.z—a
1 n
- z 1dZ = —(Zn
27T] CZ_E
3.58
220 1
X(z) = - =< |zl <2
® = Coheoer e~
1 Zn71220
2mj Jo (2 = 5)(2 = 2)°(2 + 5)%(2 + 3)
1
z(—18) = — - dz

2mj . (z = 1)z = 2(: + 3)2(:  3)
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Chapter 4

4.1

(a) Since z4(t) is periodic, it can be represented by the fourier series

S
J,‘a(t) — Z Ckej27rkt/~r

k=—o0
1 /7 :
where ¢, = = [ Asin(xt/7)e?? Rt
TJ o
_ i T |:ej7rt/7' _ e—jﬂ't/‘r:| e—j?ﬂk’t/fdt
J21J o
A |:€j7r(12k)t/‘r 6j7r(1+2k:)t/7':|7—
0

521 [ jE(1—2k)  —jZ(1+ 2k)
AT 1 1

- w[12k+1+2k]
24

(1 — 4k2)

Then, X,(F) = / xa(t)e_jQ”(F_é)tdt

— 0o

oo o]
= Z ck/ eI (F=2)t gy
k=—oc0 -0
o0

= > cké(F—é)

k=—o00

Hence, the spectrum of z,(t) consists of spectral lines of frequencies % k=0,£1,+2 ... with
amplitude |ck| and phases Zcy.
(b) Py = L[Ta2(t)dt = L [T A%sin?("t)dt = 4
(c) The power spectral density spectrum is |cx|?, k = 0,41, 42, .... Refer to fig 4.1-1.
(d) Parseval’s relation

P, = 1 / z2(t)dt

TJ o
= exf?
> 4A% & 1
2 _
Z jexl” = =3 Z (4k2 —1)2
k=—o0 ;=—00
97
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o1 12 o %
e, 12 c2l
k
2 1 0 1 2
Figure 4.1-1:
_ M2 2
g2 32 0 152 7
1+3+l+ = 1.2337(Infinit i t 7L2)
ptm | = L nfinite series sum to —
> 4A?
Hence, Z lex)? = ?(1.2337)
k=—oc0
A2
)
4.2
(a)
z,(t) = Ae u(t), a>0
X (F) = / Ae e 12t gy
0
_ A 67(a+j27TF)t >
—a —j2nF 0
B A
a4+ jo2nF
A
X(F) = ——2—
a?+ (2nF)
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Refer to fig 4.2-1

A=2a=4

phase of Xa(F)

(b)
Xo(F)
| Xa(F)]
(X (F)
Refer to fig 4.2-2
4.3
(a) Refer to fig 4.3-1.
Xa(F) =

0

/

-7

Figure 4.2-1:

0 0

A A
a—jorF | atjonF
2aA
a’?+ (2nF)?
2aA
a’? + (2nF)?
0
1-8 <7
#(t) = { 0, ’ |0|therwise

T

0

Alternatively, we may find the fourier transform of
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y(t)

—T17<t<0

1
7 _ )
_x@y_{§70<t§7
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/ Aeate_ﬂ”Ftdt—i—/ Ae”

t .
@+fpﬂ%“ﬁ+/f1—
T

-5 0 5 10

ate—]27rFtdt

E)e_ﬂ”Ftdt
.
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A=2,a=6
0.7 T

0.6 b

051 4

0.4r b

[Xa(F)|

0.3r b

0.1 i

0 ! . .
0 5 10 15 20 25

—>F

Figure 4.2-2:

X0 IX(F)I

-1 0 T 0 1t 2k

Figure 4.3-1:
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Then,

Ck

(c) From (a) and (b), we have ¢, =

4.4
(a)

Y(F) = / y(t)e 72T dt
01 j2r -1 jorF
= / —e T tdt—i—/ (—)e =" tdt
—TT 0 T
_ _28in27rFT
N JjrEFT
1
and X(F) = jZWFY(F)
_ sinTFr\ 2
-7 TFT
sintFr\ 2
X(F =
Xl = o)
(X, (F) = 0
1 p/2 .
— / —_]27Tkt/Tpdt
Tp p/2
) T t )
— |:/ (1_|_ ) 7]27rkt/Tpdt+/ (1_ *)67j2ﬂkt/Tpdt
Tp 0 T
B sinmkt /T, 2
B Tp k)T,
k
7 Xa(7:)

P

x(n) = {...,1,0,1,2,3,2,1,0,1,...}
T
N = 6
i ,
= sz(n)e—]2ﬂ'kn/6
n=0
= [3—}—26 jgﬂk—l—eﬂiﬂk—|—eﬂ;1 —|—2eij1607rk
1 wk 27k
= 6{3—}—400534—20 g]
9 4
Hence, ¢g = 6,6126,622076326,6420,652*
15
P = BZ\x(n)z
n=0

1
6(32+22+12+02+12+22)
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19
16

n=0

9 4

= [+

2 2 2
e 240+ (2)?)

19

16
Thus, P, = Py

19

16

4.5

1
x(n) = 2+ 2cosmn/4 + costn/2 + 500537m/4, =N=28

7
1 —jmkn
c, = §Zm(n)e gmkn/4

n=0
11 1

1
Hence, ¢g = 2,01:07:1,02:05:5,03:05:1,04:0

(S RS
47416 " 16

4.6

21(n — 2)

s 6

5
1 .
cp = gngzox(n)e_zﬂk"/ﬁ

5
4 2 -2 -
_ 6 7;) sin 77(77’6 )e—ZJTrkn/G

_ 1 [_e—j2ﬂ-k/3 _ emimh/3 4 o—imk/3 e—jQﬂ-k/B}

V3
102
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1 27k k ;
= —(-j2) sini—l—sin% e~ ImR/3

V3 6
Hence, cg = 0,c1 = —j2e 7%™/3 ¢y =c3=1c4 =0,c5 = c
and |e1] = les| = 2,|eo| = |ea| = |es| =[ca| =0
, n T 27 5t
g = TH—-———=—
! 2 3 6
—o7
les = ——
ZCO = ZCQ = 103 = ZC4 =0
(b)
2 2
z(n) = cos% + sin$ = N=15
Ck = Cip+Co

where ¢, is the DTFS coefficients of cosQ’TT" and co, is the DTFS coefficients of st’TT" But

2mn 1 j2mn —j2nn

COST = 5(6T +e7 3 )
Hence,
S i, k=510
=30, otherwise
Similarly,
2mn 1 j2zn —i2nn
sin— = —(e —e )
2j
Hence,
1 _
3, k=3
cop =1 5, k=12
0, otherwise
Therefore,
1 _
25, k=3
%, k=5
Cr = C1k + Cok 55 k=10
7+, k=12
J
0, otherwise
(c) z(n) = cos®Esin?T" = 15ind8Tn — L1gin4™™ Hence, N = 15. Following the same method
as in (b) above, we find that
-1
I k=27
cp = 4%., k=28,13
0, otherwise

N =5
1 4 —j2nnk
cr = ggm(n)e =
1 —j2nk —jank —j6rk —j8nk
:7[65 265—265—65]
5
27 2 4k
= DT - 2sin(*2h)]
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Therefore, ¢g = 0,

2j 2 4
g = ;[—sm(;)-i-%m(;)]
27 4 2
co = ;[sm(;)—%m(;)}
C3 = —C2
C4 = —C
()
N = 6
i penk
c = Egﬂc(n)e'
= % {1 + 2e =5 _ e_j?f"k — e_]éﬂk + 2e _j‘os‘”}
1 k 21k
= 6[1+4COS(7;)_2008(7;)}
1
Therefore, cg = 3
2
C1 = g
C2 = 0
o = 0
6
Cq = 0
2
Cy, = g
(f)
N =5
1 o -
iomm
c = ggx(n)e 5
1 [1+ ﬂzwk}
2 k — ]
= gcos(%)e -
2
Therefore, ¢g = 5
2 T, —in
6 = gcos(g)e 5
_ 2 (&)ﬂ
2 = geos()e
_ 2 (37”)%
g = geos()e
cy = 2005(4—”)6%
T 5T
g N=1 ¢ =z(0)=1lorc¢=1
(h)
N = 2
104
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1 —jmn
c = §Zx(n)e] F

n=0
= —(1—e7™)
=c = 0,c0=1
4.7
(a)
U j2mnk
x(n) = che] 5
k=0
Note that if ¢, = eﬂgpk7 then
U ji2rpk  j2mnk 7 j2m(p+n)k
S
k=0 n=0
= 8a p=-"n
- 07 p# -n
. 171 j2rk —j2nk 1 j6rk —j6mk
Since ¢, = f[e 8 4e B }4——,[6 8§ —e 8 }
2 27
We have z(n) = 46(n+1)+46(n—1)—456(n+3) +4j6(n—3),-3<n <5
(b)
c —Oc—QC*QC 0,c —ﬁc —éc c 0
0 ;€1 5 €2 5 €3 ,C4 5 165 5 2 C6 7
7 j2mnk
z(n) = che 8
k=0
= ?{e%{_eﬂ%_eﬂ#_eﬁ#
= V3 [smﬂ —|—5in@ ejﬂ(gziz)
2 4
(c)
4 j2 k
z(n) = Z cre’ s
k=—3
_ 2_’_6]'7% +67j47rn + le% n 167_7'27rn n 16¥ n leﬂiwn
B 2 2 4 4
949 ™ + ™ n 1 3mn
= cos— + cos— + —cos——
4 2 2 4
4.8
(a)
Ifk = 0,£N,£2N,...
N-1 N-1
SN~ N oy
n=0 n=0
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Ifk # 0,£N,+2N,...

S ey et
1 _ ei2nk/N
n=0
= 0
(b) Refer to fig 4.8-1.
(c)
k=1 k=2 k=3
s o(4)
s§2) $1(1) s o(1)
s (D S, ()
! °10) (0) . ?3) - S0
3
g P 20 B 5 °5¥
52(5)
k=4 k=5 k=6
34(5)
242 s@ 55O
s (0)
S 6
50 % 50) —
% s -
1 4 :
s 4(4) 5. 5 @
s 4( )
Figure 4.8-1:
N-1 N-1
Z sp(n)s;(n) = Z eJ2mkn/N —j2min/N
n=0 n=0
N-1
= Z ed2m(k—in/N
n=0
- 0 k#i
Therefore, the {s;(n)} are orthogonal.
4.9
(a)
z(n) = wu(n)—u(n—06)
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X(w) = Z x(n)e7vn
5
— Ze—jwn
n=0
1 — e J6w
 l—eiw
(b)
z(n) = 2"u(-n)
0
X(w) = Y 2re/vn
()
m=0
2
2 — ejw
(c)
wn) = (3)"uln+4)
= 1 n_—jwn
Xw) = Y ()
n=—4
_ (i(})mefjwm)44ej4w
m=0 4
44ej4w
1 leiw
(d)
z(n) = a"sinwpnu(n),|a] <1
= n eJwon — gmjworn —jwn
o= e =]
1 — [ : [ Qe ; n
= — ae_](“’_“’“)] —fz [ae”(“’“"")]
2‘7 n=0 2‘7 n=0
1 1 1
B Z 1 — aqe—J(w—wo) 1 — qe—J(w+wo)
_ asinwge ™IV
1 — 2acoswpe I + q2e—i2w
(e)
z(n) = |a|"sinwen,|al <1
Note that Y |z(n)] = > |a|"|sinwon]
Suppose that wg = g, so that |sinwon| = 1.
Yola" = Y e(n)] = co.
n=—oo n=—oo
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Therefore, the fourier transform does not exist.

v (3)", In|
2—(5)" Inl <4
— 2) =
w(n) = { 0, otherwise
4
X(w) = Z x(n)e 7"
n=—4
4
1 .
= 3 [p-Gr]e
n=—4
2ej4u)
 l—eiw
75 [74eg4w +4€7j4w o 36]310 +67]3w . 26]210 +267J2w —edv e*jw]
2ed4w
= T + j [4sindw + 3sin3w + 2sin2w + sinw)
()
X(w) = Z x(n)e7vn
= 2% — I 4 IV 4 2e7IRY
—2j [2sin2w + sinw]
(h)
sy — { ACM+1=la), |n] < M
10 In| > M
M .
X(w) = Z x(n)e 7"
n=—M
M
= A Y (2M+1—|n))e "
n=—M
M . .
= @M +1)A+AD 2M +1—k)(e 7"k 4 /vF)
k=1
M
= (2M+1)A+2A Z(QM + 1 — k)coswk
k=1
4.10
(a)
) = o [ Xwerra
z(n) = o » w w

1 —wo . 1 T
= ejw”dw—kf/ el dw

2 J_, m

wo
1 1

z(0) = o(m—wo) + o _(m —wo)
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™ — Wo

T
—wo 1 .
Forn;zéO,/ dVdw = —elVM|Ie
x jn
1 . .
—  _~ (p—Jwon _ ,—jmn
[ 2
PP Y a— fe]wnlzru
wo ]n 0
1 .
_ '7(6]71'71 _ engn)
jn
Hence, z(n) = _sznnwo’n#o
nmw
(b)
X(w) = cos*(w)
= Qew g Lo-gwy
2 2
1 .
— 1(~cﬂ2w+2+e‘32w)
1 g .
z(n) = ] X (w)e?"dw
1
= 8—[2775(71—}—2)+4775(n)—|—27r5(n—2)]
T
1
= Z[6(n+2)+25(n)+5(n—2)]
(c)
1 g .
z(n) = — X (w)e?™dw
2 J_,
1 wo+ 22 )
= — ’ e’ dw
2 wo— 322
_ géw sin(ndw/2) pinwo
™ noéw/2
(d)
1 /8 ] 3n/8 /8 ™ i
z(n) = —Re / Qeﬂ””dw—l—/ ej“mdw—i—/ eﬂ'mdw—k/ el dw
27 0 /8 67/8 /8
1 /8 3m/8 /8 ™
= — / 2005wndw+/ coswndw—I—/ coswndw+/ 2coswndw
™ 1Jo /8 67/8 /8
1 . Tmn . 6mn . 3mn . ™
= — SZRT+SZRT —smT —szn;
4.11
_x(n) +x(-n)
:'L.e(n) - 2
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= 1012101
- 2777Ta752

z(n) —z(—n
) = E)=sCn)
= L 0,-2,0,2,0 L
- 27 ) ’T, ) ) 2
3
Then, Xp(w) = Z Ze(n)e 7"
n=—3
3 .
iXi(w) = ) we(n)e "
n=—3
Now, Y(w) = Xr(w)+ Xgr(w)e/*™. Therefore,
yn) = FH{X;(w)}+F! {XR(w)eﬂw}
= —jzo(n) +ze(n+2)
1 J g o]
= Jd201-221+72 0, —j5207
{2?0’ 2’ ) +2’?’2 j 70’2
4.12
(a)
1 97/10 —87/10 T ] —97/10
z(n) = — / e]“’"dw—l—/ ejw"dw—|—2/ e]w"dw—l—Z/ e dw
2m 87/10 —97/10 97/10 -7
_ % |:j}n(6j97rn/10 - e*j97rn/10 - 6j87rn/10 +efj87rn/10)
_1_1(_6]'97771/10 + e—j97‘rn/10 + ejﬂ'n _ e—jrrn)
in
1. ) .
= — [sinmn — sin8mn/10 — sin9mn/10]
nw
1
= —— [sindmn/5 4+ sin9mn/10
e [sindmn/5 4 sin9mn/10]
(b)
0 = o [ Xwerdus L [ X
z(n) = — w)e w4 — w)e w
27T —r 27T 0
1 0 w : 1 Tw
= i — 1 Jw”d _ - ]wnd
2 _W(Tr—’_ Je w+27r 0 7 ° v
1 ) Jjwn
= [.we“”"”,r—ke. |0,,}
27 | jnm an
= isinﬂe_j””/2
™m
(c)
1 We+ g —wet+y
z(n) = o s 2e7w”dw+% . 2e7m du
R
m | jnw 2 jn 2
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9 [edlwetg)n _ il n el n _ e—i(wetg)n
B Wn{ 2j

2 w
= {sm(w( + 5 n — sin(w. — g)n

4.13
(n) = 1, 0<n<M
TI =00,  otherwise
M .
X (w) = Z e—Jwn
n=0
1— efjw(]\4+1)
N 1—eJw
2a(n) = 1, —-M<n<-1
V71 0, otherwise
Xo(w) = Z e Jvn
n=—M
M
n=1
jw M
— iejw
1—eiw
X(w) = Xy(w)+ Xo(w)
1+ eJw _ pjw _ 1 _ e—jw(]\/1+1) _ ejw(M+1) 4 eJwM 4 e—JwM
B 2 —e7Iw — ejw
_ 2coswM — 2cosw(M 4+ 1)
B 2 — 2cosw
_ 2sin(wM + F)cosy
B 25in? g
~sin(M + Dw
B sin(y)
4.14
(a) X(0) =3, z(n) = —1
(b) £ ():ﬂfrallw
(c) (0) = 5 ["_ X (w)dw Hence, ["_ X (w)dw = 2rz(0) = —67
(d)
b .
X(m) = Z xz(n)e /"T = Z(—l)”x(n) =-3-4-2=-9

(e) ffw | X (w)]Pdw =27y, |z(n)* = (27)(19) = 387
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4.15

Therefore, ¢ =

(b) See fig 4.15-1 X (0) = 1 Therefore, c = ¢ =

Figure 4.15-1:

4.16

Il
IS
S

—

<

x1(n)

T
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Now, suppose that
zg(n) = ——a"u(n)
&
holds. Then

Zpr1(n) = ———=—a"u(n)

4.17
(a) ' _
Zx*(n)eijw" = (Z x(n)eiﬂ(fw) ) = X*(—w)
(v) )
Zx*(fn)e*j“’" = Z ¥ (n)ed*" = X*(w)
()
Zy(n)e*jw" = Zx(n)e*j“’" - Zx(n — 1) dwr
Y(w) = X(w) —|—}X(w)e‘jw
(1 —e™)X(w)
(d)
yn) = 3 (k)
k=—oc0
= y(n) —y(n—1)
= z(n) |
Hence, X(w) = (1—e7")Y(w)
()

Y(w) = Z z(2n)e 7w
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[
=8
=
(9]
d
(&)
S
3

= X(2w)
4.18
(a)
Xiw) = Yam)e
e;Q“’ +el eIV eI
= 14 2cosw + 2cos2w
(b)

Xo(w) = Z zo(n)e Ivn

— ej4w +€j2w +1 +6732w +e*j4w

= 1+ 2cos2w + 2cosdw

X3(w) = Z x3(n)e7vn

— ejGw +€j3w +1 +€7j3w +67j6w

= 14 2cos3w + 2cosbw

(d) Xz(w) = X1(2w) and X3(w) = X;(3w). Refer to fig 4.18-1

(e) If
_J =(%), 7% an integer
(1) _{ 0, otherwise
Then,
Xp(w) = Z zp(n)e Ivn
n,2 an integer
= Zx(n)e_jkw"
n
= X(kw)
4.19
(a)
1 jmn/4 —jmn/4
win) = (@ eI ()
1 us T
X = | Xw-S+Xw+Z
) = X D)X )
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W) X(w)
—
-t 0 T -0.51 0 05m T W

Xw)

-m/3 0 13 I

Figure 4.18-1:

(b)
x2(n) = %(ej””/2+e*jﬂn/2)x(n)
Yaw) = o [Xw-3)+ X+ F)]
(c)
Lo 2 —jmn/2
z3(n) = §(€]Tm/ + eI/ )z (n)
X3(w) = % [X(w— g) + X (w+ g)]
(d)
1, By
za(n) = (™" + e )z(n)
Xa(w) = %[X(W—W)-FX(U)—}—W)]
= X(w-—m)
4.20
A 1 - —j2wkn/N
% = N Z%y(n)e
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1 N-1 [e's)
= [ Z x(n — lN)] e~ I2mkn/N
oo N—1-IN

1 Z Z 2(m)e—I2mRmHN) /N
N

l=—00 m=—IN
o0 N—1—-IN ‘
But Z Z z(m)e IvmHN) = X ()
l=—00 m=—IN
1 21k
Theref Vo= —X(=
erefore, ¢}, N ( N )
4.21
Let zn(n) = W, —N<n<N
™m
where z(n) = w, —o00<n<oo
™
win) = 1, —N<n<N
= 0, otherwise
Then 2% F X(w)
™m
= 1, |u[<w
= 0, otherwise
Xn(w) = X(w)s*W(w)
- / X ()W (w — ©)de
B /“’° sin(2N+1)(w—@)/2d@
S, sin(w — ©)/2
4.22
(a)
Xi(w) = Zoj(ZnJr 1)e dwn
— Zx(k)efjwk/Zejw/2
k
Wy
= X(g)em?
ejw/2
T 1 qeiwr2
(b)
Xo(w) = Zx(n+2)e”"/2e*jw"

n

= - Z w(k)e TRwtiT/2) gi2w
k
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(c)
Xs(w) = Y a(-2n)eIvn
- _nz w(k)e kvl
_ X(kZ’)
(d)
Xalw) = 30 (O3 4 IO g ()
= J [X(w—03m) + X(w +0.3m)]
() Xafw) = X(w) [X (w)e™] = X2(w)e™?
Xo(w) = X(w)X(-w)
T oa- ae*jwl)(l — aeiv)
1

(1 — 2acosw + a?)

4.23

(a) Yi(w) = 3, y1(n)e™7*" =37 oven ©(n)e 7" The fourier transform Y; (w) can easily be
obtained by combining the results of (b) and (c).
(b)

y2(n) = z(2n)

Yo(w) = Z yo(n)e Ivm

Refer to fig 4.23-1.
()

[ xz(n/2), neven
ys(n) = { 0, otherwise

Ya(w) = ) ys(n)e 7"
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Yw)

-t -11/2 0 2 ¢ 3nR 2n

Figure 4.23-1:

Z x(n/2)e 7vn

n even

= Z x(m)e‘jzwm

m

= X(2w)
We now return to part(a). Note that y; (n) may be expressed as

n/2), n even
y1(n)={ gZ( 7 n odd

Hence, Y1 (w) = Y2(2w). Refer to fig 4.23-2.

Yw)

-1 -77/8 -m/8 o T8 T2 7m/8 m

Yw)

- =314 -T2 ;4 o T4 TU2 g T
Figure 4.23-2:
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Chapter 5

5.1

(a) Because the range of n is (—o00,00), the fourier transforms of z(n) and y(n) do not exist.
However, the relationship implied by the forms of x(n) and y(n) is y(n) = 23(n). In this case,
the system H; is non-linear.

(b) In this case,

1
Xw) = 15w

2

1
Y(w) = 15w

8

Y

Hence, H(w) = X((Z])))
o l—gev
B 1— feJw

= System is LTI

Note however that the system may also be nonlinear, e.g., y(n) = z3(n).
(c) and (d). Clearly, there is an LTI system that produces y(n) when excited by x(n), e.g.
H(w) = 3, for all w, or H(¥) = 3.
(e) If this system is LTI, the period of the output signal would be the same as the period of the
input signal, i.e., N1 = N5. Since this is not the case, the system is nonlinear.

5.2
(a)
M .
Wg(w) = ZwR(n)e_Jw"
n];() |
_ Z e~ Jwn
n=0

1— efj(l\/[Jrl)w

1—eiw
M1
e—iMw/2 sin(=5—)w

im,
sing
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(b) Let wr(n) = hg(n) x hg(n — 1),

1, 0<n<¥ 1
= ! - = 2
hir(n) { 0, otherwise
Hence,
Wr(w) = Hp(w)e™ "
) 2
_ sinffw o—JwM/2
sing
()
1 2
Let ¢(n) = 5(1 + cos%)
1 2m 1 2m
- So(w— 5y 4 = il —r<w<
Then, C(w) W{5(w)+25(w M)+2§(w+M)} r<w<7w
1 ™
We(w) = 7 c(@)Wr(w — 0)dO
1 1 27 1 27
= §WR(’U}) + §WR(’w - M) + §WR(1U + M)
Refer to fig 5.2-1
W(w)| IMf(w)l
R
2mM+1 0 2mM+l W _agm O 41UM W
M (w)

\ JAN J\ S,

-21U/M —21/M+1 0 2m/M+1 21/M
Figure 5.2-1:
5.3
(a)
Lin
M) = (5)u(n)
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1 n, —jwn
Hw) = Y (3
n=0
—, 1
— Z(§e—jw)n
n=0
_ 1
1 lemiw
1
|H(w)| = T
[(1 = Zcosw)? + ($sinw)?]?
- 1
[2 — cosw]?
1.
[Hw) = —tan™! 2slmw
1 — Scosw
= O(w)
(b) (1)
. 3m
For the input z(n) = cos M
= %(6% 67J1307m)
3T 0
— _or dll <
X (w) 71'[6(10 10)—|—5( —|—10)],|w|_ﬂ'
Y(w) = H(w)X(w)
3m 3T 3T
= H _ _
(To) [6( 1) Folwt 10)]
3m 3mn 3m
) = HCleos | T+ 02
(2)
a(n) = {...,1,0,0,1,1,1,0,1,171,0,...}
T
First, determine z.(n) = w
and z,(n) = () = 2(=n) _2$(_n)
Then, Xp(w) = Zwe(n)e_j“’"

Xr(w) = Z xo(n)e_j“’”

Hw)| = [X3(w)+X3w)]
O(w) = tan_l))g;((qfu))
and YV(w) = H(w)X(w)
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5.4

z(n) +xz(n—1)

y(n) = 5
1 .
Y(w) = 5(14—67“”))((10)
1 .
Hw) = 5(1—i-efjw)
= (cosg)(fj“’/2
Refer to fig 5.4-1.
(b)
1
0.8r i
Sosl |
Iz
’=‘0.4w J
0.2F b
0 | | | | | | |
-4 -3 -2 -1 0 1 2 3 4
—-—>w
2
= 1r §
2
I
£ of f
N
|
_lk -
_2 | | | | | | |
-4 -3 -2 -1 0 1 2 3 4
—ew
Figure 5.4-1:
z(n)—xz(n—1
oy = =)
1 _
Yiw) = 5(1-e")X(w)
1 .
H(w) = 5(1767”’)
= (sinZ)e iw/2eim/2
2
Refer to fig 5.4-2.
(c)
zn+1)—x(n—1
Sy — D —a(o-)

2
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—w
2
15} .
2
8
2 ]
0
'osl 1
O 1 1 1 1 1
0 0.5 1 15 2 25 3 35
—w
Figure 5.4-2:
1, . _
Vi) = (" — e X(w)
1. ,
Hw) = 5(6””—6_]“’)
= (sinw)el™/?
Refer to fig 5.4-3.
(d)
z(n+1)+x(n—-1
sy = S Eateo
1 . .
Y(w) = 5(63w+eﬂw)X(w)
1 . .
Hw) = §(€Jw+67]w)
= cosw

Refer to fig 5.4-4

(©)
ooy = TFEO 2
Vi) = {1+ )X (w)
Hw) = (1+e)

= (cosw)e "

Refer to fig 5.4-5.
(f)
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Figure 5.4-3:

o
©

——> [H(w)|
=
B (2]

o
N

o

o

0.5 1 15 2 25 3 3.5

——> theta(w)
) w
T T
| |

=
T
1
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Figure 5.4-4:
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0.8 b
EOG* i
=
’I‘ 0.4 ]

0.2 i

O 1 1 1 1 1 1
0 0.5 1 1.5 2 25 3 35
s w
2
= 1r 1
)
8
20 i
N
|
_lk m
-2 | | | | | |
0 0.5 1 15 2 25 3 35
s w
Figure 5.4-5:
z(n) —z(n—2
sy = =sn=2)
1 ,
Y(w) = 5(1 — e ) X (w)
1 .
H(w) = 5(1 — 792w
= (sinw)e_jw'*'j”/2
Refer to fig 5.4-6
(8)
z(n)+zxzn—-1)+z(n—2
oy = TErln= D +atn=2)
1 . .
Y(w) = 5(1 +e IV + 6_32“’)X(w)
1 . .
H(w) = §(1 +e7Iv 4 eI2w)
1 . . .
= §(1 + eIV + e—Jw)e—Jw
1 .
= g(1 + 2cosw)e™ !
1
[H(w)| = |5(1+ 2cosw)|
| —w, 1+ 2cosw >0
LH(w) _{ T—w, 1+ 2cosw <0
Refer to fig 5.4-7.
(h)
125

© 2007PearsorEducation)nc., UpperSaddleRiver,NJ. All rightsreservedThis materialis protectedunderall copyrightlaws
astheycurrentlyexist.No portionof this materialmay bereproducedin anyform or by anymeanswithout permissiorin
writing from the publisher. Forthe exclusiveuseof adopterof thebookDigital SignalProcessingi-ourthEdition, by JohnG.
ProakisandDimitris G. Manolakis.ISBN 0-13-187374-1.



=

> |H(Ww)|
©c o ©
S (<2 o2}
T T T
I I I

o
[N
T

|

o
o

0.5 1 15 2 2.5 3 3.5
—> W

——> theta(w)

-2 I I I I I I
0 0.5 1 15 2 25 3 3.5
—-—>W

Figure 5.4-6:

[any

o
©
T

1

——> |HW)|
I =
B (2]

T T
I I
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|
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Figure 5.4-7:
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yn) = a(n) —x(n—8)
Y(w) = (l—eﬂ.gw)X(w)
Hw) = (1—e %)

= 2(sindw)e’ (7/274w)

Refer to fig 5.4-8.

(i)
2
_1.5* b
B
L 1t i
AN
I
0.5 b
0 1 1 1 1 1 1
0 0.5 1 15 2 25 3 35
—-—>w
2
- 1f 1
2
8
2 of ]
AN
|
_1k ,
-2 | | | | | |
0 0.5 1 15 2 25 3 35
-—>w
Figure 5.4-8:
yn) = 2z(n—-1)—xz(n—2)
Y(w) = (2e77% —e 72X (w)
H(w) = (2e77% —e772w)
= 2cosw — cos2w — j(2sinw — sin2w)
|H(w)| = [(2cosw — cos2w)? + (2sinw — sin2w)?]?
2sinw — sin2w
© = —tan ' | D—mF——
(w) an (2cosw - cosQw)
Refer to fig 5.4-9.
()
z(n)+zn—-—1)+zn—-2)+z(n—-3
yn) = (n) +z(n—1) 4( )+ z(n—3)
1 , , ,
Y(w) = Z(l +e I 4 eI2w 6_33“’)X(w)
1. . o Cwr o
H(w) = 3 [e T + eI+ e T2 (e + e J“)]
1 . .
= 5(6_3“’ + e 772 cosw
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3.5
2
_1f i
=
8
2o i
A
|
_1 = |
-2 | | | | | |
0 0.5 1 15 2 2.5 3 3.5
-—>w
Figure 5.4-9:

= (cosw) (cos%)eﬂ'?’w/2

Refer to fig 5.4-10.

(k)
y(n) = z(n) +3z(n—1)+ 2x(n —2)+z(n—-23)
Y(w) = é(l +3e79" + 3772 4 eI X (w)
H(w) = é(l +eiw)3
= (cosw/2)3e=73w/2
Refer to fig 5.4-11.
0]
yn) = wln—4)
Y(w) = e "X (w)
H(w) = et
[H(w)| = 1
O(w) —4w
Refer to fig 5.4-12.
(m)
y(n) = x(n +4)
Y(w) = eJ_4wX(w)
H(w) = &
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Figure 5.4-10:

——> [H(w)|
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Figure 5.4-11:
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—>Ww

o
1

——> theta(w)

-2 I I I I I I
0 0.5 1 15 2 25 3 3.5
—-—>W

Figure 5.4-12:

|H(w)| = 1
O(w) = 4w
Refer to fig 5.4-13.
(n)
y(n) = x(n) — 2z(n —41) +xz(n —2)
Y(w) = i(l — 27 4 T2 X (w)
Hw) = 2(1 —eIw)2
= (sin®w/2)e 7w
Refer to fig 5.4-14.
5.5
(a)
y(n) = z(n)+x(n—10)
Y(w) = (1+e 1) X (w)
Hw) = (2cosbw)e 7%

Refer to fig 5.5-1.
(b)
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Figure 5.4-13:
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Figure 5.4-14:
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B
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A
|
0.5F
O 1 1 1 1 1 1
0 0.5 1 15 2 25 3 3.5
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|
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-—>w
Figure 5.5-1:
71'
H(Z) = 0
()
5 n
H(g) = (2608%)67]5
5 5
y(n) = (GCosg)sin(% 110 - ?ﬁ)
4
= (6005—)5@'71(% %)
()
H(O) = 2
4
H—) = 2
Gh
2
y(n) = 20+ 10cos 2 + T
) 2
5.6
h(n) = d(n)+25(n—2)+d(n—4)
H(w) _ 1+2e—j2w+e—j4w
_ (1 _~_efj2w)2
= 4(cosw)?e IV
Steady State Response: H(g) = 0
Therefore, yss(n) = 0,(n>4)
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Transient Response:
w(n—2) m(n—4)

Yer(n) = 10eZ u(n) +20e~ = u(n —2) +10e” = u(n — 4)
106(n) + 5108(n — 1) + 108(n — 2) + j105(n — 3)

5.7

(a)
v = () + 2o 1)
Y(w) = (1+e )X (w)
H(w) = (2cos2w)e 2

Refer to fig 5.7-1.
(b)

> |H(w)|

2 2.5 3 3.5
2
1t i
2
IS
20 i
A}
|
_l = 4
-2 | | | | | |
0 0.5 1 15 2 25 3 3.5
s w
Figure 5.7-1:
y(n) = cos~n + cosmn + cosﬁ(n —4)+ cosz(n —4)
2 4 2 4
But cosg(n —4) = cosgncos%r + sin%nsin?w
T
= cos—n
2
and cos%(n —4) = cos%ncosw - sin%nsimr
T
= —cos—n
4
™
Therefore, y(n) = 2cos 5N

(c) Note that H(%) =2 and H(%) = 0. Therefore, the filter does not pass the signal cos({n).
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5.8

1
yn) = 3 le(n) —x(n—2)]
Y(w) = %(1 — e W) X (w)
Hw) = %(1 — 792w
= (sinw el (3 —w)
H(0) = O,H(g) =1
Hence, yss(n) = 3cos(gn + 60°)
Yer(n) = 0
5.9
x(n) = Acosin
(a) y(n) = x(2n) = Acosgn = w = 3
Eb) y(n) = 2%(n) = A%cos*Tn = ;A% + J A%cosZn. Hence, w =0 and w =3
c)
y(n) = xz(n)cosmn
™
= Acoszncosmz
_ A Smo A3
= oS n A Scos—en
3m om
Hence, w = i and w = T
5.10
(a)
1
yn) = 1 [a(n) +a(n—1)
1 .
Y(w) = §(1 + e 77X (w)
1 .
H(w) = 5(1+e7)
= cos(%)e s
Refer to fig 5.10-1.
(b)
1
yn) = —5lz(n) —z(n-1)
1 _
Y(w) = —5(1 e ") X (w)
|H(w)| = szn%
O(w) = el(E-%)
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Figure 5.10-1:

Refer to fig 5.10-2.

(©)
y(n) = é[x(n)—ki’)x(n—1)+3x(n—2)+x(n—3)}
V() = S(1+eIPX(w)
Hw) = (+em)

Refer to fig 5.10-3.
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Figure 5.10-2:
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Figure 5.10-3:
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5.11

yn) = a(n) +a(n— M)
Y(w) = (1+e )X (w)
Hw) = (1+e7wM)
H(w) = 0, at#z(k—&—%)w, k=0,1,...
orw = (2k+1)n/M, k=0,1,...
|H(w)| = |2€08#

5.12
y(n) = 0.9y(n — 1) + bz(n)
(a)
Y(w) = 0.9e77%Y (w)+ bX (w)
Y(w)
H = —=
(w) X(w)
- b
- 1—-09e 9w
|H(0)] = 1,=b==+0.1
wM wM
_J) —2 cos >0
O(w) { - “JQM, cos% <0
(b) |[H(wo) 2 = 3 = r57—5smn = 3 = wo = 0.105

(c) The filter is lowpass.
or wo)|® = 5 = wo = 3. . 1s filter is a highpass filter.
(d) For |H(wo)|? = 3 3.036. This filter is a high fil

5.13
(a)

Spurious power = P, — 2|crol?

THD =
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(b) for f0 = g=, refer to fig 5.13-1
for fO = 55, refer to fig 5.13-2
for fO = 555, refer to fig 5.13-3

(c) for f0 = g, refer to fig 5.13-4
for fO = %, refer to fig 5.13-5
for f0 = 5z, refer to fig 5.13-6
The total harmonic distortion(THD) reduces as the number of terms in the Taylor approxi-

mation is increased.

terms= 2 terms=3 terms=4
10 50 20
g o e \_/ g o
x x x
AN AN 0 AN
I -10 | I -20
2% 50 100 % 50 100 % 50 100
terms=5 terms= 6 terms=7
20 5 4
= 10 = < 2
< 3 3
A A0 A
i 0 i 1 0
-10 -5 -2
0 50 100 0 50 100 0 50 100
terms=8
1
=0
3
AN
P -1
-2
0 50 100

Figure 5.13-1:
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Figure 5.13-2:
terms= 2 terms=3 terms=4
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Figure 5.13-3:
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orig cos thd=2.22e-16

terms=2 thd=0.06186

terms=3 thd=0.4379
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Figure 5.13-4:
orig cos thd=0 terms=2 thd=0.07905 terms=3 thd=0.4439
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Figure 5.13-5:
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orig cos thd=—6.661e-16 terms=2 thd=0.05647 terms=3 thd=0.4357
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Figure 5.13-6:
5.14
(a) Refer to fig 5.14-1
_ 1
(b> fO — 5
1 1.5
1
0.5
= g 0.5
3 g
A 0 A 0
! l -05
-0.5
-1
-1 -15
0 100 200 300 0 100 200 300
-=>n -=>n
Figure 5.14-1:
bits 4 6 8 16
THD 9.4616e — 04 5.3431e — 05 3.5650e — 06 4.2848e — 11
(c) fo= 1(1)0

bits 4 6 8 16
THD 9.1993e — 04 5.5965¢ — 05 3.0308e — 06 4.5383e — 11

141

© 2007PearsorEducation)nc., UpperSaddleRiver,NJ. All rightsreservedThis materialis protectedunderall copyrightlaws
astheycurrentlyexist.No portionof this materialmay bereproducedin anyform or by anymeanswithout permissiorin
writing from the publisher. Forthe exclusiveuseof adopterof thebookDigital SignalProcessingi-ourthEdition, by JohnG.
ProakisandDimitris G. Manolakis.ISBN 0-13-187374-1.



(d) As the number of bits are increased, THD is reduced considerably.

5.15

(a) Refer to fig 5.15-1
(b) Refer to fig 5.15-2

f=0.25 f=0.2
1 1
0.5 0.5
0 0
-0.5 -0.5
-1 -1
0 50 100 0 50 100
f=0.1 x 107 f=0.5
1 4
0.5 2
0 0
-0.5 -2
-1 -4
0 50 100 0 50 100

Figure 5.15-1:

The response of the system to z;(n) can be seen from fig 5.15-3

5.16
(a)

Z h(n)e=7wn

n=-—oo
-1

n=—oo

Z (%)—ne—jwn_FZ(%)ne—jum
n=0

1 jw
€ 1
1

1—geiv 11—

5 — 3cosw
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=

magnitude
© o o
B ()] [ee]
T T T
| | |

o
[N
T
|

0 | | | | | | | | |
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

freq(Hz)

| | | | |
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

freq(Hz)

Figure 5.15-2:

f=0.25 f=0.2
0.1 0.15
0.05 01
0.05
0
0
-0.05 0.05
-0.1 -0.1
50 100 0 50 100
f=01 X 10_15 f:05
0.3 2
0.2 0
0.1
-2
0
-0.1 -4
-0.2 -6
0 50 100 0 50 100

Figure 5.15-3:
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H(w)| = —
5 — 3cosw
LHw) = 0
(b) (1)
z(n) = cosgﬂ-—n
8
3mn 3mn
Y(w) = H(w)X(w)
4 3m™n 3mn
= 20 15 o
5—300838”[( 8)Jr (w+ 8)]
Hence, the output is simply y(n) = Acosgﬂ-?n
3
where A = H(w)|,_s= = H(g)
(2)
z(n) = {...,1,1,1,1,1,1,1,1,1,...}
7
= cosTn,—00 < n < 00
4 4 1
H w=mn = _— e - = =
(w)] 5—3cosmt 8 2
y(n) = —cosmn
Yw) = = (5w—m) +ow )
5.17
(a)
y(n z(n) — 2coswoz(n — 1) + z(n — 2)
h(n) = d(n)— 2coswed(n —1)+d(n—2)
(b)
Hw) = 1-2coswpe " 472V
(1 _ e—jwue—jw)(l _ ejwoejw)
= e Iwgin¥ —;wo sin —2w0
—2e77"(cosw — coswy)
|H(w)| = 2|cosw — coswy|
= |H(w)| 0 at w = wy

Refer to fig 5.17-1.
()
when wy = 7/2, H(w)
at w=m7/3,H(mw/3)

y(n)

© 2007PearsorEducation)nc., UpperSaddleRiver,NJ. All rightsreservedThis materialis protectedunderall copyrightlaws

1— ej2w

1— ej27r/3 _ 16]'77/3
|H(7r/3)|3€05(gn +30° — 60°)

3cos(§n —307)
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w

==> [H(w)|
o L n
B

o

o
o
ol
=
=
ol
N

25 3 3.5

——> theta(w)

-2 I I I I I I
0 0.5 1 15 2 25 3 3.5

—_—> W

Figure 5.17-1:

y(n) = z(n) —xz(n—4)
Hw) = 1—e

2e 92w eIT/2 gm0

Refer to fig 5.18-1.

(b)
T 7r 7r
z(n) = cosinJrcosZn, H(En)fo
™ i ™
y(n) = QCosZn, H<Z) 2, LH(Z)fo

(c) The filter blocks the frequency at w = 7.

5.19

[z(n) — x(n —2)]

Hw) = =(1—e7?)

NN R

= e eI 2ginw
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15 A

> [Hw)

0.5 b

——> theta(w)

-2 I I I I I I
0 0.5 1 1.5 2 2.5 3 3.5

——> W

Figure 5.18-1:

5+ 3sin(zn + 60°) + 4sin(mn + 45°)

B
<
I

y(n) = 35in(gn + 60°)

y(n) = x(2n) = This is a linear, time-varying system
Y(w) = Y yln)e /"
= Z x(2n)e 7w
w
- x¢
)
=1, <3
2
= 0, <<

2?(n) = This is a non-linear, time-invariant system

<

—

2
I
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Y(w) = —X(w)x*X(w)
2m
Refer to fig 5.20-1.
()
Y (w)
va
2 0 T2 W
Figure 5.20-1:
y(n) = (cosmn)x(n) = This is a time-varying system
1
Y(w) = Py [T0(w — 7) + wo(w + )] * X (w)
7r

1

= S IXw ™)+ X(w+ )

3T

= <
0 i<
5 Tcql<
5 1 w| <7

5.21
h(n) = {()”cosinu(n)}
(a)
1—LleosTz!
H — 4 4
) 1—2(H)cosZz1 + (4)2272
1-— %z‘l

(b) Yes. Refer to fig 5.21-1

(c) Poles at z = $e*7%, zeros at z = %_
N2 —jw
H(w) = ﬁl 5————. Refer to fig 5.21-2.
@ R
1 n
o) = ()uln)
1
X(z) =
I =
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y(n)

Figure 5.21-1:

Y(z) = X(2)H(z)
_ 31— 22
S CR %z—l + {5272

14+v2 V2 -1
2 8

_|_
V2, 1
177 1+T6 2

y(n) = %(i)" [1 + cos%n +(1+ \/ﬁ)smgn u(n)

5.22

Hw) = 1—e 71
= 2795 E sinbw
|H(w)| = 2|sinbw|,
O(w) = g — bw, for sinbw >0

— g—5w+7r, for sinbw < 0

Refer to fig 5.22-1.
(b)
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14

13

=
N

- 'LH(W)l

0.9

08 1 1 1 1 1 1
0 0.5 1 15 2 25 3 3.5

—> W

Figure 5.21-2:

2
15F 7
1t J
0.5F b
| | | |
1 15 2 2.5

—>w

> |H(w)|

=
T
I

o
T
1

——> theta(w)

-2 I I I I I I
0 0.5 1 1.5 2 25 3 35

—>w

Figure 5.22-1:
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10
)| = VB e(g) = LH(

I o= 2 H(H) =0
376

(1)  Hence, y(n) = 2005%n+3\/§8in(§n—1ﬂ5)

HO) = 0, H(%”)zo

5.23

1 (" .
h(n) = X (w)e!" dw

2

3

1 5 5
= — / ejw"dwf/ e 7" dw
27 _3m —z
8 8

= i sing—ﬂn—sinzn
T 8 8

2
= —sin—ncos—n
™ 8 4

(b) Let
Then,

and

5.24

yln) = —yln—1)+z(n)+ %z(n -1

Y(2) = -2V (2)+X(2)+ %zilX(z)
Y(2)

X(z)

1+ 2271
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H(w) = Y h(n)e 7"
n=0
2
= 1 1, —jw -1
—Le
_ 1+ le—iw
1— %e—j“’
= H<Z)|z:ef’“f
(c)
T 14+ lo-7%
H(z) = 2=
2 1-— 567]5
1
1
I+j5
_ 1efj2tan_1%
Hence, y(n) = cos(gn + % —2tan™'>)
5.25
Refer to fig 5.25-1.
5.26
H(z) = (1-é&izH1—eliz7Y
= 1-v22 14272
H(w) = 1—+2e77W 4 20
V2

- 9 —Jjw _ye
e 7" (cosw 5 )

y(n) = x(n) —V2x(n—1)+z(n—2)

for z(n) = sin%u(n)
y(0) = =(0)=0
y(1) = x(1) —v22(0) + 2(-1) = g
y(2) = 2(2) —V2z(1) +2(0)=1- \/Qg +0=0
y(3) = 2(3) —V2z(2) +z(1) = g —\/§+§ =0
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[X(w)| for (a)

IX(w)| for (b)

4 8
3 6
[} ()
E E
T2 =
(o)) (@]
& ®
S S
1 2
0 0
0 1 2 3 4 0 1 2 3 4
[X(w)] for (c) IX(w)] for (d)
15 12
10
g g°
T 1 T 6
()] (@]
® ®
S E 4
2
0.5 0
0 1 2 3 4 0 1 2 3 4
Figure 5.25-1:
5.27
(a) H(z) = kliozgzl_l Refer to fig 5.27-1.
(b)
1—e™iw
H = - - - -
(w) 14 0.9e—7w
2|sin |
|H(w)] = k
v/ 1.81 4 1.8cosw
stnw 0.9sinw
S) = tan ' ftan T
(w) an 1 — cosw +tan 1+ 0.9cosw
(c) H(m) = hilss T = kq =20k =1= k= &
(d) y(n) = =0.9y(n — 1) + 55 [x(n) — 2(n — 1)]
(e)
H(%) = 0.014¢79(8)
y(n) = 0.028008(%n +134.2°)
5.28
(a) H(z) = by %ig; Refer to fig 5.28-1.
or a = 0.9,0 = —0.6, = b9 — . »ince the pole 1s inside the unit circle and the
b) F 0.5,b=—0.6, H(z)= byt Since the pole is inside the unit circle and th
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NS

Figure 5.27-1:

filter is causal, it is also stable. Refer to fig 5.28-2.

(c)
1+0.5271
H = bp——
() 0T —0521
5
2 T 1+ cosw
= |Hw) = bjg——
3 — cosw
The maximum occurs at w = 0. Hence,
9
Hw)lw=o = by
4
= =1
1
= bO = ig

(d) Refer to fig 5.28-3.
(e) Refer to fig 5.28-4.
obviously, this is a highpass filter. By selecting b = —1, the frequency response of the
highpass filter is improved.

5.29
s A
[H(w)[” = 1472 —2rcos(w — ©)][1 + 12 — 2rcos(w + O)]
d 1 1 . 2
%W = Z[Qrszn(w — @)(1 + 7% —2rcos(w + 0))

+2rsin(w + ©)(1 + r* — 2rcos(w — 9))]
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Direct formI:

y(n)

Direct form Il :

x(n)

an
\L [ y(n)

-1

-a ‘ b

Figure 5.28-1:

O

z-plane

Figure 5.28-2:
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[H(w)|

[H(W)|

0 0.5 1 15 2 25 3 3.5

phase

0 0.5 1 15 2 25 3 3.5
w

Figure 5.28-3:

z-plane

Figure 5.28-4:
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0
2r [sin(w — ©)cos(w + ©) + sin(w + O)cos(w — O)]

(1 + %) (sin(w — ©) + sin(w + ©))

(1+7?)2sinwcos® = 2rsin2w
= 4drsinwcosw
2
Therefore, cosw = l;rr cos©
r
2
w, = cos ! [1+T cos@}
r
5.30
1 1 1
= - = e -2
yn) = o)+ satn— 1)+ oo —2)
11 _. 1 .
- - —jw - —j2w
H(w) 1 + 5€ + 1€
1 +e—jw
_ w2 W
e Meos”
|H(w)| = 0032%
Ow) = (LHw)=-w
Refer to fig 5.30-1
5.31
(a)
1 n
z(n) = (3)"u(n) +u(-n~-1)
1 -1 1
X = D= 1
(2) 1_iz_l—f—l_z_l,ROC 4<|z|<
Y(z)
H H =
ence, H(z) X(2)
1—271
(b)
_3,-1
Y = B
() 1- Lz h1+z1)
_3 3
_ 5 5
1 1271 * 1427t
3.1, 3 "
yn) = —z(7)"u(n) = z(=1)"u(-n—1)
5 5
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[

o
oo
T

> [HW)|
o o
> o
T T

o
N
T

——> theta(w)

— 4 1 1 1 1 1 1 1

—>w

Figure 5.30-1:

5.32
y(n) = box(n)+biz(n —1)+ box(n —2)
H(w) = bo+bie 9" + bye 72v
(a)
27 _j2m _jan
H(?) = byg+bie?3 +bhe™?3 =0
H(O) = bygt+b+by=1
For linear phase, by +bsy.
select by by (otherwise b; = 0).
These conditions yield
1
bp=by =by = 3
1 .
Hence, H(w) = ge*”"(l + 2cosw)
(b)

H(w) = %(1 + 2cosw)

o) ={ T

—w + T,

for 1+ 2cosw >0
for 1 + 2cosw < 0
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Refer to fig 5.32-1.

——> [H(W)|
© o o
B (o] ©
T T T
! ! !

o
N
T
I

o

o

0.5 1 15 2 25 3 3.5

——> theta(w)

0 0.5 1 15 2 2.5 3 3.5

Figure 5.32-1:

5.33
(a)
1 M
W) = sy Y k)
k=—M
1 M
_ —jwk
H(w) ITESIPIK
k=—M
M
= il 1+22005wk]
k=1
(b)
1 1= 1
y(n) = mx(n+M)+ oYY Z z(n—k)+ mx(nfM)
k=—M+1
1 1 M—1
H(w) = mcosM’w + oYY 1+2 ; coswk]
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The filter in (b) provides somewhat better smoothing because of its sharper attenuation at
the high frequencies.

5.34
H(z) = 14z+224+...4+28
1= 2°
o 1—2zt
1— e 99w
Hw) = T—
B e /2 sin9w /2
e Iw/2 ginw/2
L —itw sin9w /2
N sinw/2
sin9w/2
H = |—=
O(w) = —4w, when sin9w/2 >0
= —4w+ 7, when sin9w/2 <0
2rk
Hw) = 0, ath%,k:l,Q,...,S
The corresponding analog frequencies are 8=k =1,2,3,4, or 1kHz, 2kHz, 3kHz, kHz.
5.35

Refer to fig 5.35-1.

1/2

Figure 5.35-1:
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(1— 6j37r/4271)(1 _ €7j37r/4271)

(1—1z71)2
H(w) = H()mern
_ pi3m/4 _ ,—j3m/4
HO) = (1—e )(11 € )
(1-3)°
l2
Hw)] = 1=G+ =1
4
? o= 242
1
G = —=0.073
42 +V2)
5.36
H.(w) = 1—relle v
= 1—rcos(w—0)+ jrsin(w — 0)
(a)
|H.(w)] = {[1—rcos(w — 0)]* + [rsin(w — 0)]*}
= [L+7*—2rcos(w — 0)}%
20log,o|H.(w)| = 10log;o[l — 2rcos(w — 6) + 72
Hence proved.
(b)
O.(w) = tan~! imag. part
i real part
1 rsin(w—0)
tan 1 —rcos(w —0)
Hence proved.
()
z _ dGZ(w)
T (w) = o
B 1 [1 —rcos(w — 6)]rcos(w — 0) — rsin(w — 0)(rsin(w — 0))
- r2sin?(w—0 _ _ 2
1+ m [1—rcos(w —0)]
_ r?2 — rcos(w — )
1472 —2rcos(w — 0)
Hence proved.
(d) Refer to fig 5.36-1.
5.37
1
Hy(w) = ———F—— r<1

1 —reife—iw’
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magnitude theta=0 phase theta=0 group delay theta=0

10 1 20
0 10
0
-10 0
2 = 0 5 g 0
magnitude 9neta=l.57i5 phase theta=1.571 group delay theta=1.57?rf
10 1 20
0 10
0
-10 0
-20 —15 5 : —105 5
magnitude %eta:3.1425 phase theta=3.142 group delay theta=3.14§
10 1 20
0 10
0
-10 0
-20 -1 -10
-5 0 5 -5 0 5 -5 0 5

Figure 5.36-1:
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Hy(w)| = L —
{[1 = rcos(w — 0)]? + [rsin(w — 6)]2}2
1
~ [H(w)]
1
= —20log;o|H(w)|
= _|Hz(w)‘dB
Hence proved.
(b)
W) — 1 —rcos(w — 0) — jrsin(w — )
Hy(w) = [1—rcos(w — 0))? + [rsin(w — 6)]?
_ _, rsin(w —0)
Op(w) = —tan”! 1 —rcos(w — )
= —-0,(w)
Hence proved.
(c)
» B dO,(w)
P(w) = -— o
_d-6.(w)
dw
_dO.(w)
N dw
= —riw)
Hence proved.
5.38
H,(w) = (1-refe )1 —re%iv)
= (1 —re 7wy (1 — pe=i(wt0)
= A(w)B(w)
(a)
[H-(w)] = |A(w)b(w)]
= [|A(w)[|B(w)|
[H.(w)lqgg = 20log;o|H(w)]
= 10logo[1 — 2rcos(w — ) + 7] + 10log; [l — 2rcos(w + 6) + 7]
(b)
(H,(w) = [A(w)+ /B(w)
_ 1 rsin(w —0) _; rsin(w+0)
= fan 1 —rcos(w — ) tan 1 —rcos(w +6)
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(e) Refer to fig 5.38-1.

magnitude theta=0

do., (w)
dw

Ta(w) + 77 (w)

T2

—rcos(w — 0)

r?2 —rcos(w + 0)

1472 —2rcos(w — 0)

10
5

0
-5
-10
-15

14172 —2rcos(w + 6)

-20
-5

magnitude theta=1.571

10

-10

-15

-20

1
Hp(w) - HZ(U})
1
Therefore, |H,(w)| =
’ [H.(w)]
Hy(w)lgg = —[H:(w)lgp
on the same lines of prob4.62
O,(w) = —-6,(w)and
H(w) = —717(w)
phase theta=0 group delay theta=0
15 200
1
150
0.5
0 100
-0.5
50
-1
-1.5 0
-5 0 5 -5 0 5
phase theta=1.571 group delay theta=1.571
15 200
1
150
0.5
0 100
-0.5
50
-1
-1.5 0
-5 0 5 -5 0 5

Figure 5.38-1:
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5.39

1—a)?
[H (w) (1- acoiw)2 —1)—a2sin2w
(1—a)
1+ a? — 2acosw
|Hy(w)|” = = = cosw, = W
(b)
Ho(w)? = (1 —a.y (14 cosw)? + sin*w

2 (1 — acosw)? + a?sinw
(1—a)? 2(1+ cosw)
2 14 a?—2acosw
2a
1+ a?

1
|Ha(w)|* = 5 = coswy =

By comparing the results of (a) and (b), we find that cosws > cosw; and, hence we < wy
Therefore, the second filter has a smaller 3dB bandwidth.

5.40

h(n) = cos(won+ ©)

= coswoncos® — sinwynsin®

use the coupled-form oscillator shown in figure 5.38 and multiply the two outputs by cos©
and sin®, respectively, and add the products, i.e.,

Ye(n)cos® + ys(n)sin® = cos(won + O)

5.41
(a)
y(n) = eoy(n—1)+z(n)
= (coswg + jsinwg) [yr(n — 1) + jyr(n — 1)] + x(n)
yr(n—1)+jyr(n —1) = ygr(n —1)coswy — yr(n — 1)sinwy + z(n)

+7 [yr(n — 1)sinwgy + yr(n — 1)coswy]
(b)Refer to fig 5.41-1.

()
Y(z) = &z Y(2)+1
_ 1
1 —efwoy—l
y(n) — ejnwou(n)

= [ecoswon + jsinwon] u(n)

Hence, yr(n) = coswonu(n)
yr(n) = sinwpnu(n)
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x(n)

J;/ yR(n)

Z-l
. COSWO
-Sin WO
sinw,
0 Z-l
+ y;(n)

COos WO

Figure 5.41-1:

(d)
n 0 1 2 3 4 5 6 7 8 9
e R N A L.
Z/I(”)O%§1§% O_%_§1
5.42

(a) poles: py o = reiwo

ZEeros: z12 = etiwo
(b) For w = wp, H(wg) = 0 For w # wyp, the poles and zeros factors in H(w) cancel, so that
H(w) = 1. Refer to fig 5.42-1.

(c)

9 |1 _ ejwoe—jw|2|1 _ e—jwoe—jw‘Q

Hw)* =
| ( )‘ |1 - ’rejwoe_jw|2|1 _ re‘jwoe_jw|2
_ @ 2(1 — cos(w — wy)) 2(1 — reos(w + wy))
- 1472 —2rcos(w —wp) | |14 r? —2rcos(w + wo)
where wg = g Then
d|H (w)[?
% = O=>w=m
3
|H(7T)‘2 — 4G2(#)2 =1
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Figure 5.42-1:

G = %(1—1—7“4—7”2)

(d) Refer to fig 5.42-2.
(e)

1 — eiwoe=iv|*|] — e=dwog—iw|?
‘2

2 |
[Hw)* = G — —
|1 — redwoe—iw|?|1 — re~jwoe—jw

In the vicinity of w = wy, we have

o [ = evoetvf?

Hw)?® =~ _
[H ()] \1—rejw06*jw|2
o 2(1 = cos(w — wyp)) _1
1+ 72— 2rcos(w — wp) 2
cos(w — wy) = 1472 —4G2
o 2r — 4G?
1+ —4G?
Wiy = woiCOS_l(;—:_izlaz)
1472 —4G?
Bsgp = w1 —wy = 2008_1(;;_746:2)
r—1
= 2cos 11— (—=)?
(1= 7 )%)
1—r
= 24/2 2
( 7 )
= 2V1l-—r
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y(n)

Figure 5.42-2:

5.43
For the sampling frequency Fy, = 500samples/sec., the rejected frequency should be w; =
2m(5%) = . The filter should have unity gain at wy = 27(233) = 7. Hence,
6
4
and H(g’f() =1
Hw) = G(l—el%e ) (1—e I3 Iw)
; 67
= Ge Iv[2 — 9c0s 2T
e 7"[2cosw — 2cos 25]
4 4 6
H(gw) = 2G|[cos(57r) - cos(%w)]\ =1
1
Hence, G = ——2——
COSHeT — COSET
5.44
From (5.4.22) we have,
1— e*j2w
H(w) = bo (1 — rej(wo—w))(l _ re—j(wo—w))
1— —J2w 2
\H(wo)|> = b2 L= e?] =1

"= (1 — reos2ug)? + (rsin2wo)?]
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\/(1 —7)2(1 = 2rcos2wg + r2?)

Hence, by = -
2|sinwo|
5.45
From o = (n+1)wp
8 = (n—1uwg
and cosa + cosf = ZCosa + ﬁcosa ; 6, we obtain
cos(n+ Lwg + cos(n — )wg = 2cosnwycoswy
with y(n) = coswon, it follows that
yln+1)+y(n—1) = 2coswey(n) or equivalently,
y(n) = 2coswoy(n —1) —y(n—2)
5.46
sina + sinf = 25ina —; ﬂcosaT_ﬂ, we obtain
when &« = nwg and 8 = (n — 2)wy, we obtain
sinnwg + sin(n —2)wg = 2sin(n — 1)wycoswy
If y(n) = Asinwgyn, then
y(n) = 2coswoy(n —1) —y(n —2)
Initial conditions: y(—1) = —Asinwg,y(—2) = —Asin2wy
5.47
For h(n) = Acoswonu(n)
1 — 2z eoswy
H =
(2) 1 —2coswoz—! + 272
Hence, y(n) = 2coswoy(n —1) —y(n —2) + Az(n) — Acoswoz(n — 1)
For h(n) = Asinnwou(n)
2" Lsinwg
H =
(2) 1 — 2coswpz=1 4+ 272
Hence, y(n) = 2coswoy(n —1)+y(n —2)+ Az(n) — Asinwoz(n — 1)
5.48

Refer to fig 5.48-1. y1(n) = Acosnwou(n), ya(n) = Asinnwou(n)

168

© 2007PearsorEducation)nc., UpperSaddleRiver,NJ. All rightsreservedThis materialis protectedunderall copyrightlaws
astheycurrentlyexist.No portionof this materialmay bereproducedin anyform or by anymeanswithout permissiorin
writing from the publisher. Forthe exclusiveuseof adopterof thebookDigital SignalProcessingi-ourthEdition, by JohnG.
ProakisandDimitris G. Manolakis.ISBN 0-13-187374-1.



K; yl(n)

-A COSWO

ASinV\b

yz(n)

Figure 5.48-1:

5.49
(a) Replace z by z%. We need 8 zeros at the frequencies w = 0, +1,+7%, i%, 7 Hence,
1—278
H = —
(2) 1—az"8
_ Y(?)
X(2)
Hence, y(n) = ay(n—8)+ z(n) —z(n —8)
(b) Zeros at 1,eti T etif oti®F 1
Poles at a§7a§eij§,a§eij%,a%eij%7 —1. Refer to fig 5.49-1.
(c) slcosiu]
cosdw
H(w)| = .
V1 = 2acos8w + a

—tan~ ! esnt_ ﬁfjgﬁé’w , cosdw > 0

LH(w) = { T —tan 1888w _ - ohody < 0

l—acos8w?

Refer to fig 5.49-2.

5.50

We use Fs/L = lcycle/day. We also choose nulls of multiples of 1—14 = 0.071, which results in a
narrow passband of k40.067. Thus, M + 1 = 14 or, equivalently M = 13
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Unit circle

Figure 5.49-1:

magnitude of notch filter

> [HO)

I
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

magnitude of a high pass filter
10 T T T T

—=> [H()I

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

Figure 5.49-2:
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5.51

(a)

1— le—dw

J— a

H{w) = 1—aeJv
Hw)? = (1 — Leosw)? + (Lsinw)?

(1 — acosw)? + (asinw)?

1+ a% - %cosw

1+ a2 — 2acosw
1

= =2 for all w
1

Hence, |H(w)| = =
a
For the two-pole, two-zero system,
Hw) - (1 —Leiwoe=iw)(1 — Le=iwoe=iw)

(1 —redwoemiw)(1 — rejwoe—iw)

1= %coswoe’jw + T%e*jzw

T 1= 2rcoswgeIv 4 r2e—i2w
1

Hence, |H(w)| = =
lfgcoswoz_lJr%z_z
(b) H(Z) = 1727“60511102_1“1’7‘22,2_2

Hence, we need two delays and four multiplies per output point.

5.52
(a)
wy = ﬂ27r—6—7r
7 20077 T 50
H(z) = (1—e%5271)(1—e 7527 1)b,
6
= bo(l—2cos5—gz_l+z_2)
3 6
H(w) = 2bje " (cosw — cos?g)
6
|H(0)] = 2b0(1—0082—5):1
1
by = —
0 2(1 - cosSE)
(b)
1 eIy 1)(] — e i%5E 51
ey = gy Lo eEa e

0(1frej%z*1)(1fre_j%z*1)
2bo(1 — cos8z

mE) = Zlcoss)
172r005£+r2
172rcosg—g+r2

2(1 — cosSE)
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5.53

h(n) = {h(0),h(1), h(2),h(3)} where h(0) = —h(3), h(1) = —h(2)
Hence, H,(w) = 2(h(0)5m37“’ + h(l)sin%)
T .3 . 1
HT(Z) = 2h(0)sm§ + 2h(1)sm§) =3
HT(S—W) = Qh(O)sing—7T + 2h(1)sm3—ﬂ) =1
4 8 8
1
1.85R(0) + 0.765h(1) = 3
—0.765h(0) + 1.85h(1) = 1
h(1) = 0.56,h(0) =0.04
5.54
(a)
HG) = b (1 —2 2 H(1+ 271 - 2005%”2;1 +272)
(1 —1.6cos% 271 +0.64272)(1 — 1.6cos7F 2z~ +0.64272)
Hw) = by i (2j§’jwsinw)(2e’jw)(cosw —4005%) A
(1= 1.6cos%re™iv +0.64e=72w) (1 — 1.6cos"gre—Iv + 0.64e=72w)
4]sinw||cosw — cos3®
|H(IU)| = bo 27 ,—jw —j2w . am —jw —Jj2w
|1 —1.6cos5geI% + 0.64e72w[|1 — 1.6cos g eI + 0.64e~72|
om
[H(Z5)l = 1= b =0.089

(b) H(z) as given above.
(c) Refer to fig 5.54-1. The filter designed is not a good approximation of the desired response.

5.55
iy dX (w)
Y _ jwx
(w) = e X ) + 2L
(a)
For z(n) = d(n),X(w)=1.
X .
Hence, dX (w) = 0, and Y(w) =e ¥
dw
1 4 .
hin) = — Y (w)e? ™ dw
27 J_,
_ 7wy,
2 J_,
_ 1 jw(n—l)|7r
2rj(n — 1) o
_ sinm(n —1)
m(n—1)

(b) y(n) = x(n — 1) — jnz(n). the system is unstable and time-variant.
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15
s I 1
I
0
'0.5F R
O | | | | | | L L
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
>
4
2F i
()
%]
©
S of 1
A
|
i
_27 .
_4 | | | | | | | | |
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
>
Figure 5.54-1:
5.56
o0
H(w) = Z h(n)e=7*"
n=-—oo
= 1L |w<w
= 0, w<]wr
o0
Gw) = Y gnje "
n=-—oo
> n
— h(= —jwn
S hle
n=-—oo
o0
= Z h(m)eﬂzwm
m=—o0
= H(2w)
Hence,

lw| < %= and |w| > 7 — ¢
_ )
G(“’)—{ 0, Lo < fu<r- L
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5.57

y(n) = x(n) —x(n) * h(n) = [6(n) — h(n)] * z(n) The overall system function is 1 — H(z) and the
frequency response is 1 — H(w). Refer to fig 5.57-1.

H(w) 1-H(w)
1 $ 1
0 A W 0 w, 1 w
H(w) 1-H(w)
1 @ 1
0 A m W 0 A "

Figure 5.57-1:

5.58

(a) Since X(w) and Y(w) are periodic, it is observed that Y(w) = X(w — m). Therefore,
y(n) = e’™x(n) = (=1)"x(n)
(b) z(n) = (=1)"y(n).

5.59

y(n) =0.9y(n — 1) + 0.1z(n)

0.1
H i
(2) 1- 0921
T 0.1
Hyp(w) =H(w = 3) = 1= 0.90—7—%)
B 0.1
1 —350.9e"dw
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(b) h(n) = 0.1(0.9¢7 % )"u(n)
(c) Since the impulse response is complex, a real input signal produces a complex-valued output
signal. For the output to be real, the bandpass filter should have a complex conjugate pole.

5.60
(a)
Let g(n) = nh(n)
Then, G(w) = jdl;(uw)
D = 3 |
1 s
= 5 _W|G(w)|2dw
_ % GG (w)dw
1 (" [ dHw), . (dH(w)\"
Y _W{‘] dw (_])< dw )]dw
But d]z;(uw) = [dl—él(uw) +jH(w)|dC:)l£Uw)} /O W)
Therefore,

o < & [ {[m o o

(b) D consists of two terms, both of which are positive. For |H(w)| # 0, D is minimized by
selecting ©(w) = 0, in which case the second term becomes zero.

5.61
y(n) =ay(n —1) +bz(n),0 <a <1
b
H = —
(2) 1—az"1
(a)
b
H{w) = 1 —ae-Jw
I
HO) = <
b = £(1-a)
(b)
b? 1
Hw? = ———~ =
[ H (w)] 1+ a2 —2acosw 2
= 20> = 1+ a%— 2acosw
1
cosw = - [1+a®—2(1 - a)’]
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= %(4a —1-a?
wy = 00571(4(1 721ai a2)
()
wy = cos (1 — (a ;al)Q)
—1)?
Let f(a) = 1 _2(a2a)
1
Then f'(a) = a2a22

Therefore f(a) is maximum at a = 1 and decreases monotonically as a — 0. Consequently,
ws increases as a — 0.

(d)

b = £(1—-a)
da — 1 —a?

2a )

ws = cos Y

The 3-dB bandwidth increases as a — 0.

5.62

yn) = zn)+azn—-—M),aa>0
Hw) = 14 aevM
|H(w)| = V/1+ 2acoswM + o2
_ _1 —asinwM
Olw) = tan 14+ acoswM
Refer to fig 5.62-1.
5.63
(a)
1 1
Y() = 5 [X()+ 2 X()
_ Y(»)
HE = x0)
= S0+
_oz+1
B 2z
176
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M=10, alpha = 0.1

> [H(f)|

0.5 1

0 | | | |
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

0.51 1

—-> phase
o

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
——>f

Figure 5.62-1:

Zero at z = —1 and a pole at z = 0. The system is stable.
(b)
1
Y(z) = 5 [—X(2) + 271X (2)]
Y(z)
H =
1
= =1+ z7h)
. z—1
N 2z
Zero at z =1 and a pole at z = 0. The system is stable.
(c)
1 —1\3
Y(z) = g(l +27)
10 +2)?
8 28
Three zeros at z = —1 and three poles at z = 0. The system is stable.
5.64
Y(z) = X(2)+b272X(2) +271X(2)
177
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Y (2)

H(z) = X(2)
= 1+bz 24274
For b=1,H(w) = 142V e 4w
= (1 4+ 2cosw)e v
|H(w)| = |1+ 2cosw|

—w, 1+ 2cosw >0
LH(w) _{ m—w, 14 2cosw <0

o
o1
T
I

0 0.5 1 15 2 2.5 3 35

——> phase

0 0.5 1 15 2 25 3 35

Figure 5.64-1:

b=—1,Hw) = 1—e %y I2v
= (2cosw —1)e v
|H(w)| = |2cosw —1|

—w, —1+ 2cosw >0
LH(w) = { T—w, —1-42cosw <0

Refer to fig 5.64-2.
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i
a1
T

——>phase

-2 I I I I I I
0 0.5 1 15 2 25 3 35

—> W

Figure 5.64-2:

5.65

y(n) = z(n) — 0.95z(n — 6)

Y(z) = X(2)(1-0.95279)
H(z) = (1-0.95279)
. 25-095
ZG
2 = 095
z = (0.95)5¢/27%/6 | =0,1,...,5

6t" order pole at z = 0. Refer to fig 5.65-1.
(b)Refer to fig 5.65-2.
(¢) Hin(2) = a5z 7 = (0.95)%. Refer to fig 5.65-3.
(d)Refer to fig 5.65-4.
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r=(0.95)/6

g

Figure 5.65-1:

> [H(|
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Figure 5.65-2:
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r=(0.95)/6

Figure 5.65-3:

= N
a1 o

[y
o

—=> |H()

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

Figure 5.65-4:
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5.66

—1

z
H@z) = 1—271—272
(1— 1+2\/5Z—1)(1 _ 172\/52,—1)
1 _ 1
_ V5 + V5
1_1+2\fz—1 1_1—2\/5271
1
If|z] > 1-— +2\/5 is ROC, then
1 1+v56, 1 1-v5
hin) = | —=(—5—)" - —=( )" | u(n)
V5 2 5 2
-1 1
If ROC i <2 < 5; , then
1 ,1-+5 1 1++5
= _——_— n _— n - —1
h(n) \/5( 5 ) u(n) \/5( 5 ) u(=n—1)
If |z| < 1—\/52*11sRoc,then
1 1++5 1 1-+/5
h(n) = |———% "4 —= "l u(—n—1
(n) [\/5( 5 ) \/5( 5 )]( )

From H(z), the difference equation is

y(n) = yn-1+ymn-2)+z(n-1)
(b)

1

HEZ) = T

The difference equation is
y(n) = e y(n—1)+a(n)
1
H = —
() (I—e 227 )1 —el2e 22z ) (1 + e 227 1) (1 4 je—2z71)

1 1 1 1
1 4 4 4

1—e2z71  1—je 971  1+4e 9271 14 jeaz!
If ROCis |z2| > 1, then

hn) = 304G+ ()" (=) e un)
If ROCis |z2|] < 1, then
By = 2 U G) (D" (=) e u(n — 1)
5.67
Y(2) = 1—2'+322—-22+6:7*

= (14214271 -2 +3272)
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5.68

Hence, 74,(n)

Rpn(2)

Hence, rp(n)

Ryy(2)

Hence, 74,(n)

Therefore, H(z) =

X(z) = 14+z71+2:72
Y(z)

X(2)

= 1-2143272

o = -20]

Syl —1) +a(n)
() uln)
v(e)
X(:)
1
1- 3271
1
1— 1271
1
(1-12"H(1-3271)
X(2)X(z™h
1
(1-12"1H(1-12)
—4z71
(1-32"H(1—4271)
16 1 16 1
151 — iz—l 151 — 421
() ) + 1 (@) u(n 1)
H()H(=)
1
(-3 0-1)
-2zt
(1-11H1-2271)
4 1 4 1
31— 11 31-2z71
S5 um) + ()" u(-n 1)
X()Y ()
1
(1—32"1)(1 = 32)(1 - 12)

16 1 16 1 128 1
C171—2z70 T 151 —4z71 T 1051 — L1
@) u(n — 1) ) (o~ 1)+ 1o () )
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Ryy(2) = Y(2)Y(:7)

1

(-t (-5 (1 -32)(1-L2)

SN SO SN v N N Z S S S

0 211—-2z71 1051 -4zt 211—1z71 1051 1zt
64 128 64 1 128

Hence, ryy(n) = o2(2)"u(-n— 1) = T2 (4)"u(=n = 1) + o (5)"uln) = == ()" uln)

5.69

h(n) = {1T0,9, -7, —8,0,5,3}

The roots(zeros) are 0.8084 + j0.3370, —0.3750 4 j0.6074, —1.0, —0.7667

All the roots of H(z) are inside the unit circle. Hence, the system is minimum phase.
(b) h(n) = {5,4,-3,-4,0,2,1} H(2) =5+4271 — 3272 — 4273 + 2275 4 276

The roots(zeros) are 0.7753 & j0.2963, —0.4219 + j0.5503, —0.7534 + 50.1900

All the roots of H(z) are inside the unit circle. Hence, the system is minimum phase.

5.70
The impulse response satisfies the difference equation
N
Zakh(n —k) = d(n)a =1
k=0
N
n=0= Zakh(—k) = aph(0)=1
k=0
B 1
ao = W
n=1,= aoh(l) +aph(0) = 0

a’l = =

n=N,= aph(N)+ath(N —-1)+ ... +anxh(0) = yields ay

It is apparent that the coefficients {a,} can be determined if we know the order N and the values
h(0),h(1),...,h(N). If we do not know the filter order N, we cannot determine the {a,}.

5.71

h(n) = bpd(n) + b16(n — D) 4+ bad(n — 2D) (a) If the input to the system is z(n), the output is
y(n) = box(n)+bix(n— D) +byz(n—2D). Hence, the output consists of x(n), which is the input
signal, and the delayed signals 2:(n — D) and x(n — 2D). The latter may be thought of as echoes
of z(n).

(b)

H(w) = by + ble_ij + b2€—j2wD
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by + bicoswD + bacos2wD — j(bysinwD + basin2wD)

\/b02 + b12 + b22 —|— 2b1(bo + bg)COS’LUD —|— 2b01)20052wD
_1  bisinwD + bysin2wD
by + bycoswD + bycos2wD

=
£
I

—tan

2
&
I

(c) If |bg + b2| << |b1], then the dominant term is bye~7“P and

[ (w)] = \/bo® + b1 + by + 21 (bo + ba)coswD

and |H(w)| has maxima and minima at w = &7,k =0,1,2, ...
(d) The phase O(w) is approximately linear with a slope of —D. Refer to fig 5.71-1.

1.2

==>|H()|

0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
—_> f

Figure 5.71-1:

5.72
B(z 1+ 020 n
H(z) = Agz; T 1tar z:oh(n)z
(a)
H(z) = 14+(b—-a)z" 4 (a®>—ab)z7 2+ (a*b—a®)22 + (a* — a®b)2° + ...
Hence, h(0) = 1,
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h(1) = b-—a,
h(2) = a®— ab,
h(3) = a*b—a®,
h(4) a* —a®b
(b)
y(n) +ay(n—1) = a(n)+ba(n— 1)
For x(n) = 4(n),
h(n)+ah(n—1) = d(n)+bd(n—1)
Multiply both sides by h(n) and sum. Then
Thi(0) +arpp(l) = h(0) +bh(1)
rrn(l) + arpp(0) = bh(0)
Thh( )+arhh(1) = 0
rha(3) Farpn(2) = 0
By solving these equations recursively, we obtain
b% —2ab+1
0 = e
(ab—1)(a—1b)
ran(l) = B
(ab—1)(a—b)
9) = —q— 270
ran(2) “ 1—a?
_ y(ab—1)a-b)
ma(3) = a T2
5.73

x(n) is a real-valued, minimum-phase sequence. The sequence y(n) must satisfy the conditions,
y(0) = z(0), |y(n)| = |z(n)|, and must be minimum phase. The solution that satisfies the
condition is y(n) = (—1)"x(n). The proof that y(n) is minimum phase proceeds as follows:

> y(n)z~

Y (2)

This preserves the minimum phase property since a factor (1 —az~!) — (1 +az71)

5.74

Consider the system with real and even impulse response h(n) = {i, 1, i} and frequency response
H(w) = 14 Lcosw. Then H(z) = z7'(32% + 2+ 1). The system has zeros at z = —2 £ V/3.
We observe that the system is stable, and its frequency response is real and even. However, the
inverse system is unstable. Therefore, the stability of the inverse system is not guaranteed.
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5.75

gn) = h(n)*z(n) = Gw)=Hw)X(w)
f(n) = h(n)xg(—n) = F(w) = H(w)G(-w)
Y(w) = F(-w)
Then, Y(w) = H(—w)G(w)
= H(-w)H(w)X(w)
= H'(w)H(w)X(w)
= [H(w)’X(w)
But H,(w) = |H(w)|” is a zero-phase system.
(b)
Gw) = H(w)X(w)
Fw) = Hw)X(—w)
Y (w G(w) + F(—w)
= Hw)X(w)+ H(—w)X(w)
= X(w)(H(w) + H*(-w))
2X (w)Re(H (w))

But Hy(w) = 2Re {H(w)} is a zero-phase system.

5.76

(a) Correct. The zeros of the resulting system are the combination of the zeros of the two systems.
Hence, the resulting system is minimum phase if the inividual system are minimum phase.
(b) Incorrect. For example, consider the two minimum-phase systems.

1—1,-1
Hi(z) = —27
1(2) 1— 3271
—2(1+ 1271)
and HQ(Z) = 1_75371
3
B
Their sum is Hy(z) + Ha(z) = 7161, which is not minimum phase.
— 727
3
5.77
(a)
5
9 2 — cosw
Hw)]" = 5—5_——
9 gCOS’UJ

= H(2)H(z™")|omeiw

Hence, H(2)H(z™') =
2—2(z+2z71)
1= %z_l
C1- 1t
187

© 2007PearsorEducation)nc., UpperSaddleRiver,NJ. All rightsreservedThis materialis protectedunderall copyrightlaws
astheycurrentlyexist.No portionof this materialmay bereproducedin anyform or by anymeanswithout permissiorin
writing from the publisher. Forthe exclusiveuseof adopterof thebookDigital SignalProcessingi-ourthEdition, by JohnG.
ProakisandDimitris G. Manolakis.ISBN 0-13-187374-1.



HWP = ot
H(x)H(="Y) Haf(_l a(zlz—l)
4y 20+4a)(1-a)
H()H(z"") = (1—az7H)(1—az)
Hence, H(z) = %;‘12)
or 1(s) = )
5.78
H(z) = (1-086™2271)(1—0.8¢7™/227)(1 — 1.5e7™/*271) (1 — 1.5e™/4271)

3 -2
—2z " 4+ 2.25z2
V2 )

(a) There are four different FIR systems with real coefficients:

(140.642"%)(1 —

3
Hi(z) = (14064273 (1 - —=2"1+2.25272%)
V2
Hy(z) = (1+0.6427%)(1— %z‘l +2.25272)
Hs3(z) = (1+0.6427%)(1— %z_l +2.25272)
—2 3 -1 —2
Hy(z) = (14064277)(1 — EZ +2.2527%)

H(z) is the minimum-phase system.

(b)
Hi(z) = 1- %2_1 +2.89272% — %2—3 +1.4427%
hi(n) = {%,—\2,2.89,_\122,1.44}
Hy(z) = 0.642% — %z +2.44 — %z* +2.25272
ha(n) = {0.64,_1\/;2,2.?14,—55,2.25}
Hi(z) = 2.252%— %z +2.44 — 1'—\/9;2—1 +0.64272
hs(n) = {2.25,\_/‘;1,2.#4,—1'7;,0.64}
Hy(z) = 1.442* — %23 +2.892% — %z +1
hy(n) = {1.44,;;2,2.89,\%,%,}
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Ei(n) = {1,5.5,13.85,15.70,17.77}
Es(n) = {0.64,2.48,8.44,12.94,18.0}
Es(n) = {2.25,6.75,12.70,14.55,14.96}
Ey(n) {1.44,3.28,11.64,16.14,17.14}

Clearly, h3(n) is minimum phase and hs(n) is maximum phase.

5.79

1
14 SN agzk
(a) The new system function is H'(z) = H(A™12)

1
1+ Eszl agAkz=k

If py, is a pole of H(z), then Apy is a pole of H'(z2).
Hence, A < —L— is selected then |ppA| < 1 for all k& and, hence the system is stable.

‘pmaz‘

(b) y(n) = — Spl, axAFy(n — k) = x(n)

H'(z)

5.80

(a) The impulse response is given in pr10fig 5.80-1.
(b) Reverberator 1: refer to fig 5.80-2.

12

o
(=]
T
L

—-—> magnitude
o
(2]
T
Il

0.4} B
0.2 b
0 J LLLL J L I -
0 500 1000 1500 2000 2500

-—>n

Figure 5.80-1:
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impulse response for unitl
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impulse response for unit2
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——>n

Figure 5.80-2:

Reverberator 2: refer to fig 5.80-2.
(c) Unit 2 is a better reverberator.
(d) For prime number of Dy, Do, D3, the reverberations of the signal in the different sections do
not overlap which results in the impulse response of the unit being more dense.
(e) Refer to fig 5.80-3.
(f) Refer to fig 5.80-4 for the delays being prime numbers.

5.81

(a) Refer to fig 5.81-1.
(b) Refer to fig 5.81-2.
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phase response for unitl
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——> phase
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——>w
phase response for unit2
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——> phase
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Figure 5.80-3:
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Figure 5.80-4:
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——> magnitude

0.5 1 1.5 2 25 3 35
—=> w(rad)

—-> phase

-25 I I I I I I
0 0.5 1 15 2 2.5 3 3.5

—=> w(rad)

Figure 5.81-1:
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——> magnitude
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|
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—-—> phase

0 0.5 1 15 2 25 3 3.5
——> w(rad)

Figure 5.81-2:
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5.82

B = 10kH=z
F, = 20kHz
10k
7.778k
z9 = 0h 0.3889
8.889k
= = 0.444
=3 qok 04O
6.667k
= =0.3334
24 20k 0.333
H(z) = (2—0.5)(z—0.3889)(z — 0.4445)(z — 0.3334)

(b) Refer to fig 5.82-1.
(c) It satisfies the objectives but this filter is not recommended in a practical application because

—=> magnitude

0.5 1 1.5 2 2.5 3 35
——> w(rad)

-150 : :
0

—-—> phase

|
0 0.5 1 15 2 25 3 35
——> w(rad)

Figure 5.82-1:

in a speech application linear phase for the filter is desired and this filter does not provide linear
phase for all frequencies.

5.83

Refer to fig 5.83-1.
Practical:
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r=099 w,= % Bandwidth = ﬁ = 0.0245
r=09 w,= % Bandwidth = 3—75 =0.49
r=06 w,=0 Bandwidth = 1.1536
Theoretical:
r=0.99, w,=7F Bandwidth=2(1-7)=0.02
r=09, w,=7% Bandwidth=2(1-7)=0.2

For r very close to 1, the theoretical and practical values match.

40
30 i
)
3 20t |
'c
g 10f i
1S
o |
=10 1
=20
—4 .
4
2 i —
3
©
S of |
A
|
i
_2 - 1
-4 L ! ! ‘ ‘ ‘ ‘
- -3 2 1 0 1 2 3 4
——> w(rad)
Figure 5.83-1:
5.84
H(Z) = (1 _ 0-963.0'4772:71)(1 _ 0.967j0.47rzfl)(1 _ 156]’0.677271)(1 _ 1.567].0'6”2:71)
B(z)
H =
RTE
(z —0.9¢7%4™) (2 — 0.9e77047™) (2 — 1.5e70-67) (2 — 1.5¢70-67)
Let Bi(z) = (z—0.9¢/%%7)(z — 0.9¢7047)
By(z) = (z—1.57%7)(z — 1.5e770m)
A(z) = 24
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Bl (Z) BQ (Z)

Hmin(z) = A(z)
(z —0.9e794™) (2 — 0.9e7704m) (271 — 1.5e70-67) (=1 — 1.5770-6m)
Bs(z)
Hap(z) - BQ(Zil)

(2 — 1.5e796™) (2 — 1.5¢770:6m)
(271 — 1.530-6m) (=1 — 1.5—70-67)

Hap(z) has a flat magnitude response. To get a flat magnitude response for the system, connect
a system which is the inverse of H,;,,(2), i.e.,

1

He(2) = T (2

P

(z — 0.9e7047)(z — 0.9e=7047) (z=1 — 1.5e70-67) (21 — 1.5—30.67)

(b) Refer to fig 5.84-1 and fig 5.84-2.

pole-zero plots for He(z)
901.5
6

12

pole-zero plots for compensated system

901.5
12 6

24

270

Figure 5.84-1:
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mag for He(z) mag of compensated system

10 2
5
8 gt
= =
g g 0
E _g 1S
? ?
| I -
-10 1
-15 -2
-4 -2 0 2 4 -2 0 2
——> w(rad) —=>w(rad)
phase for Hc(z) phase of compensated system
4 15
v 1
2
o © 05
© ©
50 S 0
? ?
I I -0.5
-2
4 -1
-4 -15
-4 -2 0 2 4 -4 -2 0 2 4
——> w(rad) ——> w(rad)

Figure 5.84-2:
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Chapter 6

6.1

(a) Fourier transform of da,(t)/dt is X,(F) = j2rF X,(F), then F, > 2B

(b) Fourier transform of 22(t) is X,(F) = X,(F) * Xo(F), then F, > 4B

(c) Fourier transform of z4(2t) is X, (F) = 2X,(F/2), then F, > 4B

(d) Fourier transform of x4 (t) cos(67Bt) is Xo(F) = 1X.(F +3B) + 3 X,(F — 3B) resulting in
Fr, =2B and Fy = 4B. Hence, F; = 2B

(d) Fourier transform of x,(t) cos(7rBt) is Xo(F) = 1 X,(F +3.5B) + 1 X,(F — 3.5B) resulting
in Fj, = 5B/2 and Fiy = 9B/2. Hence, kyop = LﬁHJ ~ 9 and F, — 2Fy [l — 93,2

6.2

(a) F,=1/T >2B= A=T,F, = B.

(b) X,(F)=0for |F|>3B. F,=1/T >6B= A=T,F.=3B.
(c) Xo(F)=0for |F|>5B. F,=1/T >10B= A=T,F.=5B.

6.3
x4 (t) = k; <2> eI 2mkt/ Ty (6.1)
Since filter cut-off frequency, F. = 102.5, then terms with |n|/T, > F, will be filtered resulting

10 1 |kl
ya(t) Z <2> ej271'k‘t/Tp
k=-10

10 k|
v = Y (3) 6w
k=-—10

Sampling this signal with F's = 1/T = 1/0.005 = 200 = 20/T), results in aliasing

Z o(FF = nFs)

Y(F) =

OJM—

\kl

Xal
i .
_E_:Oo ( ;9 =) 6(F—k/T, —nF.) + (2) §(F — 10T, — nFS)>

OJM—!
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6.4

z(n) = z,(nT) = nTe "Tuy,(nT)
= nTa"u,(nT)

where a = e~ T.

Define z1(n) = a"uq(n). The Fourier transform of x1(n) is

o
E a”efﬂﬂF"

n=0
1

1 — qe—J27F

X1 (F)

Using the differentiation in frequency domain property of the Fourier transform

X (F
X(F) = Tj d% )
Tae=i27F
B (1- ae—jQT“F)2
T
e(T+527F) | o—(T+527F) _ 9

(b) The Fourier transform of x,(t) is

1
YO Ty

Fig. 6.4-1(a) shows the original signal x,(t) and its spectrum X,(F’). Sampled signal z(n) and
its spectrum X (F) are shown for Fy = 3 Hz and Fs = 1 Hz in Fig. 6.4-1(b) and Fig. 6.4-1(c),
respectively.

(c) Fig. 6.4-2 illustrates the reconstructed sugnal Z,(t) and its spectrum for F; = 3 Hz and

Fs =1 Hz.
. O sin (w(t —nT)/T)
Fal) = n;oo A v Y
6.5
The Fourier transfrom of y(t) = fim x(7)dr is
X
Y(w) = ﬂ + 17X (50)0(w)
Jjw
Then,
1
= +7i(w), 0<n<I
= jw
H(w) { 0, otherwise
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Figure 6.4-1:
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6.6

(a) B = F5—F is the bandwidth of the signal. Based on arbitrary band positioning for first-order
sampling,

2Fy
Fs min —
’ kma;v
where r
kmaw - 72 .
2]
(b)
Za(t)= > wa(nT)ga(t —nT)
where
sin T Bt

ga(t) = o O onF.t

and Fc = (Fl + Fg)/2

6.7
ga(t) = / G, (F)ej%rFtdF
Fr,—mB 1 —Fy 1
= / 7ej27rFtdF+/ 76j2ﬂFtdF
(rp—p) L=y Fo-mp 1= 7™
—Fr+mB 1 4 FL+B 1 4
+/ 776‘727TFtdF+/ 716]277FtdF
Fy L—nymm —Fymp 1 =y~ (m+D)
= A+B+C+D
1 . )
A = ( jer(FrL,—mB)t _ ﬂzw(pﬁg)t)
j2nBt(1 — ymi1) \° e
_ eImBA(mA+1) (ejZﬂ—(FL—WLB)t _ e—j27r(FL+B)t)
j2m Bt (edmBA(m+1) _ e—jmBA(m+1))
jnmBAm
B = € ' (e—j27rFLt _ ejQﬂ(FL—mB)t)
j27TBt(eJTFBAm _ e—J'frBAm)
—jmBAm
C = ‘6 ‘ (ejszLt _ e*j27r(FL—mB)t)
j2n Bt(eimBAM _ g—jmBAm)

e—jTrBA(WH‘l) j2n(F B)t j2m(FL+B)t
B —72n(fL—m Jem\HL
b= j2m Bt(edmBA(m+1) _ e—jmBA(m+1)) (6 o )

Combining A and D, and B and C, we obtain,

1 . )
A+ D = jl27(Fr+B)t—mBA(m+1)] —j2n(FL+B)t—mBA(m+1)]
* Bism(xBAm £ 1) e
_ej[27r(FL7mB)t+7rBA(m+1)] _ e*j[er(FLme)thfrBA(erl)])
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cos [2n(FL, + B)t — w(m + 1) BA] — cos [2n(mB — Fr)t — n(m + 1) BA]
27 Btsin [7(m + 1) BA]
1 . .
B C = jl27(Fr—mB)t+mBAm] —j27n(FL—mB)t+7wBAm]
* Bism(xBAm) ¢ T
_ej[27rFLt77rBAm] _ efj[Qﬂ'FLtf'n'BAm])

cos [2r(mB — Fr)t — mmBA] — cos [2nFrt — mmBA]
2w Btsin(mmBA)

We observe that a(t) = B+ C and b(t) = A+ D. Q.E.D.

6.8
1.
(n) = 1, 0<n<I
gsH\M) =90, otherwise
2.
Gsu(w) = Y gsu(n)e ™"
I
— Ze—jwn
n=0
_ jw-n2sinfwl/2]
sin(w/2)

3. The linear interpolator is defined as

s — {1 lA/E ol < T
lin 0, otherwise

Taking the Fourier transform, we obtain
1 [sin(wl/2)]?
Giin(w) = < | =57
tin () 1 [ sin(w/2)

Fig. 6.8-1 shows magnitude and phase responses of the ideal interpolator (dashed-dotted line),
the linear interpolator (dashed line), and the sample-and-hold interpolator (solid line).

6.9
(a)
za(t) = e —J2mFot

X (F) — / wa(t)e 2t g
0
_ /00 e—jQTrFote—jQTrtdt
0

_ /00 e—jQTr(F-‘,-FU)tdt
0

o~ 32T (F+Fo)t
= —— 7l

—j2n(F + Fp)
-
j2m(F + Fy)
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angle(G)
o
T

Figure 6.8-1:

z(n) = e s

o0

X() = Y alwe

n=-—o00
> j2m Fy

— Ze—i’ T2t o—j2mfn
n=0
> F

_ § :e—j27r(F+F—g)n
n=0

1

1 _ g—i2m(F+72)

(c) Refer to fig 6.9-1
(d) Refer to fig 6.9-2
(e) Aliasing occurs at Fy = 10Hz.

6.10

B
Since Fc% = 50;510 = 3 is an integer, then F; = 2B = 40Hz
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6.11

F. = 100
B = 12
F.+3%
ro= [
B
106
= I35
= [8.83] =8
B = FC+§
r
106
-8
53
4
F, = 2B
= §HZ
2
6.12
(a)
z(n) < X(w)
22(n) = X(w)x* X(w)

The output y1(t) is basically the square of the input signal y,(t). For the second system,

X(w) X(w) * X(w)
-3n -2n -m 0 T 2n 31 w =27 - o T 21 w
2
spectrum of sampled x5 (t),

spectrum of xa2 ©

(i.e). s(n) =& (nT)

Figure 6.12-3:

22(t) < X(w) * X(w), the bandwidth is basically 2B. The spectrum of the sampled signal is
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given in fig 6.12-3.

(b)
x2o(t) = cosdOmt
407n
z(n) = cos
50
47
= cos—
)
y(n) = z*(n)
= 0082@
B 5
1 n 1 8mn
= —+ ¢
2 2 5
1 n 1 2mn
T 2799y
1 1
yi(t) = §+5608207Tt
sat) = xi(t)
= cos*40mt

1 1
= 5 + 5005807#

) = Ll S0m
A TS R TS
1 + 1 8mn
= -+ —cos
2 2 5
_ L 1 om
DI
1 1
Hence, y2(t) = 3 + 5005207#
For Fy, = 30,
47n
xz(n) = cos 2=
2mn
= coS—
3
y(n) = a*(n)
= cosg%—n
B 3
_ 1 n 1 4mn
T 27993
_ 1 n 1 2mn
= 5t 05—
1 1
() = 3 + 5005207#
sa(t) = z(t)
= cos’40mt
. + 1 807t
= 5+ 5cos80m
(n) = 1 n 1 80mn
s(n) = 5+ 5cos 30
1 n 1 2mn
T 2Ty
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1 1
Hence, y2(t) = 3 + 5005207#

6.13
sa(t) = z4(t) + axe(t — 1), la] <1
Sa(n) = xa(n)—&—axa(n—%)
Sa(w) _jrw
X, (w) = 1l4ae /T
If % is an integer, then we may select
1
H(Z) = mWhere%:L
6.14
> an) = o [ X (w)Pdu
et 2 J_,
I = w — 27k
X = 5 a
w = 7 ¥ ()
1 & w
- = = <
Tk_z_: X“(T)’ ol < =
> 1 /™1 w
2 _ 2
n;ooﬂﬁ (n) = o _ﬂﬁ\Xa(f)\ dw
_ 1 T 2
= /_ X PTA
T
1 [T )
= 57 _1|Xa()\)| d\
T
o0
Also, E, = / 22 (t)dt
—00
= [ Xnpar
v
2
= [ Xl
%
Therefore i 2*(n) = La
’ n=-—o0o T
6.15
(a)
H(F) = / h(t)e 72 tqt
207
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T, 2T _ 2y
= / —e‘ﬂﬂftdt—&—/ Qe_ﬂwftdt—/ — eIt gy
o T T r T

A B C

Substituting a = —j27 f

C1 C2 C3 Cc4 C5

6a3T/2
AL(F)+ CL(F) = - 7 sin(w fT')

ea3T/2
A2(F)+ C3(F) = Tanf sin(m fT)
eaT/Q
A3(F)+ C5(F) = “Tarnf sin(w fT)
e113T/2
C2(F)+c4(F) = - 7 sin(w fT')

Then,

) - < (Sin<7rfT)>2

T wf

8

—

2
8

= z(n)—azx(n—1)
Eld(n)] = Elz(n)] - aElz(n-1)] =0
Eld*n)] =05 = E{[z(n)—az(n—1)?}
= 02 +d%02 - 2aE[x(n)z(n —1)]
= ol +a’02 —2av,(1)
031+ a® = 2ap,(1))
V(1)

where p,(1) =

© 2007PearsorEducationnc., UpperSaddleRiver,NJ. All rightsreservedThis materialis protectedunderall copyrightlaws
astheycurrentlyexist.No portionof this materialmay be reproducedin anyform or by anymeanswithout permissionn
writing from the publisher. Forthe exclusiveuseof adopterf thebookDigital SignalProcessingi-ourthEdition, by JohnG.
ProakisandDimitris G. Manolakis.ISBN 0-13-187374-1.



TR
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E

Figure 6.15-1:

(b)
d
da [Ui(l +a® — 2apx(1))] = 2a—2p,(1) =
a = p(1)
For this value of a we have
o = oil+pa(1)—2p2(1)]

= o[l —pz (D)
(c) 02 < 02 is always true if |p,(1)| > 0. Note also that |p,(1)] < 1.

(d)
din) = z(n)—axz(n—1) —asz(n —2)
E[d*(n)] = E{[z(n)—az(n—1) —ax(n—2)*}
02 = 02(1+a+ad+ 2 (as — Dpall) — 20, (2))
%03 = 0
_ pa(D[1 = pa(2)]
B -
%“203 = 0
_ pe(2) = (1)
T 20
Then. o2 . — L7=305(1) = p2(2) + 205 (1)pa(2) + 205(1) + pE(1)P5(2) = 202(1)pa(2)
s Ydmin [1 _ p%(l)]Q
6.17
x(t) = Acos2nFt
209
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dx(t)

i —A(2nF)sin2rF't

= —21AFsin2nFt
dx(t) A
A = mAF < =
gt max =T
Hence, A > 27mAFT

_ 2mAF

= ol

Refer to fig 6.17-1.

Figure 6.17-1:

6.18

Let P, denote the power spectral density of the quantization noise. Then (a)

P, = / " pur

SQNR = 10logig 2%
08
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o2 F
2BP,

Thus, SQNR will increase by 3dB if Fy is doubled.
(b) The most efficient way to double the sampling frequency is to use a sigma-delta modulator.

= 10[0910 + 10log1qu

6.19
(a)
2
o
e F = =
s.F) = 7
™
H,(F) = 2si
(P = 2sin’|
B
2 = [ HPPs.e)aE
-B
B 2
F
= 2-/0 4sin2(7;_,s)%zdF
402 [P onF
= ;:/O (1 — cos ;S )dF
402 F,  2nB
= = [B—gsm T ]
s S
B 203[27TB_8in27TB]
1 ' F, F,
(b)
2rB
Fi 1
or F. << s
. 2B 2rB 1(2773)3
FES T R 6 F
202 2rB  2rB 1 ,27B
T 2 _ e _ _ = 3
herefore, o, - [ 2 T 6( 2 )’
1 2B
= 57203(?5)3
6.20
(a)
1 27!
{[X(2) = Do)y — = = Da(:)}y— =5 = Dal2) — E(2)
Dy(z) = 27'X()+(1-2"1%E(2)
Therefore, Hy(z) = 2z *
and H,(z) = (1—2z71)?
(b)
F
H,(F)| = 4sin®(Z
(P = asin®(G0)
2nF
= 2(1-
(1-cos(0))
211
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2 b 202
= H,(F)|"=dF
AN AL
B 2
TF o
~ 2 [4 2_LdF
| e
32rto2 (B
= ¢ [ F'F
1 4 5,2B 4
- 57T S(Fvs)
6.21
(a)
2
z(n) = cosﬁﬁn
zalt) = ey
_ s 2Tt
N NT
— cosam(Eoy
= cos2m(—
F
Therefore, Fy = N

(b) N analog sinusoids can be generated. There are N possible different starting phases.

6.22
(a)
h(t) = / b H(F)e?* ™ Ftdp

= /°° [¢(F — F.) 4 ¢*(~F — Fc)]8j27rFtdF

— C(t)€j27rF“t + c* (t)efj27cht

= 2Re[c(t)ed? e

C(F—-F,)+C*(—F - F,)

X(F) = LU(F~F)+U"(~F~F)]

X(F)H(F)

= JIO(F ~ F)U(F ~ F) + U*(~F ~ F)O"(~F — F.)
1

+§[C(F_FC)U*(_F_FC)+U(F_FC)C*(_F_FC)}
=0

U(F - FC)C*(fF - Fc)
FC(F)UF) = / (T u(t — 7)dr = v(t)

— 00

But C(F — F,)U*(—F — F,)

212
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6.23

(a) Refer to fig 6.23-1.
(b) Refer to fig 6.23-2.

Zero Order hold: N = 32 thd = 0.1154

First Order hold, N = 32 thd=0.1152
1 1
So.s} 08
x x
0 0
| 0.6} | 0.6
04 0 40 60 04 0 6 0
Qero Ordzer hold: N'= 64 thd = 0.23§P c?:irst Orger hold,?\?: 64 th(9:0.232§
1 ‘ ‘ 1 ‘ ‘
= =
X X
/I\ 0.5 /I\ 0.5
| |
| |
0 5 0 0 0
é)ero Order hgld: N = 1215991d = 0.4&{?8 Eirst Order ﬁold, N = 1%89hd:0.4623§
1 1
= =
< <
/I\ 0.5 /I\ 0.5
| |
| |
0 : : 0 : :
0 100 200 300 0 100 200 300
——>n

-—->n

Figure 6.23-1:

(c) Refer to fig 6.23-3. The first order hold interpolator performs better than the zero order

interpolator because the frequency response of the first order hold is more closer to the ideal
interpolator than that of the zero order hold case.

(d) Refer to fig 6.23-4.

(e) Refer to fig 6.23-5. Higher order interpolators with more memory or cubic spline interpolators
would be a better choice.
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Zero Order hold: N =32 thd = 0.1154 First Order hold, N = 32 thd=0.1153

1.5 15
§ 1 § 1
A \ A \
1 0.5 1 0.5
0 0
Qero Ordzeor hold: ﬁoz 64 th%O: 0.23?9 q:irst Orggr hold,ﬁ): 64 tf?gzo.233§0
15 15
§ 1 § 1
1 0.5 I 0.5
0 0
Zero Order Rod: N = 128%hd = 0.4689 Birst order R3Id, N = 128%hd=0.4687°
1.5 : : 15 : ‘
§ 1 § 1
1 0.5 1 0.5
0 0
0 100 200 300 0 100 200 300

——=>n

Figure 6.23-2:
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Zero Order Hold First Order Hold
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Zero Order Hold, filter spectrum First Order Hold, filter spectrum
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Figure 6.23-3:

Zero Order Hold, interpolated output

a
o

N
o

——=> [X(f)|
N oW
o O

10

0 = A !
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First Order Hold, Interpolated output
50 T

40
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© o

10

0 L L !
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Figure 6.23-4:
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Zero Order Hold, xi(n)

Zero Order Hold, y(n)
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Figure 6.23-5:
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6.24

(a) z,(t) =Y xq(t —nTy) is a periodic signal with period Ts. The fourier coefficients in a

n=—oo
fourier series representation are

TS
1 5 o
o = g [ ane E
5=
1[5
] —j2rkt
- 75/—& Z xa(t_nTs)e Ts dt
2 n=—00
1 © L
’ —j27kt
= = Z /T; xa(t_nTS)e Ty dt
Snz—()o _?
Ts
1 & /nTﬂ+2 (. i2mk(t+nTe)
T T xz (t )eTisdt/
T n:z—:oo nTy % @
1 > —j2nkt’
= 7 t t/
T, /_OO Ta(t')e
L k
= 7Xa(7)
T T,
1
= Xa(kdF
T, Xa(kOF)

(b) Let

wiy={ L —wstsy
“ 1 0, otherwise

T, >2r, z.(t) = zp(t)w(t)
X(F) = X,(F)«W(F)
X.(F) = | Y rd(F — 2| {TSSZ'Z;?T‘?}
e oo s s
> sinm(F — )T,

k=—o00 T
> inm(F — 2)T, 1
= Y X.(kéF) ( kTS) ;o To= <%
ke — oo 7T(F — i)TS 6F

(¢c) f T < 27, there will be aliasing in every period of z,(t). Hence, z4(t) # x,(t)w(t) and

consequently, z,(t) cannot be recovered from x,(t).

0o sing E=kIF)
(d) From (b) Xo(F) = 3252 Xa(kOF) = =i —
SF
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Chapter 7

7.1

Since x(n) is real, the real part of the DFT is even, imaginary part odd. Thus, the remaining
points are {0.125 + 5j0.0518,0,0.125 + 50.3018}

7.2
(a)
‘%2(1) = LCQ(Z), OSZSN—].
= x(l+N), —(N-1)<li<-1
Zo(l) = sin(?ﬂl), 0<I<T
- sin(?’;(l +8), —7<I<-1

3
= sin(l), <7

3
Therefore, ml(n)xg(n) = Z Zo(n —m)

m=0
3 3 3
- sin(g\m) + sin(gm 1) 4.t sm(gm —3|)
= {1.25,2.55,2.55,1.25,0.25, —1.06, —1.06, 0.25}

(b)
- 3
Za(n) = cos(gn)7 0<I<T
= —cos(ggn), —7<1<-1
= [2u(n) —1]cos(—n), |n|] <7
3 1 m
Therefore, xl(n)xQ(n) = mz::O <4> Za(n —m)
= {0.96,0.62, —0.55, —1.06, —0.26, —0.86,0.92, —0.15}
(c)

7

for (a) X1(k) = le(n)e_j%k"

n=0
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similarly,

Xo(k)

DFT of xl(n)xg(n)

For sequences of part (b)
X (k)

Xs(k)
Congegyently,
DFT of xl(n)xg(n)

7.3

{4,1 - j2.4142,0,1 — j0.4142,0,1 + j0.4142,0, 1 4 ;j2.4142}

{1.4966, 2.8478, —2.4142, —0.8478, —0.6682, —0.8478,
—2.4142,2.8478}

X1 (k) X2 (k)

(5.9864, 2.8478 — j6.8751,0, —0.8478 + j0.3512,0,
—0.8478 — j0.3512,0,2.8478 + j6.8751}

{1.3333,1.1612 — j0.2493,0.9412 — ;j0.2353,0.8310 — ;0.1248,
0.8,0.8310 + ;j0.1248,0.9412 + 50.2353, 1.1612 -+ j0.2493}
{1.0,1.0 + j2.1796, 1.0 — j2.6131, 1.0 — j0.6488, 1.0,

1.0 + j0.6488, 1.0 + j2.6131,1.0 — j2.1796}

X1(k) X2 (k)
{1.3333,1.7046 + j2.2815,0.3263 — j2.6947,0.75 — j0.664, 0.8,
0.75 + j0.664, 0.3263 + j2.6947, 1.7046 — j2.2815}

Z(k) may be viewed as the product of X (k) with
1, 0<k<ke;, N—k.<k<N-1
F(k)_{07 ke <k <N -k,

F (k) represents an ideal lowpass filter removing frequency components from (k. + 1)%’r to .
Hence i(n) is a lowpass version of z(n).

7.4
(a)
i) = o (SF eI
Xi(k) = g [6(k —1) +8(k+1)]
So X3(k) = Xi(k)Xa(k)
N2
- [6(k —1) — 6(k +1)]
and x3(n) = gsm(%n)
(b)
Roy(k) = Xi(k)X3(k)
N2
= 4 [0(k = 1) = d(k + 1)]
= Tyy(n) —gsin(%n)
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Ryx(k) = Xi(k)XT(K)
N2
N 2
= 7:.L‘L(n) = 5608(%7’1)
(d)
Rw(k) = X2(k)X§(k)
N2
N N 2
= Tyun) = Ecos(ﬁn)
7.5
(a)
N-1 N-1
* 1 21y j 20 m 2
le(n)xz(n) = 1 (eJN +e 7N )
n=0 n=0
L N1
= = (ej%"—i-e*j%"—FZ)
4
n=0
1
= -2N
4
_ XN
2
(b)
N-1 1 Nl
. i2m 21, 2n 21,
1%, .
- iTn _ —jsn
4j (e AR )
n=0
= 0
(0) Tog 1 (n)as(n) =1+1=2
7.6
w(n) = 0.42-0.25 (aﬁn + e*j%”) +0.04 (eﬂ'%n + e*j%”)
N-1 N-1 N-—1
w(k) = 042 Z e IR _0.25 [Z eI IRk Z e_jf\’QIl"e_j%"k]
n=0 n=0 n=0
N-1 N-1
+0.04 Z eI IRk Z e A;Mlne_j%r"k]
n=0 n=0
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-1 ]271'[ 7k] 1 7327r[ ~ +k:]
_025 e N—-1 ) + e N-—-1 )
1_6327"[N—1_W] 1_6_32”[1\1—14‘?]
i ]271-[ —k] —327r[ _1+k]
40.04 1—e¢ N-T i 1—e N k
_1—eJ2W[N—17W] 1—e¢e j2ﬂ-[N—1+W]
= 0.42Nd(k)
0.95 11— cos(Z) — cos(2m( 27 + &) + cos(25E)
) I 1—cos(2m(727 + £))
1—cos(2EN)Y — cos(2m (2= + £)) + cos(2Zk
poa | LT os ) —cosCony + 1)+ cos )
i 1 —cos(2m(x= + w))
7.7
g 1 27kgn 2wkgn 27kn
X.(k) = §x(n) (e +e 7w ) e
n=0
N-1 N-—
]_ 27 (k— ko)n ]_ 27r(k+k0)n
= 3 z(n)e™? 5 Z
n=0 n=0
1
= iX(k - kO)modN + §X(k + kO)modN
.. 1 1
similarly, X (k) = ZX(k — kO)modN — ZX(k + kO)modN
7.8
y(n) — a:l(n)@xz(n)
3
= Z 21(m) poda®2(n — m)nody
m=0
= {17,19,22,19}
7.9

Xi(k)y = {7,-2—4,1,-2+j}
Xo(k) = {11,2—-4,1,2+j}
= Xg(k‘) = Xl(k)XQ(k)

{17,19,22,19}
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7.10

e N
aQ
<.
Z
+
@
<
Z
~—

PN Y

3

I
lZo
—

A~ =

3
Il
<

=

7.11

ra(n) = x(n—2)0ds

7.12

s(k) = WEX(k)
= (-1'X(k)

s(n) = ékz_o(—l)’fX(k)WN’m N=6

5

1 —k(n—3

= o) XMWy
k=0

z(n = 3)mods
s(n) = {3,4,0,0,1,2}

X (k) +X*(l<:)}
2

y(n) = IDFT{
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[IDFT {X (k)} + IDFT {X*(k)}]

I

e N N O NN
&
=

[x(n) + x*(*n)modN]

z(1) 4+ z(5) x(2) + z(4)
2 ’ 2

o
N =
w
w
w
N =
N——

v(n) = IDFT{W}

By similar means to (b)

v(n)

I
—N

0 1. 0 o1
) 2]7]7)]72]

7.13

i

Xi(k) = (n)Wy"

w3
]
| o

1
Xa(k) = 3 aln)WhY

z s
i

2N—1 3N—-1
= (Wi + Y a(m)Wik + > a(n)Wik
n=N

n=2N

il
Ll

N-1 N-1
k nk nk
= z(n)Wy® + § z(n)WEWy® + § x(n)WEEW
n=0

n=0

il
~ o

= z(n) [1 4+ W§ + W3] W;\l,g
n=0
= (1+WF+wihX (k)

X (k) = 24+ Wy
Xz(k) = 2+ WErow@k + Wk 1 owdk + wik
k k k
= 24+ WS)+WgF2+W5) + W2+ W5)
k

= (1+WF+ Wg?k)X1(§)

7.14

a— ) I

= {4,0,1,2,3}
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(b) Let x3(n) = {xg,z1,...,24}. Then,

04 3 2 1 0 1
1 0 4 3 2 71 0
2 1 0 4 3 s | =] 0
3210 4 T3 0
43 210 24 0

Solving yields sequence

z5(n) = {OT.18,0.22,0.02,0.02,0.02}

7.15

Define Hy(2) 2 H~1(z2) and gotresponding time signal hi(n). The use of 64-pt DFTs of y(n)
&)

and hqi(n) yields z(n) = y(n
can simply recognize that

hi(n) whereas x(n) requires linear convolution. However we

X(z) = Y(2)Hi(2)
= Y(2) - 05Y(2)z"
sox(n) = yn)—05y(n—1), 0<n<63
with y(—1) 20
7.16
N-1
H(k) = h(n)e i & kn
n=0
Lo _j2n gk
= 1+(1)6 kg 0
1
= 1 Ze*jgk
1
_ 1
B 1— e i%k
1 x IR
= 1+ (4e12’€> + <4eﬂfz’“> + ...
4 16—45 4 16 +4j -
= <= - r im
37 17 5 1y 0 Pean o HEe
| Nt
27
o) = 1 3 Gk
n=0
g —4 4k —3
o 4 j2e 4 16 — 45
_4k0[2360 +Z<17
k=0/4,.. k=1,5,...
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4ko—2 4ko—1 .
4 2x g 16 + 4y 27
Z ol drg T J kg T
DD DD < 17 >e i
k=2.6,... k=3,7,...

-l (Y ) o)

aQ
o

A () EE
A ko—1 .o .
where Z = Z ek ™
=0
But Z = 1, yielding
1[4 (1645 4 [1644j
9(0) = 4[3+< 17 >+5+< 17 )}
_ o
- 255
174 . [16—4j\ 4 [16+4j
ko) = - |- —C-
9(ko) 4[3“( 17 ) 5 J( 17 )}
_ 6
255
1[4 [16—45\ 4 [16+4j
9(2ko) = 713 ( 17 )+5 ( 17 )}
_ 16
255
174 [16—4j\ 4 [16+4j
k = . - —
9(3ko) 1103 J( 17 ) 5+J( 17 ﬂ
4
255
and g(n) = 0 for other n in [0,4ko) .
256 1
Therefore, g(n) « h(n) = ﬁ,O,O,...,?,...,9,...,?,...,—5,0

k 2k 3k
0 0 0 "

g(.) represents a close approximation to an inverse system, but not an exact one.

7.17

X(k) = > a(n)e iFkn

n=0
= {6,—0.7071 — j1.7071,1 — 4,0.7071 + j0.2929,0,0.7071 — j0.2929, 1 + 7,
—0.7071 + 51.7071}

X (k)| {6,1.8478,1.4142,0.7654, 0, 0.7654, 1.4142, 1.8478}

LX(k) = {0, —1.9635, _TW’ 0.3927,0, —0.3927, % 1.9635}
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7.18

yin) = S h(m)a(n —m)

= ) h(m) lz 5(n—m — iN)]
= Z h(n —iN)

Therefore, y(.) is a periodic sequence with period N. So

Y(k) = Nz_:ly(n)Wf@"
= HW)
Y(k) = H(%) k=01,...,N—1
7.19
Call the two real even sequences Z1(.) and z.(.), and the odd ones z,(.) and x,2(.) (a)
Let zc(n) = [ze1(n) + 2o1(n)] + j [ze2(n) + zo2(n)]
Then, X.(k) = DFT {z.(n)} + DFT {xy(n)} + jDFT {ze(n)} + jDFT {zya(n)}

= [Xea(k) + Xor(F)] + 5 [Xea(k) + Xo2(K)]

where X1 (k) — Re[X. (k)] + Re[Xc(—k)]

2
Xol(k) — Re[Xc(k)] _QRQ[XC(_k)]
Xoolk) = Im[X (k)] +2Im[XC(—k)]
Xoa(k) = Im[X.(k)] fQIm[XC(fk)]
(b)
Si(O) = .1‘1(1) —J),‘(N— 1) =0
—$i(N—-n) = —z;(N—-n+1)+z;(N—n-1)
= zin+1)—z;(n-1)
= si(n)
(c)
z(n) = [z1(n)+ s3(n)] + j[w2(n) + sa(n)]

The DFT of the four sequences can be computed using the results of part (a)

N-1
For i = 3,4,s;(k) = Z s;(n)Whn
n=0
227
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N—-1
= Y i+ 1) —ai(n - )W

n=0

= Wy"X;(k) — WK X(k)

. 2T
= 2]sm(ﬁk)X¢(l€)
Therefore, X3(k) = Lkz)
2jsin(5rk)
sa(k)
Xyk) = ———
1(k) 2jsin(%’rk)
(d) X3(0) and X4(0), because sin(3Fk) = 0.
7.20
N-1
X(k) = > a(n)Wi
n=0
| J-1 N
k(n+&
= D emWh + Y aln+ )Wy
n=0 n=0
¥
= [2(n) — z(n)W5] Wx"
n=0

If k is even, WF =1, and X (k) =0
(b) If k is odd, W} = —1, Therefore,

|
X(k)y = > 2a(mW§
n=0
o
= 2 x(n)Wy?
n=0 2
N
Fork = 20+1, 1[=0, ,5—1
J-1
X@20+1) = 2) z(n)WELWwg
2
n=0
N

= 5 - pt DFT of sequence 2z(n)Wg

7.21
(a) Fy = Fy = 2B = 6000 samples/sec
(b)
1
T = —
F
_ 1
6000
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r =
1
L > —
— 50T
~ 6000
50
= 120 samples
(¢) LT = 4355 % 120 = 0.02 seconds.
7.22
1 2x 1 _ .2z
xz(n) = 56”’”4-56“'", 0<n<N, N=10
N—1 .
X(k) = z(n)e I Tk
n=0
N-1 No1y
_ e iR k=1n Z o i % (k+1)n
n=0 2 n=0 2
= 50(k—1)4+55(k—9), 0<k<9
7.23
a = L S(n)e iRk = 1, <k<N-
(a) X(k) = 050 d(m)e I FFm =1, 0<k<N—1
(b)
N-1 .
X(k) = Y 6(n—ngle ¥
n=0
= e ¥k 0<k<N-1
(c)
N—1
27
X(k) = Za"e I kn
n=0
N—1
- Yy
n=0
_ 1—a"
1 —ae i ¥k
(d)
41
X(k) = Y eiFkn
n=0
1—eiF ok
Tl eiFk
I e GO
T 1Tk
229
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1
X(k) = Z o Fenko =i R kn
n=0
N-1
= Y R GRon
n=0
= Nk — ko)
()
z(n) = 1 & nko 4 le*jzﬁﬂnko
2
N
From (e) we obtain X(k) = 5 [6(k — ko) + 6(k — N + ko)]
(8)
1 o 1 o
x(n) — 27‘716.72ﬁnko _ 27].6—]%71]60
N
Hence X(k) = o= [0(k — ko) = d(k — N + ko)
J
(h)
N-1 .
X(k) = Z z(n)e™? ¥ ™ (assume N odd )
n=0
= 14 e iR L iR L 4 iRk
1—(e” 32l2k)N+1
- 1 —e —i52k
1— e i%k
T e i%k
_
- 1 —e J27rk
7.24
(a)
L Nl .
xz(n) = ¥ X (k)ed Tk
k=0
N-1
k=0
X0)+X(1)+X(2)+X@3) = 4
X(0)+ X(1)e’3 + X(2)el™ + X(3)e T =
X(0)+ X(1)e/™ 4+ X (2)e?>™ + X (3)e’" = 12
X(0)+X(1)e! F + X(2)e* + X(3)elF = 4
1 1 1 177 X0 4 X(0) .
Ly -1 - X)) | _ |8 [ X) | _|-2-J
Lo—1 1 1) X(2) | | 12 X2 |~ |1
1= -1 X(3) 4 X(3) 24
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X(0) = z(n)
n=0
= 7
3 a
X(1) = Zx(n)e_15n
n=0
= —2—3j
3 .
X2 = Zx(n)e_“"
n=0
-1
> - 3w
X@3) = > a(n)e "
n=0
= —2+4j
7.25
(a)
X(w) = Z x(n)e_j“’"
= €%V 4 2e7Y 4 34 207V 4 7TV
3 + 2cos(2w) + 4cos(4w)
(b)

n=0
—j¥EE  —j2mok —jimak | ,—j2m5k
= 3+276 el e L0+ e 47

2
= 3+ 4cos(gk) + 2003(%]4)

(c) V(k) = X(w)[ 2zt _zx

This is apparent from the fact that v(n) is one period (0 < n < 7) of a periodic sequence
obtained by repeating x(n).

7.26
Let z(n) = Z o(n+IN)
l=—00
Hence, z(n) is periodic with period N, i.e.
z(n) = 1, n=0,+£N,4+2N,...
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= 0, otherwise

Then X (k) Nt =1, 0<k<N-1

[
=
S
N~—
9]
|

and z(n)

I
=
>
—
>
=
D
<
=
3
o

Hence, Z d(n+1IN)

l=—0c0 k=0

7.27

M-1

Y(k) = Y y)Wip

n=0

M-1
= > > zn+IM)Wp
n=0 1

Now X (w)

Il
]
8
S
(¢

N

2
sz(ka) = ZW}@}L
B = k(n+1M)
= > an+ MWy
n=0 [
M

-1
Z x(n 4+ IMYWEn
n=0

()

(w 22k

1
Y
Therefore, Y(k) = X(w)|y,—

Xi(k) = X(k+1)

=z1(n) = x(n)e‘j%ﬂ"

= z(n)Wyx
N

Let y(n) = xl(n)+w1(n+5), 0<n<N-1

= 0, elsewhere
Then X(k+1) = Xy(k)

= Y(g), k=0,2...,N—2
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N
where Y (k) is the E—pt DFT of y(n)

7.28
(a) Refer to fig 7.28-1.
(b)
x(n) X(w)
1 20
0.8 15
g 5
\>-</0 6 < 10
/I\ A
1 0.4 i 5
0.2 0
0 -5
0 10 20 30 0 1 2 4
——->n ———>WwW
ck xtilde(n)
0.6
1
0.4 —_
=y
T
o
0.2 g
/I\ 0.5
o I
-0.2 0
10 20 30 0 10 20 30
——>n
Figure 7.28-1:
o0 o0
Z .’13(7?,)6_jwn — Z a|n\e—jwn
n=—oo n=-—oo

(c) Refer to fig 7.28-1.
(d) Refer to fig 7.28-1.

1 L
a+ Zafnefjwn + Z ae—Jwn
—L 1
L L
a—+ Zanejwn + Zanefjwn
1 1

L

a+2 Z a"cos(wn)

n=1
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(e) Refer to fig 7.28-2.
(f) N=15. Refer to fig 7.28-3.

x(n)

0 1 1 1 1
0 50 100 150 200 250
——>n

Figure 7.28-2:
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X(w)

N
o

-
a1

> X(w)
,
o1 o

o

-20 -10

———>n

|
(¢)]

10 20

o
=

2 3 4
—>w

xtilde(n)

———>ck

=
~

=
N

[N

——=> xtilde(n)

—_—> W

7.29

10 15 ~10 -5 0 5 10

Figure 7.28-3:

Refer to fig 7.29-1. The time domain aliasing is clearly evident when N=20.

7.30

Refer to fig 7.30-1.
(e)

Zam(n)
Xam(w)
Xam(w)
7.31
(a) cx = %,—%,%,—%...

x(n)cos(2m fen)

2

z(n)cos(2m fon)e I

n=0
N—1
1N om) [efj%(fffc)n n e*ﬂﬂ(fﬂ%)ﬂ}
2 n=0
1
§[X(w —we) + X (w + w,)]

(b) Refer to fig 7.31-1. The DFT of z(n) with N = 128 has a better resolution compared to one

with N = 64.
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X(w) X(n)

10 ‘ 1.5
X
n 5t A
I | 05
% 2 4 6 8 % 10 2000 3000
X(w) with N=20 x88 with N:98
10 ‘ ‘ ‘ 1.5 ‘ ‘
X
A O ] A
I | 0.5} |
% 2 4 6 8 % 0 ‘ 30
X(w) with N=100 X9 with N=f3
10 ‘ ‘ ‘ 1.5 ‘ ‘
X
N 5t A
| | 05
0 ‘ 0
0 2 4 6 8 0 50 100 150

-——>w -—>n

Figure 7.29-1:

7.32
(a)
. 1 . .
Y = 5 P2 *X(Q)
- L <T05in(QTO)ejQZTO) * [278(Q2 — Qo))
2T 2
. A SinT
where sincx =
T
Y(jQ) = Tysinc (TO(QZ_ QO)) P e

b) woP = 27k for an integer k, or wg = £
( 0 g ) 0 P

(c)
N-1
Y(w) — Z ejwone—jwn
n=0
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x(n) xc(n)

2
S G
=< 0 3
-2
0 100 xam(n) 200 300 0 Xa%r%?w) with ﬁZOP28 300
2 : 40 : :
| 2
% 0 £ 20
X
-2 0
0 Xaragw) with oo 399 0 Xanw) with Nofgo 190
30 60
20 40t
[@)]
(o] ©
IS e
10 20}
0 ‘ ‘ 0 . .
0 50 100 150 0 100 200 300

Figure 7.30-1:

N
_ sing (w — wg)e_j N1

sin Y=o

(w—wo)

Larger N = narrower main lobe of |Y(w)|. Ty in Y (52) has the same effect.

(d)
Y(E) = Y(0)lze
B sinﬂ'(kz—l)efj¥w(k4)
- . w(k=1)
sin"=5—
|sinm(k —1)]
YR = ——a=
|sin=F—|
— No(k—1)

(e) The frequency samples 27k fall on the zeros of Y (w). By increasing the sampling by a factor
of two, for example, we will obtain a frequency sample between the nulls.

Y(w)|w:22—]\',k:%k, k=0,1,...2N—1
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x(n) DFT of x(n) with N=64

15 20
1
15
0.5
0 10
-0.5
5
-1
-15 0
0 200 400 600 800 0 20 40 60 80

DFT of x(n) with N=128

60
50
40
30
20
10

0 50 100 150

Figure 7.31-1:
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Chapter 8

8.1

Since (ej%rk)N = eI2mh — 1, eI ¥ satisfies the equation X = 1. Hence e/ ¥ is an N poot
of unity. Consider 27]:7:_01 eI Fhnei Fin If | # 1, the terms in the sum represent the N equally
spaced roots in the unit circle which clearly add to zero. However, if £k = [, the sum becomes

Zg;ol 1= N. see fig 8.1-1

z-plane jam

unit circle

Roots for N=12

Figure 8.1-1:

8.2

(a) W]%WJ%(Z_I) _ e*j%qe*j%qufl) = e*j%ql = Wg]l
(b) Let W& = W +8 where W is the truncated value of WZ. Now W = (W% +6)! ~ W +16.
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Generally, single precision means a 32-bit length or § = 5x1071%; while 4 significant digits means
d = 5x107°. Thus the error in the final results would be 10° times larger.
(c) Since the error grows as 14, after N iterations we have an error of No. If W]%l is reset to -j

after every ql = % iterations, the error at the last step of the iteration is 6 = [4%} 6. Thus, the

error reduced by approximately a factor 4q.

8.3
N-1
X(k) = > zmWh" 0<k<N-1

n=0
F-1 N-1

= YW+ Y ek
n=0 n=%4

2

g1 4-1 N N

= z(n)Wer + Z x(r+ —)Wl(\,H?)k
n=0 r=0 2

110 , N
LetX' (k") = X(2k+1), 0<k ggfl
N_1
2 "1y N it Ny (k!
Then, X'(k') = {x(n)WJ(\?k +1) +az(n+ E)W](V:#X)(zk +1)}
n=0
Using the fact that Wf,k/” = Wg", W =1
31 N N
X' = > {J;(n)Wﬁ,W?” +a(n+ 2)W§’”W}@Wﬂ
n=0
Y
N 7

= {x(n) —xz(n+ 5) Wy %”

n=0
8.4

Create three subsequences of 8-pts each

21 22 23
Y(k) = YW+ Y ymW Yy Wy
n=0,3,6,... n=1,4,7,... n=2,5,...

7 7 7
- Z yBOWE + 3y + DWEWE + Y y(3i + 2)WEWRF

1=0 1=0 =0

1>

Y (k) + WhYy(k) + WEFY3(k)
where Y7, Y5, Y3 represent the 8-pt DFTs of the subsequences.

8.5
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X(h) = X()|_

2=
l4+e % 4e % 4 45
= 242 9F 4T 4 4T
(n) = {2,2,1,1,1}
2 (n) = Zx(n—i—?m), n=0,1,...,4

Temporal aliasing occurs in first two points of z'(n) because X (z) is not sampled at sufficiently
small spacing on the unit circle.

8.6

(a) Zy, = 0.8¢7 % 5] see fig 8.6-1
(b)

z-plane
2
23
24 z;
%5
circle of radius 0.8

Figure 8.6-1:
X(k) = X(2)|z=z
7 —n
= Z z(n) [O.8ej[¥+§]}
n=0
s(n) = x(n)0.8eI5"
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8.7

Let M = g, L =2. Then
J-1
F(0.9) = Y a(0,m)Wye
n=0
R |
F(l,q) = z(1,m)Wy
n=0 2
which are the same as Fy (k) and Fz(k) in (8.1.26)
G(la) = W{F(l,q) = B(k)Wy
X(0,q9) =z(k) = G(0,9) +G(1,q)Wy
= Fi(k)+ B(k)Wk
X1,q)=xz(k) = G(0,9)+G(1,9W;
= Fu(k) - Fa(k)W
8.8
Ws = L(1 —7)
8 — \/§ ]

Refer to Fig.8.1.9. The first stage of butterflies produces (2, 2, 2, 2, 0, 0, 0, 0). The twiddle
factor multiplications do not change this sequence. The nex stage produces (4, 4, 0, 0, 0, 0, 0,
0) which again remains unchanged by the twiddle factors. The last stage produces (8, 0, 0, 0, 0,
0, 0, 0). The bit reversal to permute the sequence into proper order unscrambles only zeros so
the result remains (8, 0, 0, 0, 0, 0, 0, 0).

8.9

See Fig. 8.1.13.

8.10

Using (8.1.45), (8.1.46), and (8.1.47) the fig 8.10-1 is derived:

8.11

Using DIT following fig 8.1.6:

15¢ s tput L1l L
stage outputs : T Ty T
g p 2’ ’27 ’2

2nd stage outputs : {1,
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x(0) O x(0)
X4 Q O x(2)
O
x®) Q \O @)
X(12) O (3
x(1) o0 O x4
x(5) 0 O X(5)
X9 @0 O X(6)
x(13) .0 O x(M
X2 o . O x(8)
X6) O x(9)
0
X(10) o o O x(10)
x14) 0 O x(11)
0
x@) A& 0 O\ O x(12)
x(7) & O O x(13)
0 6 G
x(11) &4 O O x(14)
9
x(15) & O O x(15)

Figure 8.10-1:

1 1
314 gtage outputs - {2, W WE W00 - WE W - WE).0,
1 1
(=W WE = .0, 51— W2 -+ g

Using DIF following fig 8.1.11:

15t stage outputs

3rd

stage outputs

1 1 1
ond stage outputs : {1,1,070,2(1+W82),0,2(W81+W§),2(1—W82),2(W83—W85)}
1 1 -
{2,0,0,0,2(1+W§+W§+W§’),2(1W§+W§Wg),
1
2

1
(1= W8 W = W9, 50— W v |
8.12
Let
1 1 1 1
Al l —5 -1 7
A= 1 -1 1 -1
1 j -1 —j

2, 2 2(0) 2z(4) =(8) =(12) "
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F(0) 4
F(4) 0
F(8) | — Az, =\

| F(12) | L 0]

[ F(1) ] [0 ]
F(5) 0
FO) |~ Az, = | g

| F(13) | 0

F(2) —4

F6) | 0

Fi0) | ~4Z= |

F(14) 0

F(3) 0

F(7) 0

Fa1) | — Az, = |

F(15) 0

As every F(i) = 0 except F(0) = —F(2) =4,

z(0) F(0) 0
o(0) | _ g, | FO | _ |8
z(8) =5 p(2) 0
x(12) F(3) 8

which means that X (4) = X (12) = 8. X (k) = 0 for other K.

8.13

(a) "gain” = WIWZ(-1)Wg = —Wg = j

(b) Given a certain output sample, there is one path from every input leading to it. This is true
for every output.

(c) X(3) = z(0) + Wgz(1) — W2z(2) + WaW3x(3) — Wlx(4) — WIWgx(5) + WIW2x(6) +
WEWEWa(7)

8.14

Flowgraph for DIF SRFFT algorithm for N=16 is given in fig 8.14-1. There are 20 real, non
trivial multiplications.
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X(O)Q\ O X(0)
x(1)
O\ n O X(8)
x(2) o
x(3) n 4 O X(12)
x(4) w? O X2
o WAL XN N A .
Coow
6
x(6) W o o 1 O X(6)
6
x(7) 2><>< }<>< >< T * i ! -+ O X(14)
0
x(8) > W O x()
o SRR S .
x(9) A < O X(9)
of SRR S
x(10) > ¢ O x5
SNSRI
x(11) C/ }/ S ><J“ 5 o O X(13)
w
x(12) <j// 2 4 s O x@E
w d
x(13) O/ e % WG =2 O X(11)
x(14) <3/ K + i 3 O X(7)
. X
x(15) 3 A T 3 O X(15)

Figure 8.14-1:

8.15
For the DIT FFT, we have
X1 |
X(k) = w@n)WE + 3 a@n+ )W
2
n=0 n=0

The first term can be obtained from an 4 pomt DFT without any additional multiplications.
Hence, we use a radix-2 FFT. For the becond term, we use a radix-4 FFT. Thus, for N=8, the
DFT is decomposed into a 4-point, radix-2 DFT and a 4-point radix-4 DFT. The latter is

F-1 i1 T
Z:O 2(2n + HW TR = ZO w(dn + 1)WEWE Z (4n+ 3)WRFWE
The computation of X (k), X (k+ ), X(k+ %), X (k+3X) for k=0,1,..., & — 1 are performed
from the following:
F-1 Tl 11
X(k) = Zox(Qn)Wy—i— Zox(zln—l—l)W]’f,W%k—i- Z():C(4n+3)Wf\’,kW%k
N J-1 -1 -1
X(b+7) = 3 a@a)WE -1+ Z (4n +1)(—j)WEF + Z (4n -+ 3)WR () WEF
n=0 n=0 n=0
N J-1 4 -1
X(k+3) = > a2n)WEF + Z (4n + 1)( WNW Z (4n+ 3)(-1)W W"k
n=0
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N_ 1 N _q N_q
3N 2 4 4
X(k+=5) = 2(2n)WHH (~1)" + > adn+ DG WREWE + > adn+ 3)(—HWRWE
n=0 n=0 n=0

The basic butterfly is given in fig 8.15-1

X(K)
w from the use of {
N 2
x(2n) X(k+N/4)  Notethat thisisamirror image of DIF-SRFFT butterfly.
from
1 O (i)

X

i

from
X(4n+3)

X (k+3N/4)
1

OO

x(©0) O uv/\/ 7/\_/ O X(0)
DIT/SRFFT
X(@) O > O X(2)
A ><><7/J This graph looks like the transpose of
x(6) O . 1 O X(3) an N-point DIF FFT. The twiddle factors
i W i come before the second stage.
X(l) O \_/\Z/\/ ><><§iA O X(4)
x(5) O T W > O X(5)
XSG AT
x@ O A X@ Ox@®
-J
x(7) O g 7 O X(7)

Figure 8.15-1:

8.16
T = ZR+jrI
= (a+gb)(c+ jd)
e = (a—bd 1add, 1 mult
zr = e+ (c—d)a 2adds 1 mult
z; = e+ (c+db 2adds 1 mult
Total 5 adds 3 mult
8.17
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N-1
Hence, X(z;) = Zx(n)r*"e*j%k"
n=0

where z;, = re 9%k k =0,1,...,N — 1 are the N sample points. It is clear that X(z), k =
0,1,...,N — 1 is equivalent to the DFT (N-pt) of the sequence z(n)r~",n € [0, N — 1].

8.18
| LN
z'(n) = N Z X/(k)WL_Iicfn
k=0
1 [ko—1 LN-1
= IN DX W+ Y X (W
L k=0 k=LN—ko+1
= LN-1
= & SN XRWE+ > X(k+N—LN)WL]’\§"]
L k=0 k=LN—ko+1
1 [ko—1 N-1
—kn —(k—N+LN)n
= oy | XEWR Y X(wy Y ]
L k=0 k=N—ko—1
= N-1
Therefore La'(Ln) = N X (k)Wxr™ + Z X(/f)WNk"]
k=0 k=N—ko+1
= x(n)
L =1 is a trivial case with no zeros inserted and
11 1 1 1
! _ — _ y - g
v =) = {3.5+i505-i5)

8.19

N-—-1
X(k) =Y z(n)W§"
n=0

Let F(t), t=0,1,...,N —1 be the DFT of the sequence on k X (k).

F(t) = X(k)Wik
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8.20
2N—1
Y(k) = > ymWr k=01,...,2N -1
n=0
aN-1
= Yy
n=0,n €VeN
N—1
= y(2m)Wy™
m=0
N—-1
= z(m)Wy™"
m=0
= X(k), kel0O,N—-1]
= X(k-N), ke[N,2N—1]
8.21
(a)
1
w(n) = 5(1—005 —), 0<n<N-1
- % - i(eﬂfﬂ’i + e IR
N—1
W(z) = Z w(n)z™"
n=0
N—-1
n=0
11—V 11—zl )N
21—zt 4 -ldE
11— (z 1e—jN_1)N
4 1 -l intT
(b)
zyw(n) = w(n)z(n)
= Xyp(k) = W(k)NX(k)
8.22
The standard DFT table stores N complex values WX, &k =0,1,..., N — 1. However, since
N N
VV]’\CZ+ * = —Wk, we need only store W&  k=0,1,..., % — 1. Also, W]]f,Jr T = —jWk which is
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merely an interchange of real and imaginary parts of WJ’\“, and a sign reversal. Hence all essential

quantities are easily obtained from Wll\f, k=0,1,..., % -1

8.23

The radix-2 FFT algorithm for computing a 2N-pt DFT requires %10922]\7 = N + NlogaN

complex multiplications. The algorithm in (8.2.12) requires 2[%1092N+ %] = %—i—loggN complex
multiplications.

8.24
M —k
b
since H(z) = —Zk:]?[ k%
L4 3 ey anz™®
M kn
H( 27 k) = k=0 kaNH
— = -
N -1 L+ e R

1>

H(), k=0,....N

Compute N + 1-pt DFTs of sequences {bg, b1,...,br,0,0,...,0} and {1,a1,...,any} (assumes
N > M), say B(k) and A(k) k=0,...,N

8.25

y(n)Wwg*

=
Z

I
]

0

= ym)Wek+ 3" ym)Wet+ > y(n)wgk
13,6 n=1,4,7 n=2,5,8

3
Il

3
I
=)

2
R S o+ WS -

[
WE

m=0 m=0
2 2
= y(3m)WEm + Z y(B3m + DHWFHEWE + > y(3m + 2) Wk
m=0 m=0 m=0

Total number of complex multiplies is 28 and the operations can be performed in-place. see
fig 8.25-1

8.26
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x(0) o ~ e ~ OX(0)
S N\
x(1) O 2 S = OX(3)
2N N
3 ~ ~
x(2) O < W%U O X(6)
x(3) O S o O X(1)
x(%) O B O x(4)

OX(7)

(o]

:
:

x(5) O S
x(6) O < S S S OX(2)
x(7) O M m OX(5)

=
w R
(

«

=
0N

=
[CoR

x(8) O < <

Figure 8.25-1:

2 5 8
= > amWemr+ > a(mWek + > a(n)Wyk
n=0 n=3 n=6
2

2 2
= Z x(n)Wem + Z z(n + 3)Wekwiy + Z z(n + 6)Wakw2k

n=0 n=0 n=0
2 2 2
z(3l) = Z (n)Wal + Z z(n + 3)Wal + Z z(n + 6)Wi!
n=0 n=0 n=0
2 2 2
2Bl+1) = > aWPWg + > a(n+)WPWeWs + Y x(n + 6)WiWe w3
n=0 n=0 n=0
2
= Z Wy [z(n) + Wiz(n+ 3) + Wiz(n + 6)] w
n=0
2
z(38l+2) = Z W3 [z(n) + Wiz(n + 3) + Wiz (n +6)] Wit
n=0
The number of required complex multiplications is 28. The operations can be performed in-place.
see fig 8.26-1
8.27

(a)Refer to fig 8.27-1
(b)Refer to fig 8.27-2
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x(0) Q\ %O O O O X(0)
x(1) O O X(3)
/\
X O G O
2 vv/l% V\él X(6)
X(3) O K/ N 72 O X(1)
% J ,i 3 1 \/

VA4 SR A’ﬁ;

X(4) O O =0 "B O X(4)
NN %

. DU o o
Vv‘v 4 W,

X(6) .h‘/eA mm O X@

X(7) ./’A‘, W ,A’A, O X()

&
3 3
X(8) O < 0 O OX(8)

Figure 8.26-1:

(c) DIF is preferable for computing all points. It is also better when only X (0), X (1), X(2), X (3)
are to be calculated. The rule is to compare the number of nontrivial complex multiplies and
choose the algorithm with the fewer.

(d) If M << N and L << N, the percentage of savings is

ﬂlOg’_)N—LLlOQQN ML
2 2 —
NlogaN x 100% = ( N ) x 100%
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x(0) \ X(0)
X(1) T \MOS X(8)

V‘% X(4)
Ys W X(12)
X(2)
- we X(10)
w X(6)

1 X(14)

w

-1 X(9)

V\fe X(5)

4
We V\fﬁ X(13)

X(1)

X(@3)

\M% X(11)

X(7)

Wi\ wlg

1 X(15)

Figure 8.27-1:

x(0) X(0)

X(1)

X(2)

X(3)

X(4)

\><></ X(5)

W

W

x(1) Ut W X(8)
o IS

gﬁ AT
6
, 3 X(11)
6 X(12)
I\
6 X(13)
off W
6 . X(14)
A
6
1 X(15)

Figure 8.27-2:
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8.28

(a)Refer to fig 8.28-1. If data shuffling is not allowed, then X (0),..., X (3) should be computed

x(0) X(0)

X(2) V‘{O T8 X®
6

X(2) T %4 V\{O X(4)

x(3) 8 8- xa2)

V\{) - -1
x(4) \><></ I 62 v\io X(2)
X(5) \W T V\if 1 & X(10)
] We e
X©) 1 1 4 X(6)
VG we W W,
X(8) V\i%

1 v\{) X(1)

V\iﬁ 6 X(9)
i £

x(10) V\iﬁ 1 6 X(5)

x(u) M:\ w2 We e

K ; v\io ) =) X(13)

x(12) K 6 - 62 X(3)
5

x(13) . Z T V\if n V\i% X(12)
; W W

x(14) 3\ ; 1 T, V\io X(7)

x(15) 16 6 ) e T8 x@)

Figure 8.28-1:

by one DSP. Similarly for X (4),...,X(7) and X(8),...,X(11) and X (12),...,X(15). From the
flow diagram the output of every DSP requires all 16 inputs which must therefore be stored in
each DSP.

(b)Refer to fig 8.28-2

(c) The computations necessary for a general FFT are shown in the figure for part (a), Ny =
%loggN . Parallel computation of the DFTs requires

IN N N1

N, = =log— ekl
P MM T LY
1

N N

Complex operations, as is seen in the figure for (b). Thus

s _ M
Np
%loggN
Hlogad + N(1—4)
MlOggN
logaN — logaM +2(M — 1)
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x(0)

x(1)
X(2)
X(3)
0
X(A) S £ @
x(5) T V\if 1 6 X(10)
X(6 V\iG V\fﬁ
© 1 T, X(6)
x(7) 6 N Yo > V\{Je X(14)
X(8)
x(9)
x(10)
x(11)
x(12)
x(13)
x(14)
x(15)
Figure 8.28-2:
8.29
Refer to fig 8.29-1
N-1
1 —kn
z(n) = N X (k)Wy
k=0
1 1
= 3 X)W 42 > X)W
k even & odd
1< 1S
= - XMW+ > X@m+ )W, W
8 m=0 8 m=0
1 3
= g2 [X@m) + X @m+ Wt W
m=0
1< 3
z(n) = 5 n;X@m)W;m” + Wy %X(zm + 1)W4mn] . 0<n<3
3 3
z(n+4) = = l XEm)W, ™ = W™y X(2m + 1)W4m"] , 0<n<3
m=0 m=0

This result can be obtained from the forward DIT FFT algorithm by conjugating each occurrence
of Wi, — Wx" and multiplying each output by % (or % can be multiplied into the outputs of

each stage).
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X(0)
X (4)
X(2)
X(6)
X(1)
X (5)
X(3)

X(7)

8.30

x(21)

2(21+1)

1/8 x(0)
-0
8 1/8 x(1)
-1 W'O
8 1/8 x(2)
-0 2 -1
W,
8 8 1 18 x(3)
8 1/8 X(4)
8 W8 1/8 x(5)
oW w2 )\
8 8 1/8
1 N X(6)
-0 -2 w3 )\
8 Wg 8 18
1 -1 -1 (7
Figure 8.29-1:
1 7
3 Z X (kywg *n
k=0
1e 1
3 2 XMW+ 2> X (k)W
k=0 k=4
[ 3 3
1
A SOXEWEE 4+ ()" X (k+ 4)Wsk"]
Lk=0 k=0
[ 3 3
é X(k)W4‘lk+ZX(k+4)W[”“] ., 1=0,1,2,3
LE=0 k=0
[ 3 3
é X (kYW Wt —ZX<k+4>W4”“W8‘“] . 1=0,1,2,3
Lk=0 k=0

Similar to the DIT case (prob. 8.29) result can be obtained by conjugating each W3 and scaling

by %. Refer to fig 8.30-1
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X(0) 18 x(0)

X(1) -8 W @)

8
x(2) U8 w/ S 5@
w W
x(3) 18 5 S X
KW
x(@) 12 /W 8_1 . x(1)
X(5) 18 g Wg

\ . B x(5)
M\Wz W80 1
X(6) 18 g 8 1, 5 X(3)
u8 Wy Wg Wg
X(7) 1 1 1 x(7)

Figure 8.30-1:

8.31
z(n) = a*(N —n)
L Nl
IDFT(a"(n)) = + ¥ (n) Wk
n=0
N-1

(N —m" YWk

Since the IDFT of a Hermitian symmetric sequence is real, we may conjugate all terms in the
sum yielding

1 N-1
IDFT(z"(n)) = z*(N —m/)YWkm
m’=0
1 N-1
n=0
256
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1
= —X(k
X (k)
In general, the IDFT of an N-length sequence can be obtained by reversing the flow of a forward
FFT and introducing a scale factor % Since the IDFT is apparently capable of producing the
(scaled) DFT for a Hermitian symmetric sequence, the reversed flow FFT will produce the desired
FFT.

8.32
N-1
X(k) = x(m)Wem
-

This can be viewed as the convolution of the N-length sequence x(n) with the impusle response
of a linear filter.

hi(n) = WrMu(n), evaluated at time N
Hy(z) = Z Whkry—n
n=0

_ 1

R

- Yu(2)

- X(2)
ye(n) = Wiye(n—1) +z(n),  y(=1)=0

y(N) = X(k)

8.33

(a) 11 frequency points must be calculated. Radix-2 FFT requires L;leng 1024 ~ 5000 complex
multiplies or 20,000 real multiplies. FFT of radix-4 requires 0.75 x 5000 = 3,750 complex
multiplies or 15,000 real multiplies. Choose Goertzel.

(b) In this case, direct evaluation requires 10 complex multiplies, chirp-z 22 x 10® comples
multiplies, and FFT 1000 + @ x 13 = 33 x 103 complex multiplies. Choose chirp-z.

8.34

N

In the DIF case, the number of butterflies affecting a given output is 5 in the first stage, % in

the second, .... The total number is

1
1+2+...+2”_1:2_”(1—(5)”):N—1
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Every butterfly requires 4 real multiplies, and the eror variance is %. Under the assumption that
the errors are uncorrelated, the variance of the total output quantization error is

2 2
oy =4(N —1) 52 N;
8.35
(a)
Re[Xoin(K)] = 3 Xair () + 5 Xia(h)
= %Xn(k) + §WJ’\? () + %X:‘L(k) - %WﬁmX,*L(l)

= Re[X, (k)] + Re[Wx' X, ()]

since \Xn(k)|<%, Re[X, (k)] <
since \Xl(k)\<%, Re[WIX, ()] <
s0 Re[WEXn(D)]] <

Therefore |Re[X,,+1(k)]|

EI\D\)—‘M\HM\H

e[Xn (F)]] + [Re[WR Xn ()] < 1
The other inequalities are verified similarly. (b)

Xoa(B) = Re[X(B)] + JIm[X, (k)]

lcos(2am) — jsin(em)] [ReX,(1)] + jTm[ X, (1)]
Re[ X, (k)] + cos()Re[ X, ()] + sin(.)Im[ X, (1)]

+7 {Im[X,, (k)] + cos(.)Im[X,, (1)] + sin(.)Re[X,,(1)]}
[Xn(F)| + | Xn(D)] + A

2cos(.) {Re[Xy (k)]Re[ Xy (1)] + Tm[X,, (k)] Im[ X, (1)] }
+2sin(.) {Re[ Xy (k) Im[ X, ()] — Im[ X5, (k)| Re[ X (D]}
| X (B)? + 1 Xn ()] = A(%)

Therefore, | X,,11(k)|
where A

>l

also | Xyq1(1)]?
Therefore, if A > 0,
max(| X1 (k)| [Xnt1 (D] = [Xng1(F)]
= {IXa(B)P + X + A}
> max[[ Xy (k)[, [Xn ()]

By similar means using (*), it can be shown that the same inequality holds if A < 0. Also,
from the pair of equations fro computing the butterfly outputs, we have

2Xn(k) = Xpua(k) + Xpa(l)
2X5(1) W]Gan+1(k) - WﬁanJrl(l)

By a similar method to that employed above, it can be shown that

2max(| Xy, (k)] [Xn (D] = max(| X 41 (K)], [Xnia (D]
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(a) N=64 dc=16 (b) N=64 dc=8

20 8
15 6
(] [}
© e}
2 2
10 c4
o D
© ®©
£ £
5 2
0 0
0 20 40 60 80 0 20 40 60 80
(c) N=128 dc=16 (d) N=64 dc=7.664e-14
20 800
15 600
(] (]
e] e]
2 2
10 Z 400
()] ()]
© ©
£ £
5 200
0 0
0 50 100 150 0 20 40 60 80

Figure 8.36-1:

8.36

Refer to fig 8.36-1.
(d) (1) The frequency interval between successive samples for the plots in parts (a), (b), (¢) and
(d) are g1, a7 Tag@ndgg respectively.
(2) The dc values computed theoretically and from the plots are given below:

part a partb partc partd
theoretical 16 8 16 0
practical 16 8 16 8.203e — 14

Both theoretical and practical dc values match except in the last case because of the finite word
length effects the dc value is not a perfect zero.
(3) Frequency interval = .

(4) Resolution is better with N = 128.

8.37

(a) Refer to fig 8.37-1.
(b) Refer to fig 8.37-1.
(c) Refer to fig 8.37-1.
(d) Refer to fig 8.37-1.
(e) Refer to fig 8.37-2.

259

© 2007PearsorEducation)nc., UpperSaddleRiver,NJ. All rightsreservedThis materialis protectedunderall copyrightlaws
astheycurrentlyexist.No portionof this materialmay bereproducedin anyform or by anymeanswithout permissionin
writing from the publisher. Forthe exclusiveuseof adopterf thebookDigital SignalProcessingi-ourthEdition, by JohnG.
ProakisandDimitris G. Manolakis.ISBN 0-13-187374-1.



r=0.9, Y(K) r=0.9, ¢=0.92, W(K)

6 25
> 20
o4 [}
5 g 15
3 H
& I
E2 1S 10
1 5
0 0
0 50 100 150 0 50 100 150
r=0.5, Y(K) r=0.5 , ¢=0.55, W(K)
14 6
5
2 1.2 g 4
2 2
c c3
o o
& &
E 1 €2
1
0.8 0
0 50 100 150 0 50 100 150
Figure 8.37-1:
r=0.5, Y(k) % 10% W(K)
12 4
10
3
g8 3
2 2
c 6 c2
) o)
IS IS
€ 4 €
1
2
0 0
0 50 100 150 0 50 100 150

Figure 8.37-2:
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Chapter 9

9.1

(a) H(2) =142z + 3272+ 4273 + 3274 4+ 227° + 276, Refer to fig 9.1-1
(b) H(z) =1+ 2271 +3272 + 3273 + 2274 + 275, Refer to fig 9.1-2

x(n) 71 z1

#1 .

9.2

Refer to fig 9.2-1

Aq(z) = H(2)
B4(Z)
Hence, K4

Ag(Z)

© 2007PearsorEducationnc., UpperSaddleRiver,NJ. All rightsreservedThis materialis protectedunderall copyrightlaws
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Figure 9.1-1:

14288271 +34048272 +1.74272 404274
0.4+ 1.742"" +3.4048272 +2.88273 + 274
0.4
Ay(z) — kaBy(2)

1- k2
1426271 +2432:7240.727°2
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x(n) 1 1l 7l 7l . -

y(n)
Figure 9.1-2:
B3(z) = 0.7+243227' +26272 4273
Hence, K3 = 0.7
As(2) — k3Bs(2)
A = N7 00 <C N7
2(2) 72
= 14176271 +1.2272
By(z) = 1.2+ 1762 L 4+ 272
Then, Ko = 1.2
A2(Z) — kQBQ(Z)
A = -~ 7 2=z = 7
1(2) 72
= 1+08271
Therefore, K1 = 0.8

Since Ko > 1, the system is not minimum phase.

9.3

Viz) = X(2)+ %zfl‘/(z)

v(n) = z(n)+ %v(n -1

Y(2) = 2BX(2)+V(2)]+2:7'V(2)
_ 8§— 21
- 1-0.5271

h(n) = 8(0.5)"u(n) — (0.5)" tu(n — 1)
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x(n)

o Ta0=y0)

an '
Z_l + z'l Z_l + Z—l

x(n)
0 A/
(b)
Figure 9.2-1: (a) Direct form. (b) Lattice form
94
3zt 1+ 221
H =
=) ot 1+3271 1-1z71
1 n—1 1 n 1 n—1
h(n) = 5d(n)+ 3(75) u(n—1)+ (5) u(n) + 2(5) u(n —1)
9.5

9,1 _ 5,2

H(z) — — Ot =52
(1432711 - 3271
6+ 220 — gz’2

_1,,_1,-2
1 g% 5%

Refer to fig 9.5-1

9.6

1 n 1
171)12’71 171)2271
1-— (bl + b2)2_1

For the first system, H(z) =

H
(2) 1 — b1z D1 — boe1)
-1
For the second system, H(z) = q- dICZO_t)C(1lz_ —
clearly, ¢cg = 1
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x(n) — —=y(n)

1/6

-5/3

Figure 9.5-1:

9.7
(a)
y(n) = ary(n —1)+ agy(n —2) + box(n) + bix(n — 1) + bax(n — 2)
H(z) . bo +blzfl +b22’72
1+a1271 +ag22
(b)
1 2 —1 —2
H(z) _ +2z7 4z
1415271 +0.92—2
Zeros at z = —1,—-1
Poles at = = —0.754 50.58

Since the poles are inside the unit circle, the system is stable.
1+2271 4272

H = —
() 14271 —2272
Zeros at z = —1,—1
Polesat z = 2,—1
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The system is unstable.

()
z(n) = cos(gn)
1
H =
) T+21-09922
1
H = - -
(w) 1+ e 9w —0.99e—72w
H(g) = 100e7/F
Hence, y(n) = IOOcos(En - E)
3 3
9.8
y(n) = Jy(n—2)+z(n)
1
H =
) 1—3272
(a)
11,1 1
h _ = “\n Y
0 = |G+ 5] um
1 1
H — 2 2
(=) 1-3z71  141z71
(b)
1 n 1 n
o) = |G+ (5] utn)
1 1
X =
(2) [P B
2
X =
(2) 1 iz—Q
Y(z) = X(2)H(2)
B 1 Lo, —527 ! N 1z71
e L B V= Vo LR (I P b
un) = )+ (5" () 4 n(—3)" | uln)
(c)Refer to fig 9.8-1
(d)
1
H(w) = 71 — ie_ij
4 .
_ / —tan-] sin2w
V17 — 8cos2w 4 — cos2w
Refer to fig 9.8-2.
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Direct form 2

~ cascade form
+ y(n)
o o) ——( 4 () Y
D
D D
12 -1/2
D
| v ]
Parallel form
v2 0 D
+ + n
N el
D
12
x(n) —=
V20
|
D
-1/2
Figure 9.8-1:
Magnitude of H(w)
14 T T
El.z .
T
AN
|
Pl ]
08 | | |
0 0.5 1 15 2 25 3 35
Phase of H(w)
g 0.2F b
T
©
o Of 7
c
S
AN
I
I -0.2| B
0 0.5 1 15 2 25 3 3.5
Figure 9.8-2:
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9.9

14 Lz71
H(z) = 5 3 .
1-— 12_1 + §2_2
B 1+ 3271
N (1- %z—l)(l — iz—l)
10 _T
3 3
= -
1—3z71  1—2z71
Refer to fig 9.9-1
(b)
Direct form |: Direct form I1:

Cascade: Paralldl:

10/3

o

713

Figure 9.9-1:

0.7(1 — 0.3622)

140121 —0.722-2

0.7(1 — 0.6271)(1 + 0.6271)
(140.9271)(1 - 0.8271)
0.1647 0.1853

1+092-1 1-08z1!

0.35 —

Refer to fig 9.9-2
(c)

3(1+1.22714+0.2272)

H =
(2) 1410121 —02:-2
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Direct form |: Direct form I1:

Parallel:

X(n)

Figure 9.9-2:

3(1+022" (14271
(1+0.52=1)(1 — 0.421)

7 1
1-04z"1 140521

- -3+

Refer to fig 9.9-3
(d)
21— 2" H(1+ V2271 +272)
(14+0.5271(1 —-0.9271 +0.8272)
24+ (2v2 —2)z7 + (2 - 2v2)272 —2273)
1—-0.427140.3622 + 0.4052—3
A B+ Ozt
1+0.5z71 + 1-0.927140.82"1

H(z) =

Refer to fig 9.9-4

(e)
14271
H =
() 1—4z71— 1,2
_ 14271
(1 -0.81z71)(140.31271)
1.62 —0.62

1-0.81z"1 + 1+40.31z71
Refer to fig 9.9-5
—1 -2
(f) H(z) = 25555%= = Complex valued poles and zeros.Refer to fig 9.9-6 All the above
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Direct form I: Direct form I1:

Figure 9.9-3:

systems are stable.
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Direct form I: Direct form I1:

Figure 9.9-4:

Direct form |: Direct form I1:

y(n)

Cascade: Paralld:

Figure 9.9-5:
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Direct form I: Direct form |1, cascade, parald:

/D y(n)

Y(Mx(n) + I
71
1 -1
+ +
1
05 [ 1
Figure 9.9-6:
271
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9.10

Refer to fig 9.10-1

x(n) v(n) w(n 71 w(n-1) rsinwg ( > ¥(n)

Figure 9.10-1:

1

(2) 1 — 2rcoswgz—1 4+ r22—2
(2) = X(2)—rsinwez 'Y (2)

(2) W(z) = V(z)—rcoswoz 'W(z)
(2)

rcoswoz Y (2) — rsinwoz " W (2)

1 rsinwyz "t

4) W) = WX(Z)

Y(2)

1 — rcoswgz—1

Use (4) to eliminate W (z) in (3). Thus,

Y (2)[(1 = reoswoz™1)? + r2sin*woz %] = X(z2)
Y(Z)D*ZTCOSUJOZ?I +(T20052w0+r25in2w0)z’2] = X(2)
Y(z) _ 1
X(z) 1 —2rcoswoz! +r2z—2
9.11
Ao(z) = Bo(z) =1
Ai(z) = Ag(z) + k1Bo(z)z "
— 1_~_1 —1
= 5%
272
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1
Bi(z) = 421

2
As(z) = Ai1(2) + keBi(2)
= 1403271 +06272
By(z) = 0.6+0327 4272
As(z) = Ay(2) + k3Ba(z)
= 1-0122"1 4039272 -0.7273
B3(z) = —0.7+0.3927!' 0122724273
Ag(z) = As(z) + k4Bs(z)
= 1- %z—l +0.52272 — 0.74273 + %2—4
Therefore, H(z) = C(1— %z‘l +0.52272 - 0.74273 + %2_4)

where C' is a constant

9.12

Refer to fig 9.12-1

b
x,(n) Ok @ O
1
Wy (n)
b1k A =
\V
1
Wol(n)
bk -agk
N
x(n) = " v
] H H I - (Z) — —
e A 22 N y=y, ()
Figure 9.12-1:
bok + bigz "t + bogz 2
Hk(Z) - 14+ a1p27 1 4+ agpz=2
ye(n) = borxr(n) +wig(n —1)
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wig(n) = bux(n) — apyr(n) + war(n — 1)

war(n) = bapx(n) — azyr(n)

9.13
YJM1 = G * XIN
DO 20 J=1,K

YJ=B(J,0) * XIN + W1(J)
W1(J) = B(J,1)*XIN - A(J,1)*YJ + W2(J)
W2(J) = B(J,2)*XIN - A(J2)¥YJ
YIMI = YIMI + YJ
20 CONTINUE YOUT =YJMI RETURN

9.14

YJM1 = XIN
DO 20 J=1,K
W =-A(J,1) * WOLDI - A(J,2) * WOLD2 + YMJ1
YJ = W + B(J,1)*WOLDI + B(J,2)*WOLD2
WOLD2 = WOLD1

WOLD1 =W
YIM1 =Y]J
20 CONTINUE
YOUT =YJ
RETURN
9.15
T
H(z)=As(z) = 14227+ 37
1
By(z) = 3 4+ 2271 4 272
1
kQ - g
_ AQ(Z) - kQBQ(Z)
A=) = 1-k2
= 1+ gz_l
3
kl == 5
9.16
(a)
Az)] 1 K 1] [1+3271
Bi(z) | | k1 1 T 2+t
Ax(z) | | 1 -3 Aq(2) [ 1437t - 3272
By(z) | [ -3 1 z1Bi(z) | | i+ 52427
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zeros at z = —1, eI 3
(b)
Hy(z) = Ay(2) — 2 'By(2)
2 2
= 1 + 5271 — 5272 — 273
-5+ 7v11
The zeros are z = 1, %

(c) If the magnitude of the last coefficient |ky| = 1, i.e., ky = £1, all the zeros lie on the unit
circle.

(d) Refer to fig 9.16-1. We observe that the filters are linear phase filters with phase jumps at

2

——=> phase of H1(w)

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
———> freq(Hz)

——=> phase of H2(w)

| | | | |
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
———> freq(Hz)

Figure 9.16-1:

the zeros of H(z).

9.17

(a) Refer to fig 9.17-1

275
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X(n) VAR U Ot O =
+

. 0.8
1 1 1

wgl(n) K/ gz(n

R
S g,m

Figure 9.17-1:

(n) = d(n)

filn) = d(n)+0.656(n—1)
(n)

(n)

0.656(n) +d(n — 1)

fi(n) —0.34g1(n — 1)

d(n) +0.4296(n — 1) — 0.346(n — 2)

g2(n) = —034fi(n) +gi(n—1)

—0.346(n) + 0.4296(n — 1) + 6(n — 2)

fg(n) + 0.892(7’1, — 1)

= §(n) +0.1575(n — 1) + 0.00328(n — 2) + 0.85(n — 3)

=
—~
2
I
&
3
~
I

(b) H(z) =1+ 0.157271 +0.00322~2 + 0.8273. Refer to fig 9.17-2

x(n)

I @ y(n)
1

Figure 9.17-2:
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9.18

Cs(2)
H(z) =
(2) A5(2)
Az(z) = 140927108272 +0.5273
Bs(z) = 05-082"14092724:.72
ks = 05
As(2) — k3Bs(2)
A = =X -
2(2) 1- k2
= 14173271 167277
Bo(z) = —1.67+1.73271 4272
ke = —1.67
AQ(Z) — kQBQ(Z)
A = 2 s
1(2) 1- k2
= 1+16227¢
Bi(z) = 1.62+42z7!
ki = 1.62
C3(z) = 1422143724273
D3(z) = 2432142724273
ks = 2
_ Cs(z) — k3Ds(z)
Ca(2) = 1- k2
4 1
= 1 =+ 5271 =+ §272
1 4
Dy(z) = 3 + ngl + 272
1
kQ = g
_ CQ(Z) — kQDQ(Z)
Gz = 1- k2
3
= 1 + 1271
3
Di(2) = 1 + 271
3
kl = Z
C3(Z) = g+ UlDl(Z) + UQDQ(Z) + Ung(Z)

14227 43272492273

From the equations, we obtain

B 1
ST
13
vy = ——
! 4
(%) = —1
V3 = 2
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The equivalent lattice-ladder structure is: Refer to fig 9.18-1
(b) A3(2) =1+0.9271 —0.8272+0.5273,  |ki| > 1 and |k2| > 1 = the system is unstable.

-1.67 1.62
z-1 + z-1 + 2l
N N
Vo=l v, =-13/4 Vg =-107/48
+ + @w@
/U
Figure 9.18-1:
9.19
Refer to fig 9.19-1
Y(z) = [rsin@X(2)+ rcosOY (z) —rsin@C(2)] 2z~ *
C(z) = [-rcosOX(z)+rsin@Y (z) + rcosOC(z)] 27!
Y(z)
H =
B rsin©z !
1 —2rcosOz1 4222
Hence, h(n) = r"sin(On)u(n)
and y(n) = 7rsin@x(n — 1)+ 2rcosOy(n — 1) — r?y(n — 2)

The system has a zero at z = 0 and poles at z = ret7©.

9.20
1
H(z) =
(2) 1 — 2rcoswgz—1 + r2z—2
- rcoswgy — j%ﬁf&o rcoswg + j%ﬁf& o
z — (rcoswg + jrsinwg)  z — (reoswgy — jrsinwy)
 rcos2w
reoswy — j528=to
S(Z) — 2sinwo X(Z)

z — (reoswg + jrsinwg)

278

© 2007PearsorEducationnc., UpperSaddleRiver,NJ. All rightsreservedThis materialis protectedunderall copyrightlaws
astheycurrentlyexist.No portionof this materialmay bereproducedin anyform or by anymeanswithout permissionn
writing from the publisher. Forthe exclusiveuseof adopterf thebookDigital SignalProcessingi-ourthEdition, by JohnG.
ProakisandDimitris G. Manolakis.ISBN 0-13-187374-1.



rcos®

rsine [ 4 #1 y(
rsin@
x(n)
-rsin 6
+ 71 c(n)
-r cos 0
rcos 6
Figure 9.19-1:
s(n) = wi(n)+ jua(n)
p = a1t+ja
= a; = rcoswy
g = Trsinwgy
A = g+
= (g1 = Tcoswy
—rcoswy
Q2 = ——
2sinwg
vi(n+1) = avi(n) — asva(n) + grz(n)
= rcoswovi(n) — rsinwgva(n) + rcoswoz(n)
va(n) = agui(n) + ayva(n) + gx(n)
. —rcoswy
= rsinwgur(n) + recoswoue(n) + ——x
2sitnwg
or, equivalently,
| rcoswg —rsinwg TCOSW
v(n+1) = rsinwy  rcoswy } u(n) { St } (n)

y(n) = s(n)+s"(n) +x(n)
= 2ui1(n)+x(n)
or, equivalently,
y(n) = [2 OJu(n) + z(n)

where
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9.21

(b) Refer to fig 9.21-1

Direct form:

0.6

1406271

0.6+ 21

Ay (2) + ko By (2)z7 !

1+40.78271 4+ 0.3272

0.34+0.7827 1 + 272

Ay (2) + k3Ba(2)z ™1

14093271 4069272405273
0.540.69271 +0.93272 4 23

Asz(2) + kyB3(2)z7!

14138271 +1.311272 +1.337272 + 0.9z~

9.22

From (9.3.38) we have
y(n)

But, y(n)

Hence, ko

and, ki (1 + ko)

k1

Figure 9.21-1:

—k1(1+ka)y(n — 1) — kay(n — 2) + 2(n)
2rcoswoy(n — 1) — r2y(n — 2) + x(n)
2
r
—2rcoswy
727"00511)0

1472
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Refer to fig 9.22-1
(b) When r = 1, the system becomes an oscillator.

+ f-i-\ y(n)

Figure 9.22-1:

9.23

1-0.82"140.15272

HE) = T —0ms
_ B
A(z)
For the all-pole system L, we have
A(z)
ki(1+ky) = 0.1
ky = —0.72
=k = 0357
ke = 0.72
For the all-zero system, Co(2) = 1—0.82""4+0.15272
Ax(z) = 1-08271 +0.15272
By(z) = 0.15—-0.8271 4272
ko = 0.15
A = A2(Z)1 k]:%Bz(Z)
= 1-0.696z""
Bi(z) = —0.696+ 27!
ki = —0.696
Ao(z) = Bo(z)=1
281
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2

Ca(z) = > vmBm(2)

m=0
vo + v1 B4 (Z) + UQBQ(Z)
1-08271 +0.15272

The solution is:

vy = 0.15
v —0.18vy = —-0.8
v — 0.696v1 + 0.15v, = 1
=v9 = 1.5
v1 = —0.68
vy = 0.15

Thus the lattice-ladder structure is: Refer to fig 9.23-1

Figure 9.23-1:

1-¥2:7140.25:72

H(Z) = 1-0.82 14064z 2* Refer to ﬁg 9.24-1
9.25

14zt 1
H(z) = T—2=1'1-0.8v22-140.642-2

_ 231 —1.3142.962"*
H(z) = E—— + 1—048\/§z—1+02464z—2 Refer to fig 9.25-1
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Direct form 1 :

Transposed form :

x(n + y(m  x(n) @ y(n)
a D
d ()
wherea=0.8, b=~/2/2,c=0.25and d = -0.64
D
c [, ¢
)
Figure 9.24-1:
9.26
(a)
For positive numbers, range is
01.00...0 x21001 01.11...1 x2011!
N—— N——
11 11
or 7.8125 x 1073 2.5596875 x 102
negitive numbers
10.11...1 x 21001 10.00...0 x 20111
N—— N——
11 11
or —7.8163 x 1073 —2.56 x 10>
(b)

For positive numbers, range is
01.00. . .0 x 210000001
23
or 5.8774717 x 10~
negitive numbers
10.11 ... 1 x 210000001
23
or —5.8774724 x 10~

283

01 11 1X201111111
23
3.4028234 x 10%®

10 00 0 ><201111111
23
—3.4028236 x 1038
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Parallel:

Cascade: A + 231

y(n)

Figure 9.25-1:

9.27

(a) Refer to fig 9.27-1

+ m y(n)

Figure 9.27-1:

Hr(z) = (1+az7 ' 4+az7)7?

—ay +\/a? — 4as
2

poles zp12 =

for stability
(i)a? — 4ay

g — JaZ =
ifay >0, —2 2“1 daz
= \/a? — 4day

=a1<2anda; —ay < 1

v
o

Y
|
—_

IN
[\
|
S
=
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—ay —+/a? — 4ay

if a1 <0, < 1
2
=/a? —4day < 2+4a;
=a;>—-2anda; +ay > -1
N, 1. das — a?

_a < 1

(-2 + (20 <
an S 1

Refer to fig 9.27-2. The region of stability in the a; — as plane is shaded in the figure. There are

The stable area of (?L, a2)

Figure 9.27-2:

nine integer pairs (ai,as) which satisfy the stability conditions. These are (with corresponding
system functions):

(0,-1)  Hg,(2) (1—2z"2)"1

(O’O> HRQ(Z) =1

(0,1)  Hp,(z) = (1+272)7"

(1,0)  Hp,(2) = (14297

(1,1)  Hgy(z) = (1+z7'4+272)7"
(2,1)  Hpy(z) = (1+2z7 1427271
(-1,0) Hp,(2) = (1—zHt!
(=1,1)  Hp(z) = (1—zt4272)71
(=2,1)  Hpy(z) = (1—-2z"14272)71
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(i)

—
=
1
j}
Ay
O
I
=
Nl

(d) see above.

9.28

Refer to fig 9.28-1
Note that 4 multiplications and 3 additions are required to implement H(z). The advantage

x(n)

{+) b
N A ﬁ/ ’
I 2

b3

Figure 9.28-1: Structure of Hy(z)

of Horner’s method is in evaluating H;(z) for a specific zg. Thus, if

Hl(z) = bo + b0b1271 + boblbgziz + bob1b2b3273
= by + 271(b0b1 + Zﬁl(boblbg + 271b0b1b2b3))
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the 3 multiplications and 3 additions are required for the evaluation of 9.1 in the field of z.
If the various powers of z are prestored, then Horner’s scheme has no advantage over the direct
evaluation of 9.1. Refer to fig 9.28-2
This requires 4 multiplications and 3 additions. The linear-phase system is written as

Figure 9.28-2: Structure of H(z) = boz~2 + bob1 272 + bob1baz ™! + bob1 bobs

H(2) = 2%a3 + zas + a1 + 27 ag + 27 2a1 + 2 3ay + 27 a3
By applying Horner’s scheme, we can rewrite this as
H(z) = 2%(az + 27 Yag + 27 ay + 27 Hag + 27 ay + 27 (az + 27 1a3))))))

Assuming that z~! and z are given, a direct evaluation of H(z) at z = zo requires 8 multiplications
and 6 additions. Using Horner’s scheme based on 9.28, requires the same number of operations
as direct evaluation of H(z). Hence, Horner’s scheme does not offer any savings in computation.

9.29
(a) When z; and x4 are positive, the result is obvious. If 21 and zo are negative, let
T — 70711712...71[)
= —0mmny ... +000...01
o = —Omlmg...mb
= —1lmymy...Mmpy+000...01
r3 = X1+ X2
= —0m0...0+0m10...0+4+¢
wherec = 007y ... Mp+00mm2 ... M +000...010

If the sign changes, there are two possibilities
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=N =1ma = 1
= |z1]

= |zg] > 1, overflow
(’i’i)(ﬁlzl,m1:07020) or (ﬁlz(),mlzl,c:())

_ 1 _ 1
:>(|On100)10|>§ or (|0m100)10|>§
1
and |eq] 3
= |z3] 1, overflow
(b)
z; = 0100
23 = —0110=1010
r1+x2 = 1010, overflow
1 +ax0+2x3 = 0100, correct result
9.30
(a)
—a+z!
H(z) = 272
(2) 1—az"1
. —a + efjw
H(eIv 2 _ a : 2
HEP = |2
~ (—a+ cosw)? + (—sinw)?
(1 — acosw)? + (asinw)?
_ a® — 2acosw + 1 1 Y
1 — 2acosw + a?
(b) Refer to fig 9.30-1
(c) If |a| = | — a|, where @ means the quantized value of a, then the filter remains all-pass.
a

Figure 9.30-1:

(d) Refer to fig 9.30-2
(e) Yes, it is still all-pass.

288

© 2007PearsorEducationnc., UpperSaddleRiver,NJ. All rightsreservedThis materialis protectedunderall copyrightlaws
astheycurrentlyexist.No portionof this materialmay bereproducedin anyform or by anymeanswithout permissionn
writing from the publisher. Forthe exclusiveuseof adopterf thebookDigital SignalProcessingi-ourthEdition, by JohnG.
ProakisandDimitris G. Manolakis.ISBN 0-13-187374-1.



x(n) SR y(r)
a 71
- + +
NG
Figure 9.30-2:
9.31
(a) y(n) = [2(5)" — ()"] u(n)
(b) Quantization table
S R
v 3 7

327 32 "7 16

2w

327 32 "7 16

1 1 14

— > > — T=—

32 32 16

r < -1+ i T=-—1
32 N
4 1
Therefore T(n) = {%’167167 , .,O}

i
i

Errors occur when number becomes small.

i

3 7 156 31

8.7 12 16
1747167647 256"

12 7 3 1
177167167167 16" 7 7

63

N
0.0....|
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9.32

y(n) = 0.999y(n —1) +e(n)
e(n) is white noise, uniformly distributed in the interval [—2%, 2%]
E{y*(n)} = 0999°E{y*(n—1)} + E{c*(n)}
(1-0.999°)E{y*(n)} = E{e*(n)}

= —— where A =278
12

1.1 1
Therefore, E{y’(n)} = 55(55)" 75505
= 6.361210~*

9.33

(?g)poles zp1 = 0.695,  zpz = 0.180 Refer to fig 9.33-1
Truncation

D

x(n) ¢ ] y(n)
D D
0.695
Figure 9.33-1:
5
0.695 — 3= 0.625
1
0.180 — 3= 0.125
poles Zp1 = 0.625,  Zp» = 0.125
(¢) Rounding
0.695 — g =0.75
1
0.180 — 3= 0.125

poles Z,; = 0.75, Zp2 = 0.125
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[0.75 — 0.695] < |0.695 — 0.625]
Rounding is better

|Hy(w)| = [(1.483 + 1.39cosw)(1.0324 + 0.36cosw)] ™=
|Hy(w)| = [(1.391 + 1.25cosw)(1.0156 + 0.25cosw)] =
|Ho(w)] = [(1.563+1.500811))(1.0156—1—0.25608’11))]_%
9.34
(a)
I 4
Hl(Z) = 1—52’
1
hl(n) = {1,—2}
Hy(z) = (1—%—1)—1
ha(n) = (7)"u(n)
Hy(z) = (147277
hs(n) = (—p)"uln)

Refer to fig 9.34-1 Cascade the three systems in six possible permutations to obtain six realiza-

I
N
-;@

V4

H,y ()
a

V4

Figure 9.34-1:

tions.
(b) Error sequence e;(n) is uniformly distributed over interval (
any i (call it o2)

—b lo—b 2 _ 272
27°,327°). So 0f, = 5

5 for

1
2
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)
)

14 -1/4

510 &) Q)

Figure 9.34-2:

(¢) consider cascade Hy - Hy - H3 Refer to fig 9.34-2

h4(n) = h2 (n) * hg(’n)
1 1.,
- {1,0,16,0,(16) ,0,...}

R D UES )
n=0 n=0

- o=t )

™)

16
= 3.074507
using similar methods:

Hy—Hy—Hs o, = 3.074507
Hy—Hy—Hs o0, = 3.388207
Hy—Hs;—Hy o0, = 325880,
Hs—Hy—Hy o] = 3.26270;
Hs—Hy,—Hy o0, = 3.32160;

9.35

y(n) = Q[0.15(n)] + Qlay(n — 1)]

y(n) = QUO.16(n)] +QISy(n — 1)
y0) = Q1=
292
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y(1)

y(2) =y(3) = y(4)
no limit cycle

(b)
y(n)
y(0)
y(1)
y(2)
y(3) =y(4)
limit cycle occurs
9.36
(a) 0-;% = Tww(o) =3=A4,= %
(b)
A
so SNR
(c) left-justified.
(d)
o
Now 031

and Z h%(n)

2
SO Uq

and SNR

2—6
AQ
12
1
12 x 212

1
1010910 —
Oe

10log10(12 x 2'?)
46.91dB

o i h%(n) + o4 i h%(n)

n=0 n=0
1,1,
1'%
16
1-0.752 7’

6/1 1., 1,1,
I
344, 064
1
1010910*2
o

q
43.06dB
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9.37

A o .
Define p. = rcosb, ps = rsind for convenience, (a)

—pay(n = 1) + ex(n) + w(n) + pev(n — 1) +ea(n) = v(n)
pv(n—1) +es(n) + pey(n = 1) +ealn) = y(n)
(b)
P Y () 4 Bi(2) + X(2) +pez V() + Balz) = V()
psz V() + Ba(2) + ez Y (1) + Balz) = Y(2)
-1
YE) = g s X () Bi) + Bao)
1—pez~t
+ [E3(2) + Ea(2)]

1—2p.z=1 + 12272
= Hi(2)X(2) + H1(2)[E1(2) + Ea(2)]
+H;(2)[E3(2) + Ea(2)]

when Hq(z) and Hs(z) are as defined in the problem statement

hi(n) = ps ,1 ar”_lsinenu(n —1)
sin
rsin(nd)u(n — 1)
= r"sin(nd)u(n)
_ 1 n..s 1 n—1_;: o
ha(n) = g sin(n + 1)0u(n) + p. pry L sin(On)u(n — 1)

n

= d(n)+ s:nﬁ [sin(n + 1)0 — cosfsin(nd)]u(n — 1)
= d(n) +r"cos(nf)u(n — 1)

= r"cos(nf)u(n)

A2

TL= 0L =0h =0 =00 = 12
L oo-b
= 52 )?

272b

12

ol = 20’ Z hi(n) + 202 Z h3(n)
n=0 n=0

o0
= 2055 [r?"sin*nf + r*"cos*n]
n=0

1
_ 2
= 20, 1=,

272 1
6 1—r2n

9.38
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9.39

Refer to fig 9.39-1

X(n) ‘ 1 O\ )
1
z
aq
+ ke )
1
z
aM-2
+ eM_Z(n)

m-1 ™

Figure 9.39-1:

1
0'31 = E272b vl
O'(? = (Mfl)crfd
e,
12
295
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9.40

_ B3
H(z) = A0)
_ G(1—0.8eﬂ%)(1—0.8e—f%)
T - 0se (1 + L
(140.25271)(1— 2271
G2 T —
(1-0.8¢73)(1 —0.8¢773)
= Hi(z)Ha(2)
(a)
Z*l — e*jw
Atw=0,2"t =1
Hi(w)|lw=o = 1
_0.8¢/3)(1 — 0.8 7%
Gl(l 0.8¢77)(1 O.?e ) _ )
(1-05)(1+3)
Gy = 1.1381

(140.25)(1 - 3)
*(1-0.867%)(1—0.8¢%)
Gy = 1.7920

(b) Refer to fig 9.40-1.
(c) Refer to fig 9.40-2.
Refer to fig 9.40-3.
Refer to fig 9.40-4.
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Direct form:

G Ly
Direct form Il and cascade structure:
OIER | O] g o
-1
+ 1/6 -3/8 +
-1
z
1/6 -5/32
Figure 9.40-1:
Direct form |, impulse response
15 T T T T T
1fF i
g
g 05 b
0
I 0
I
-0.5 i
_1 | | | | | | | | |
0 10 20 30 40 50 60 70 80 90 100
Direct form |, step response
16 T T T
1.4} b
(o))
@
S
A l2 i
I
|
1
08 | | | | | | | | |
0 10 20 30 40 50 60 70 80 90 100

——>n

Figure 9.40-2:
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Direct form Il, impulse response

15 T T T T T
l -
o
[
1S
A 05 i
|
|
0
_05 | | | | | | | | |
10 20 30 40 50 60 70 80 90 100
Direct form I, step response
15 T T T

|
0 20 30 40 50 60 70 80 90 100

1.4 |
2
€13 .
N
i 1.2 .
1.1 .
l l l l l l l l

0 1
Figure 9.40-3:
Cascade form , impulse response
15 T T T T T
1 -
(o))
IS
IS
A 05 i
|
I
0
_05 | | | | | | | | |
0 10 20 30 40 50 60 70 80 90 100
Cascade form, step response
15 T T T T T
1.4 i
g
g 13f b
N
i 1.2f ]
1.1F B
l Il | | | | | | |
0 10 20 30 40 50 60 70 80 90 100

——>n

Figure 9.40-4:
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9.41

Refer to fig 9.41-1a.
(b)

x(n) fo(n) m f(n) m

f2(n) = y(n)

y(n)

x(n) m f{n) @ )

1

2

Reverse

(b)

Figure 9.41-1:

1
A = (1-052"1) (14 4271)
1

_1l,-1_1_-2
1 52 52
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ki(1+ke) = —

(S

Refer to fig 9.41-1b.
(c) Refer to fig 9.41-2.
(e) Refer to fig 9.41-3.

L)
21 + z7l
u

v,=0.1563 v, =0.4336 v,=0.7829

w @ y(n)

Figure 9.41-2:

(f) Finite word length effects are visible in h(n) for part f.

9.42

Refer to fig 9.42-1.

15
c = —
16
9
Hi(z) = 71_11()2,1
3
83
Hy(z) = 1_’_810271
3
300
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IR for part a IR for part b

1 1
0.5 0.5
= =
= =
0 0
-0.5 -0.5
50 100 0 50 100
IR for part ¢ IR for part f
0.8 1
0.6
0.5
__ 04 -
c c
= =
0.2
0
I
-0.2 -0.5
0 50 100 0 50 100
-=>n -—>n

Figure 9.41-3:
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Parallel form structure:

E

x(n) y(n)

H @)

H,(2)

Parallel form structure using 2nd-order coupled-form state-space sections

1

1/2

x(n) | A

o

W)
N

-1/3

Figure 9.42-1:
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Chapter 10

10.1
(a) To obtain the desired length of 25, a delay of 22-1 = 12 is incorporated into Hy(w). Hence,
—j12w il
Hy(w) = 1le7*, 0<|w| < 6
= 0, otherwise
h L[t Hg(w)e™7""d
a(n) = 27T/—g a(w)e w
~ sing(n—12)
 7w(n—12)
Then, h(n) = hg(n)w(n)

where w(n) is a rectangular window of length N = 25.
(b)H(w) = 224:0 h(n)e=9“" = plot |H(w)| and ZH (w). Refer to fig 10.1-1.
(c) Hamming window:

£
G
I

(0.54 — 0.46003%)
h(n) = hgn)wn) for0<n<24

Refer to fig 10.1-2.
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50

@ 0
Z
g
g -50
A
I
I -100
_150 1 1 1 1 1 1 1 1 1
0 005 01 015 02 025 03 03 04 045 05
———> Freq(Hz)
4
21 4
[}
2]
©
s
~ OR N
|
[
|
_2 - -
_4 1 1 1 1 1 1 1 1 1
0 005 01 015 02 025 03 03 04 045 05
—-——> Freq(Hz)
Figure 10.1-1:
50
)
S
()]
®
£
N
|
I
_150 | | | | | | | | |
005 01 015 02 025 03 03 04 045 05
—-——> Freq(Hz)
4
2
[}
2]
<
s
N0
|
|
[
-2
_4 | | | | | | | | |
0 005 01 015 02 025 03 035 04 045 05
—-——> Freq(Hz)

Figure 10.1-2:
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(d) Bartlett window:

Refer to fig 10.1-3.

-10

———> mag(dB)
N
o

|
N
o

|
a
o

1 1 1 1 1 1 1
0 005 01 0.15 0.2 0.25 03 035 04 045 05
—-——> Freq(Hz)

———> phase

1 1
0 005 01 0.15 0.2 0.25 03 035 04 045 05
—-——> Freq(Hz)

Figure 10.1-3:

10.2

Hy(w) = le 7 Ju| < %, g <|w| <7
7r T
— 0 Z<|w <l
g slvl=g
1 us
ha(n) = %/ Hi(w)e " dw
inZ(n— 12 inZ(n— 12
— 5n)— sm3(71 ) sing(n )
m(n —12) m(n —12)

(b) Rectangular window:

wn) = 1, 0<n<24

= 0, otherwise
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Refer to fig 10.2-1.
(¢) Hamming window:

10

0

———> mag(dB)

_50 | | | | | | | | |
0 005 01 015 02 025 03 035 04 045 05
———> Freq(Hz)

———> phase

0 005 01 015 02 025 03 035 04 045 05
———> Freq(Hz)

Figure 10.2-1:

w(n) = (0.54—0.46008§)
h(n) = ha(n)w(n)

24 ]
H(w) = Y h(n)e "
n=0

Refer to fig 10.2-2.
(d) Bartlett window:

Refer to fig 10.2-3.

Note that the magnitude responses in (c¢) and (d) are poor because the transition region is
wide. To obtain sharper cut-off, we must increase the length N of the filter.
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[

o

———> mag(dB)
B
o 6]
T T
| |

|
[
o1

T

1

1 1
005 01 015 02 025 03 03 04 045 05
———> Freq(Hz)

|
N
o

———> phase

1 1 1 1 1 1 1
0 005 01 015 02 025 03 03 04 045 05
———> Freq(Hz)

Figure 10.2-2:

|
[}

T

I

———> mag(dB)
iR
o
T
|

-15 | | | | |
0 005 01 015 02 025 03 035 04 045 05
———> Freq(Hz)

———> phase

0 005 01 015 02 025 03 035 04 045 05
—-——> Freq(Hz)

Figure 10.2-3:
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10.3

(a) Hanning window: w(n) = 3(1 — cosZ%), 0 <n < 24. Refer to fig 10.3-1.
(b) Blackman window: w(n) = 0.42 — 0.5cos 75 + 0.08cos"g*. Refer to fig 10.3-2.

50

———> mag(dB)

005 01 015 02 025 03 035 04 045 05
—-——> Freq(Hz)

—-——> phase

0 005 01 015 02 025 03 035 04 045 05
—-——> Freq(Hz)

Figure 10.3-1:

10.4

(a) Hanning window: Refer to fig 10.4-1.
(b) Blackman window: Refer to fig 10.4-2.
The results are still relatively poor for these window functions.

10.5
M o= 4 H(0)=1, Hr(g):%
H.(w) = QZh(n)cos[w(Mgl—n)]
n=0
= QZh(n)cos[w(f—n)]
n=0
308

© 2007PearsorEducation)nc., UpperSaddleRiver,NJ. All rightsreservedThis materialis protectedunderall copyrightlaws
astheycurrentlyexist.No portionof this materialmaybe reproducedin anyform or by any meanswithout permissionn
writing from the publisher. Forthe exclusiveuseof adopterf the bookDigital SignalProcessingi-ourthEdition, by JohnG.
ProakisandDimitris G. Manolakis.ISBN 0-13-187374-1.



=100

———> mag(dB)

1 1 1 1 1 1 1
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
—-——> Freq(Hz)

-150

———> phase

1
0 005 01 015 02 025 03 035 04 045 05
—-——> Freq(Hz)

Figure 10.3-2:

Atw=0,H.(0)=1 = 2 Z h(n)cos|0]
n=0
2[r(0) +R(1)] = 1 (1)
1
At w= g’HT(g) = % = Q,LZ()h(n)COS[;(; —n)]
—h(0)+h(1) = 0.354 (2)
Solving (1) and (2), we get
h(0) = 0.073 and
h(l) = 0.427
h(2) = h(1)
h(3) = h(0)
Hence, h(n) = {0.073,0.427,0.427,0.073}
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g
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i
| -10+ -
_15 1 1 1 1 1 1 1 1 1
0 005 01 015 02 025 03 03 04 045 05
———> Freq(Hz)
4
2 4
[}
0
@
s
A0 )
|
|
|
_2 - -
_4 1 1 1 1 1 1 1 1 1
0 005 01 015 02 025 03 035 04 045 05
———> Freq(Hz)
Figure 10.4-1:
5
z Or
2
g
E -5f -
N
I
| -10+ -
_15 1 1 1 1 1 1 1 1 1
005 01 015 02 025 03 035 04 045 05
———> Freq(Hz)
4
2 i
Q
%2}
®
S
a0 )
|
|
|
-2F -
_4 | | | | | | | | |
0 005 01 015 02 025 03 035 04 045 05
———> Freq(Hz)

Figure 10.4-2:
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10.6

2k 1, £=0,1,2,3
M =15Ho(55) = { 0, k=4,56,7
M2—3
M—-1 M—-1
H.(w) = h( 5 )+2 7;) h(n)cosw( —n)
h(n) = h(M—-1-n)
h(n) = h(14—n)
6
He(w) = h(7)+2)_ h(n)cosw(7 - n)
n=0
Solving the above eqn yields,
h(n) = {0.3189,0.0341,—0.1079, —0.0365,0.0667,0.0412, —0.0498, 0.4667
0.4667,—0.0498, 0.0412,0.0667, —0.0365, —0.1079, 0.0341, 0.3189}
10.7
1, k£=0,1,2,3
M = 15.HT(%) =< 04, k=4
0, k=567
M—-3
M-1 2 M-1
Hy(w) = h(—5—)+2 ;0 h(n)cosw( —n)
h(n h(M —1—n)
h(n) h(14 —n)
6
H.(w) = h(7)+2 Z h(n)cosw(7 — n)
n=0

Solving the above eqn yields,

10.8

{0.3133, —0.0181, —0.0914, 0.0122, 0.0400, —0.0019, —0.0141, 0.52,
0.52, —0.0141, —0.0019, 0.0400, 0.0122, —0.0914, —0.0181, 0.3133}

dz,(t)
ot =
Ya(t) il
d . .
_ a[€j27rF15}
= jonFel?m It
Hence, H(F) j2nF
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|H(F)| = 2rF
us
LH(F) = —, F>0
= —-=, F <0
Refer to fig 10.8-1.
()
B=pi/6
0.6 T
S
204r B
e
(o))
©
£
NO.2F .
|
0 | | | | | | | |
-0.1 -0.08 -0.06 -0.04 -0.02 0 0.02 0.04 0.06 0.08 0.1
-—> Freq(Hz)
2
1r i
]
2]
@
S of 4
N
|
|
_17 -
_2 | | | | | | | | |
-0.1 -0.08 -0.06 -0.04 -0.02 0 0.02 0.04 0.06 0.08 0.1
—-—> Freq(Hz)

Figure 10.8-1:

Hw) = jw, |w|<w
[Hw)| = |wl
(Hw) = g, w >0
= —%, w <0

Refer to fig 10.8-2.

we note that the digital differentiator has a frequency response that resembles the response
of the analog differentiator.

(d)
y(n) = z(n)—z(n—-1)
H(z) = 1-z7!
Hw) = 1—e¥
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w
T
I

——> magnitude
N

1r i
| | | L | | |
-4 -3 -2 -1 0 1 2 3 4
——>w
2
1r i
)
(%]
8
o 0Of g
A
I
I
_1 - .
_2 | | | | | | |
-4 -3 -2 -1 0 1 2 3 4
——>w

Figure 10.8-2:

Refer to fig 10.8-3.
Note that for small w, siny ~ 5§ and H(w) ~ jwe™7% | which is a suitable approximation
to the differentiator in (c).
(e) The value H(wyp) is obtained from (d) above. Then y(n) = A|H (wo)|cos(won + 0 + 5 — )

10.9
Hy(w) = we %  0<w<n
= —we_j10w7 —a<w<0
1 g )
ha(n) = ) Hy(w)e 7" dw
cos(n — 10)
= 2P0 1
m-10) @ "7
= 0, n=10
cosm(n — 10)
= — <n<2 1
ha(n) n=10) 0<n<20,n#10
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=
(¢
T

——> magnitude
[E=Y
T

o
o1
T

§=]
A

—-> phase

_2 1 1 1 1 1 1 1
-4 -3 -2 -1 0 1 2 3 4
—_—> W

Figure 10.8-3:

With a Hamming window, we obtain the following frequency response: Refer to fig 10.9-1.

10.10

H(s) has two zeros at z; = —0.1 and zp = co and two poles p; 2 = —0.1 £ j3. The matched
z-transform maps these into:

7, = e 01T — 001 (g9
ZH = e =0
ﬁl _ 6(70.1+j3)T _ 0.99€j0'3
Po = 0.99¢7703
Hence, H(z) = Lore wo = 0.3 7 = 0.99

1 — 2rcoswgz—1 4 r2z=2’

From the impulse invariance method we obtain

1 1 1
H(s) = = — + -
21s+01—-353 s+0.1+33
1 1 1
H(z) = 9 [1 01T gj3T ,—1 + 1_ 60.1Tej3T21:|

1 — reoswpz™?t

1 — 2rcoswgz=1 +r2z—2
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|
£
o

0.05 0.1 0.15

0.2

L
0.25 0.3 0.35 0.4 0.45 0.5

—-=> Freq(H2)

Figure 10.9-1:

The poles are the same, but the zero is different.

10.11

where o

(Qu — )s
52— (Qu — Q)s + Q.
21—271
T14z1

21 -2 +27Y

GPA—=7 + (- WE -2+ ) + L2

2(a—p)(1—272)

4+2(a—08)+afl —2(4—af)z"1 +[4 —2(a — B) + af]z~2

- QT B=0T

In order to compare the result with example 10.4.2; let

Wy

wy

Then, H(z)

In our case, we have o = Q, T

B=0T

_3

5

T ="
5

0.245(1 — z72)
1+ 0.509z—2
Wy

0, T

( example 8.3.2 )

2tan% —1.453
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By substituting into the equation above, we obtain

25991 —272)
A = 10509 + 540122
_0.245(1 — 272)
1+ 0.50922
10.12
Let T =2 N
EE)) H(z) = 2= = y(n) = y(n — 1) + z(n) + z(n — 1)
1 T Q>0
Ha(Q):@ ZI_I(Q):{ gf 0<0
(c)

3, 0w

w
) = eary) o) ={ ;B OEYET

SE

(d) The digital integrator closely matches the magnitude characteristics of the analog integrator.
The two phase characteristics are identical.

(e) The integrator has a pole at w = 0. To avoid overflow problems, we would have E[z(n)] = 0,
i.e., a signal with no dc component.

10.13
(a)
(142713
H = A
(=) (1—32 11— 1z7141272)
_ A (14275 (1 +2271 +272)
(1-2z1(1—- 3271+ 1272
HZ)=1 = 1
:A—gb—2b—1 =1 fd—fdl
- 6471_a2_7a1_acl_ s 01 — 72_4
(b) Refer to fig 10.13-1
10.14
(a) There are only zeros, thus H(z) is FIR.
(b)
4
Zeros: z1 = —3
y = 3
2 = 47
3 i
234 = Zeijg
Ze = peS
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y(n)

Figure 10.13-1:

zZr = 1
1
Hence, z2 = —
<1
za = 23
1
25 = X
23
2 =
1
zZT = — = 1
27
and H(z) = 2z SH(z7Y)
Therefore, H(w) is linear phase.
(c) Refer to fig 10.14-1
10.15
From the design specifications we obtain
e = 0.509
6 = 99.995
4 1
= 7%
6 1
fs - ﬂ - Z
317
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y(n)

i

G

-4/3 - 3/4 = -25/12

O
A

Y

Assume ¢t = 1. Then, §,

and g

Butterworth filter: Npin

Chebyshev filter: Ny ip
Elliptic filter: sina
sinf

N min

(@132+ (3/4)%+ 4 cos 2600 481/144

Figure 10.14-1:

2tcm%
2

2tann f, = 1.155

logn
logk

=9.613 = N=10

cosh™1n
cosh=1k

1
=0.577 = a=35.3°

=5212 = N=6

k
1
=057 = B=03°
k(sina) k(cosB)

. =3. N =4
k(cosa) k(sinB) 318 =
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10.16

From the design specifications we have

= 0.349
6 = 99.995
1.2
= —=0.15
fo= =
2
s = —=0.25
/ 8
Q, = 2tcm%:1.019
Q, = 2%tan— =2
n = - =286.5
€
Qs
k = — =1.963
Qp
l
Butterworth filter: Np;,, > 2091 _ 8.393 = N =
logk
b flter: cosh™'n
Chebyshev filter: Nj;,, 2> osh=Tk =490 = N =
O
Elliptic filter: Ny, > k = N=4

10.17

Passband ripple = 1dB = ¢ = 0.509
Stopband attenuation = 60dB = § = 1000

w, = 037

ws = 0.357

Q, = 2mn%:1.019

Q. = 2tan%:1.226

n = 2 =1965.226
€
Qg

ko= =2 —1203
Qp

cosh™n _8.277

_ 132 = N—=14
cosh—1k — 0.627 =

min

Special software package, such as MATLAB or PC-DSP may be used to obtain the filter coeffi-
cients. Hand computation of these coeflicients for N = 14 is very tedious.
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10.18

Passband ripple = 0.5dB = € = 0.349
Stopband attenuation = 50dB

wy, = 0.24n
ws = 0.357
Q, = 2tcm%=0.792
0, = 2tan%:1.226
b
n o= = =9061
Q
ko= =% =1547
Qp
cosh™'n  7.502
Npin > = =748 = N =38

cosh—1k ~ 1.003

Use a computer software package to determine the filter coefficients.

10.19

(a) MATLAB is used to design the FIR filter using the Remez algorithm. We find that a filter
of length M = 37 meets the specifications. We note that in MATLAB, the frequency scale is
normalized to % of the sampling frequency. Refer to fig 10.19-1.

(b)dy = 0.02, 02 = 0.01, Af = 2% — 15 =0.05

12

[HWw)]

0 L L L =i NN PN NN

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
-—>f

Figure 10.19-1:

With equation (10.2.94) we obtain

~ —20l0g10(\/ (51(52) —13
M = 1~ 34
14.6Af lx3
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With equation (10.2.95) we obtain

Dy (6102) = 1.7371
f(615,) = 11.166
- Do (6102) — f(8182)(Af)?
and M o(9192) = F(0102)(4S) +1~36
Af
Note (10.2.95) is a better approximation of M.
(c) Refer to fig 10.19-2.
Note that this filter does not satisfy the specifications.
1

0.9 1

0.8 .

0.7 1

0.6 .

Zos 1

I

0.4 i

03 .

0.2 .

0.1 1

% o1 o0z 03 04 05 06 07 08 08 1

——>f

Figure 10.19-2: M=37 FIR filter designed by window method with Hamming window

(d)The elliptic filter satisfies the specifications. Refer to fig 10.19-3.

(e)
FIR IIR
order 37 5
storage 19 16
No. of mult. 19 16
10.20
(a)
h(n) = {0, 1,2,3,4,5,4,3,2,1,0,.. }
T
10
H(z) = Y h(n)z™"
n=0
= 2 42,7243, 3 At 452 440 4 32T 2,8 4 270
H(w) = e 79[2cosdw + 4cos3w + 6cos2w + 8cosw + 5]

(b)|H(w)| = |2cosdw + 4cos3w + 6cos2w + 8cosw + 5. Refer to fig 10.20-1.
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—T T T

0.05 0.1 0.15 0.2 0.25 0.3
—>f

Figure 10.19-3:

dc gain: H,(0) =
3dB frequency: |H,(jQ)]? =

a?

o o =
=0, =
For all Q, only H(joo) =
ho(T) =

—at

=e =

=T =

3dB frequency: |H (w,.)|?

(1 — aTcosw.)? + (e~ sinw,)?

322

0.35 0.4 0.45 0.5

D= O QO N N=
>
5
—
o
=
Il

Q|

Ju

= he(nT)

1— e—aTZ—l
1
1—eaTe—jw
= H(w)|w=o
1
1—e T

= SHOP

= 2(1—eT)?
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25

20

[
a1

—=> magnitude

=
(=]

0.05

0.1 0.15

0.2 0.25

--> Freq(Hz)

0.3 0.35 0.4 0.45 0.5

Figure 10.20-1:

1

T
25in*1(sinh%)
1
1 —2e~9Tcosw + e—2oT

Hence, w,

Since |H (w)|?
1

it oscillates between
(]_ _ efaT)2

and (¢ eoT)e

but never reaches zero

T is the smallest integer that

DC Gain: H(z)|.=

At z = —1(w =), H()
2

since |H, ()

We

Let a

h(r)

=7

Y

1
is 1 than —
is larger than —

(67

o r o
aT(1+2z71)
20—z +aT(1 4271
al(1+z71)
24 aT + (aT — 2)z~

21
T1

1

o= O =

, we have Q. = «

Q.
2tan 1 =ET
2

2tan " 'aT?2
2—aT
24 aT
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l—a (1+a)z"1!
Then H(z) = 5 {l—l- Tpp— ]
1—-a 1
h(n) = 5 [6(n) + (14 a)a™ 'u(n —1)]
1—-a
h —
0 =
h(n) 1
n(0) e
1
= (1+a)a" ' = -
0 Intt, —1
Ina
B ln(#) -1
In(7ar)
10.22
(a)
h Tt Hy(w)e!""™d
an) = - _% a(w)e’" dw
0.4 0.57
T T T
= — / e’ dw —|—/ ejw"dwl
27'[' _ T 0.47
2T T
= 3 sm@ —smzﬂ
onm 2T 5T
(b)
Let hs(n) = ha(n)w(n), —100 <n < 100(M =101)
Then, h(n) = hs(n —100) will be the impulse of the filter for 0 < n < 200
()
0, 0<w< %
efj100w7 O.éﬂ <w< 0.{2#
Hy(w) =14 0, GE <w < LpE
e*leOw’ 1]2“7‘- <w< %
0, T <wsT
2r
T
= —k
v 200
7k
- 1007
Then, H(k) = 0, 0<k<40

= 0, b50<k<150
= 0, 160<k <200

jrk

Hk) = e 7, 40<k<50
e I™FT 150 < k < 160

H(w) will match Hg(w) at 201 points in frequency. The filter will contain large ripples in
between the sampled frequencies. Transition values should be specified to reduce the ripples in
both the passbands and the stopband.
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10.23

-
T2
Q = tan%(forT:%
o =
Y12
w
N, = tan—"
an—
Analog: lowpass to bandpass
$2+QlQu
s - —
S(Qu—Ql)

Bilinear: Analog to digital
z—1 1—z71
241 14271

S —

combine the two steps:
1\ 2
(=) +aun,
(1—2"H2+Q, 01+ 2712
(1— 2 1) — )

1
(1—z’1)2+Qqu(1+z’1)2:|2+\/g|:(1—z’1)2+Qqu(1+z*1)2i| L1

Therefore, H(z) =

(1-272)(Q.—) (1-272)(2u—)

(b)
O tangi g
5w .
) tansy
Q,
=" = 143
O
,
2) = 18
O
Qy
— = 182
), 8
Q
HZE = 17
W
filter (4) satisfies the constraint
10.24
(a)
He) = (|6 o) | 0+
1+Z_1 1_2—1+Z_2 1+Z_1+Z—2
= 1(1 —z712) 242+ 30+ 320 4
¢ T4zt 2724 273 4 274 4 275
1 3 1
= —(1-2%01-2"2+2+522+ 527 +27Y)
6 5 5
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This filter is FIR with zeros at z =
(b) It is a highpass filter.

Hw) = ¢(1-e™)01-
HO) = 1) =HC) =HCT) = 0
H(%”) — 2
H(x) = 2
10.25
(a)
f. = %20.36
fr = %:0.44

Refer to fig 10.25-1.
(b) The ideal lowpass filter has a passband of —0.04 < f < 0.04. Hence,

X(f) W(f)

A [ |

1, e%, ¢T3 ¢T5% —0.5528 + j0.6823 and 0.3028 + j0.7462

. . 3 . 1 . .
e—jw)(2+e—]w+§ —J2w+7€—33w+e—]4w)

-04 0 0.30.4044 -04 004 0 004
V(f)
f
-004 0 0.04
Figure 10.25-1:
le7Bv  _0.087 < w < 0.087
Ha(w) = { 0, otherwise
Hence,
1 [o0sw ‘
ha(n) = — e IBweIwn gy
21 J _0.08x
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1 [o08m
- eJwn=18) 1.,

21 J_o.08x
. 25in0.087(n — 15)
B (n—15)
h(n) = ha(n)wr(n)
wg(n) = 0.54— 0.46005%
h(n) is the impulse response of the lowpass filter H(w)
10.26
(a)
M-1
k=0
Bo= 3y~ i)
n=0
[e%s) M—1
= )~ 3 hkja(n - k)P
n=0 k=0

By differentiating E with respect to each coefficient and setting the derivatives to zero, we obtain

M—-1

> hE)rea(k—1) = (), 1=0,1,...,M-1
k=0
where 1., (1) = Z z(n)x(n —1) and
n=0
n=0
(b)
oo M-1
E = ) [yn)+wn) - Y hk)z(n - k)P

n=0 k=0

By carrying out the minimization we obtain
M-1
S h(k)rae(k—1) = rya() +rua(l), 1=0,1,...,M—1
k=0

where r,.(l) = Z w(n)z(n —1)
n=0
10.27
N-1
; N, n=0
_ j2wkn/N __ 5
x(”)*k_oe {0, 1<n<N-1
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x(n) is a periodic sequence with period N. Hence, y(n) is also periodic with period N. Let

p
Hy(z) = 1+ Z arz"k
k=1
and ho(n) = {l,a1,a2,...,ap}
Then, ha(n) xy(n) = z(n), n=01...,N—1
If p+1 < N, the N equations above are sufficient to determine ay,as, ..., a, and their order. If

p—+1> N, it is not possible to determine the {a;} and the order p.

10.28

(1) The set of linear equations are:

M-1
S h(k)ree(k—1) = rya(l), 1=0,1,...,M—1
k=0
where 7,,.(I) = Z xz(n)x(n —1) and
n=0
rel) = Y yn)z(n—1)
g -
E = > [yn)- > hka(n-— k)
n=—oo k=0

(2) Refer to fig 10.28-1.
(3) Refer to fig 10.28-2.

Total squared error
8.28 T

8 9 10 11 12 13 14
filter order

Figure 10.28-1:
(4) v(n) = y(n) + 0.01w(n). Refer to fig 10.28-3.
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fft of original h(n)

M=11E=8.093
0.4
1
0.3
z z
T Lo.2
i
0.1
0 0
0 1000 2000 3000 0 1000 2000 3000
M=12E=8.084 M=13E=8.101
0.5 0.5
0.4 0.4
203 o3
T T
(OF. o2
0.1 0.1
0 0
0 1000 2000 3000 0 1000 2000 3000
Figure 10.28-2:
10.29
(a) Since d(n — k) = 0 except for n = k, equation (1) reduces to
h(n) = —ath(n —1) —agh(n —2) —... —anyh(n — N) +b,,0<n < M
(b) Since d(n — k) = 0 except for n = k, equation (1) reduces to
h(n) = —a1h(n — 1) —ash(n—2) — ... —ayh(n — N),0n > M

(c) We use the linear equation given in (b) to solve for the filter parameters {ax}. Then we use
values for the {ay} in the linear equation fiven in (a) and solve for the parameters {by}.

10.30

We can see that by setting M =0 and N =1 in

M _
H(z) = k=0 Dbz
N -1

14 axz

we can provide a perfect match to Hy(z) as given in

bo

H(z) = Tra T
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fft of original h(n)

M=8 E=8.42 M=9 E=8.305
15 0.4
_ 0.5
z1
I 0.2
N
' 0.5 M
0 0 0
O MOfbeR%0s 30 O MOPPeAs 00 O \iPPReAH 300
0.4 0.4
0.5
0.2 0.2
0 0 0
0 \0po_ 2000, 3000 0 100G 2000 3000 O 1000 2000 3000
0.5 0.5
0 0
0 1000 2000 3000 0

1000 2000 3000

Figure 10.28-3:

With d(n) as the input to H(z), we obtain the output

h(n) = —arh(n — 1) + byd(n).
For n > M =1, we have

h(n) = —aih(n —1)
or, equivalently,

hd(n) = —alhd(n — 1).

Substituting for hq(n), we obtain a; = —3. To solve for by, we use the equation given in 10.29(a)
with h(n) = ha(n),

Zhd(n — 1) + b05(n)
For n = 0 this equation yields by = 2. Thus

ha(n) = =
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10.31

N M
h(n):—Zakh(n—k)—&—Zbké(n—k) n>0
k=1 k=0

(b) Based on (a)

N
ha(n) = — Zakhd(n —-k) n>M
k=1

i [ha(n) — ﬁd(n)r

g1 =
M+1
e’} N 2
= > [hd(n) — Y " arha(n - k)}
M+1 k=1

By differentiating with respect to the parameters {ay}, we obtain the set of linear equations of
the form

N
Zakrhh(k,l) = —rhh(l,O) l:1727...,N
k=1

where,

ran(k, 1) =Y ha(n — k)ha(n = 1)

> ha(n)ha(n +k —1) = rpp(k = 1)
n=0

The solution of these linear equations yield to the filter parameters {ay}.

(c) We can find the least-squares solution for {bs} from the minimization of

2

o) M
€9 = Z ha(n) — Z brv(n — k)
n=0 k=0

Thus we obtain a set of linear equations for the parameters {b;}, in the form

M
Zka7)1)(k7Z) :Thq;(l) l :O,l,...,M
k=0

where

oo

roo(k, ) = Y v(n—k(n—1)

n=0

rho(k) = Z h(n)v(n — k)
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10.32

y(n) = 1.5198y(n— 1) — 0.9778y(n — 2) + 0.2090y(n — 3)
+0.08122(n) + 0.0536z(n — 1) + 0.05362(n — 2) + 0.08122(n — 3)

ha(n) can be found by substituting z(n) = 6(n). Fig 10.32-1 shows the hq(n).

0.3 o

0.25 ol ® -

0.2 Bl

L ]

0.15 -
< o1t -
=

0.05- -

or Tl Jl.??,..................................ﬂ
-0.05 J -

—0.1 I I I I I I I I I
5 10 15 20 25 30 35 40 45 50

Figure 10.32-1:

(b) The poles and zeros obtained using Shanks’ method are listed in Table 10.32. The magnitude
response for each case together with the desired response is shown in Fig. 10.32-2. The frequency
response characteristics illustrate that Shanks’ method yields very good designs when the number
of poles and zeros equals or exceeds the number of poles and zeros in the actual filter. Thus the
inclusion of zeros in the approximation has a significant effect in the resulting design.

Filter
Order Poles Zeros
N=3 0.5348
M=2 | 0.6646 + j0.4306 | —0.2437 + j0.5918
N=3 0.3881 -1
M=3 | 0.5659 + j0.4671 | 0.1738 4 70.9848
N=4 -0.00014 -1
0.388
M=3 | 0.566 + j0.4671 0.1738 £ 50.9848
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~10}

50}

Magnitude (dB)

L L L L L
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Normalized Frequency (xmrad/sample

-90 I I I I
0

Figure 10.32-2:
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Chapter 11

11.1

(a) Let the corresponding baseband spectrum be called X3(€2). Then
1
X.(Q) = §[Xb(Q —20007) + X, (2 + 20007)]

With frequencies normalized to F,

w' = 2
F,
. The sequence x(n) has DTFT
Xw) = Y Xa(w —2mq)
q=—00
= Z [Xo(w' —0.87 — 2mq) + Xp(w' + 0.87 — 27q)]
q=—00

modulation by cos(0.87) causes shifts up and down by 0.8 (and scaling by 1) of each

Xw)l Assumes peak of )i)(.) normalized to unity
0.
[ - X (w') shifted to 0.8t
period 2t b
-1 -0.81 0 0.8m n v

3=0.16Tt

Figure 11.1-1:

component in the spectrum. Refer to fig 11.1-1. Ideal LPF preserves only the baseband spectrum
(of each period). Refer to fig 11.1
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W(w)|

N ; H(w') period 27T
0.5 | ) 0.5
-1t -0.41 0.1m 0.41 n W
B
Figure 11.1-2:
The downsampling produces the figure in fig 11.1, where w” = £ = 22 — 10w’. Note that

F, F,
there is no aliasing in the spectrum |Y (w”)| because the decimated syample rate, in terms of w’,
is 2% > 0.04.
(b) The assumed spectral amplitude normalization in fig 11.1-1 implies that the analog FT
(magnitude spectrum) of x,(t) is (refer to fig 11.1-4).

The given sample rate is identical to F; above, F,, = 250Hz. The DTFT of samples taken
at this rate is Y(Q) = 7 > g Xa(Q — ¢f2y) where Q, = 27F,. On a scaled frequency axis

w" =0T, = &, Y (w”) = + > g Xa(w"” — g2m). Consequently g(n) = y(n).

Vw)l
period 211
W
0.08m n
IY(w”)|=0.1[V(0.1w"")|
0.1
period 211
0.8m m W

Figure 11.1-3:
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Xa(Q)|

4001t
Figure 11.1-4:
11.2
(a) X(w) = m
(b) After decimation Y (w') = %X(%) =—1
2(1—ae” 27)
()
DTFT {z(2n)} = Y a(2n)e7"*"
= Zx(Zn)eijw'"
= Y(')
11.3

(a)Refer to fig 11.3-1
(b)

x(n)
© oy
1
S z K =R

/)
RN

Figure 11.3-1:
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Lt / = —_— = — = —
et w FT, w Fy 5
. " 1 _1 1 : 1"
Y’ = X (e e 3 St (e
n even n odd

- 1 s’
_ —jw'2p | L —jw’ (2q+1)
= Zm(p)e JwI2P 4 5 Zq:[x(Q) + (g + 1))

y4
1 . -7
= X(2u")+ 56_3“’ (X (2w") 4 72V X (2uw"))
= X(2uw")[1 + cosw"]

1, 0<|w| <027
0, otherwise

x(w) = {

o1, 0< 20" <027
X (2w )_{ 0, otherwise

[ 1, 0<w’ <0.1n
1 0, otherwise

1+ cosw”, 0<|w’|<0.1rw
ny __ bl — =
Y(w") = { 0, otherwise
(c) Refer to fig 11.3-2
X()
0 0.7 oomm  LIm 131 2n w’
0 0.351 0451 055 m 065 T s w'’

Figure 11.3-2:

1+ cosw”, 0.35m < |w”| < 0.457
Y(w'") = or 0.557 < |w”| < 0.657
0, otherwise

11.4

(a) Let w' = &, w” = 2. Refer to fig 11.4-1
Let z''(n) be the downsampled sequence.
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Xw )
1
—‘W}n \)V,-h oW
X (w)l
D
bwrin bW’n now
Figure 11.4-1:
2"(n) = x(nD)
1 'LU”
Xl/ 1 — *X -
W) = 5X(%)

As long as Dw!, < m, X(w’) [hence x(n)] can be recovered from X" (w”)[z"(n) = x(Dn)]
using interpolation by a factor D:

X (w') = DX"(Dw')

The given sampling frequency is w/, = 22. The condition Dw}, < 7 — 2w}, < 22 = w/,
(b) Let x,(¢) be the ral analog signal from which samples x(n) were taken at rate F,,. There exists
a signal, say «/ (t'), such that =/, (t') = XG(T%). x(n) may be considered to be the samples of z’(t')
taken at rate f, = 1. Likewise 2”(n) = x(nD) are samples of a'(t') taken at rate f/ = % = 3.
From sampling theory, we know that 2’(t') can be reconstructed from its samples x”(n) as long
as it is bandlimited to f,, < %, or wy, < 75, which is the case here. The reconstruction formula
is

2(t') =Y " (k)h(t' — kD)
k

where

Refer to fig 11.4-2

Actually the bandwidth of the reconstruction filter may be made as small as w),,, or as large
as 2% —w/,, so h, may be
sin(wlt’)

hr(t/) = (w’ t’)

where w),, < w/, < 28 —w/ . In particular z(n) = 2/(t' = n) so

z(n) =Y a(kD)h.(n — kD)

k
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(c) Clearly if we define

then, we may write 11.4 as

H W)

X(w )| period21/D

)

0 m

Figure 11.4-2:

21D -w’ 21D w’
m

if p is an integer multiple of D

other p

z(n) =Y v(p)he(n — p)

so z(n) is reconstructed as (see fig 11.4-3)

X"’ (nN)=x(kn)

ID

v(n)

Figure 11.4-3:
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11.5

(a)
Q 2Q)
Let w = FTE, "= E
Xs(w) = Za:s(n)e_jwn
= Zx(Qm)e_j“’Qm
1 2
) 2 X(w— 761)
1
) Z X(w —mq)
a
To recover x(n) from x4(n): see fig 11.5-1
(b)
X_ (W)
| 12 . period_Tt
- -2m/3 -T/3 /3 2m/3 n oW
x_(n) x(n)
—S5 = 2 v(n) hr(n)
where
H. (W)
1
-/2 /2 w

Figure 11.5-1:

Recall w' = 2w

Xa(w') = Z:L’d(n)e*jw/”
= Y m(me

n even

= Y a,m)e v
n
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since z4(n) = 0 when n odd

see fig 11.5-2
No information is lost since the decimated sample rate still exceeds twice the bandlimit of

1/2 period 211

-t 21"[/3 m w

Figure 11.5-2:

the original signal.

11.6

s

A filter of length 30 meets the specification. The cutoff frequency is w. = ¥ and the coefficients
are given below:

h(1) = h(30) = 0.006399
h(2) = h(29) = —0.01476
h(3) = h(28) = —0.001089
h(4) = h(27) = —0.002871
h(5) = h(26) =0.01049
h(6) = h(25)=0.02148
A7) = h(24) =0.01948
h(8) = h(23) = —0.0003107
h(9) = h(22) = —0.03005
h(10) = h(21) = —0.04988
h(11) = h(20) = —0.03737
h(12) = h(19) =0.01848
h(13) = h(18) = 0.1075
h(14) = h(17) =0.1995
h(15) = h(16) = 0.2579
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pr(n) = hin+k), k=0,1,...

corresponding polyphase filter structure (see fig 11.6-1)

X0 y(n)

o g0 —

o— B0 J

Figure 11.6-1:

x(n)

F, = /D

x T

11.7

A filter of length 30 meets the specification. The cutoff frequency is w. = 4 and the coefficients
are given below:

h(1) = h(30) = 0.006026
h(2) = h(29) = —0.01282
h(3) = h(28) = —0.002858
h(4) = h(27) = 0.01366
h5) = h(26) = —0.004669
h6) = h(25)=—0.01970
h(7) = h(24) = 0.01598
h(8) = h(23) = 0.02138
h9) = h(22) = —0.03498
h(10) = h(21) = —0.01562
h(11) = h(20) = 0.06401
h(12) = h(19) = —0.007345
h(13) = h(18) = —0.1187
h(14) = h(17) = 0.09805
h(15) = h(16) = 0.4923
pr(n) h2n+k), k=0,1;n=0,1,...,14
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corresponding polyphase filter structure (see fig 11.7-1)

“ L R
y(n)

O E—

x Tl

F =F/D
y X

Figure 11.7-1:

11.8

The FIR filter that meets the specifications of this problem is exactly the same as that in Problem
11.6. Its bandwidth is £. Its coefficients are

g(n,m) = h(nl+ (mD)p)
— h(nI+mD— [?]I)
— h(2n+5m— 2[577”})
9(0,m) = {R(0),n(1)}
g(L,m) = {n(2),h(3)}
g(14,m) = {h(28),h(29)}

A polyphase filter would employ two subfilters, each of length 15

(1h(0), h(2), ..., h(28)}
pl(n) = {h(l)a h(S)a s h(29)}

=

=)
S

~—
Il

11.9

z(n) = A{xo,x1,29,...}
D = I = 2. Decimation first
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zo(n) = {zo,x2,24,...}

ya(n) = {x0,0,22,0,24,0,...}
Interpolation first

z1(n) = {x0,0,21,0,22,0,...}

ni(n) = A{zo,z1,22,...}

soy2(n) # wi(n)
(b) suppose D = dk and I =ik and d,i are relatively prime.

z(n) = {xo,71,72,...}

Decimation first

z(n) = {xo,Tak, T2ak, .-}
yz(n) = ZL‘(),O,...,O,xdk,07...,07l‘2dk,...
ik—1 ik—1

Interpolation first

z1(n) = 20,0,...,0,21,0,...,0,22,0 ,0,
ik—1 ik—1 ik—1
y1(n) = 20,0,...,0,24,0,...,0,...
N—— N——
d—1 d—1

Thus ya(n) = y1(n) iff d = dk or k = 1 which means that D and I are relatively prime.

11.10

(a) Refer to fig 11.10-1

I
(]2
=
=
&
3
|
=
S

I
>
e
o
1=
=
o
I=
=
:_/
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wq(n)
X 2 ) ey )
X0 yD) wdn o |20

Figure 11.10-1:

ya(n) = wy(nD)

= 2": h(k)x(nD — kD)
k=0

= Y hkaln—k)D)

Soyi(n) = y2(n)

wi(n) = Y h(k)z(n—k)
k=0

yi(n) = wi(p), n=pl(pan integer )
= 0, other n

we(n) = x(p), n=pl
= 0, other n

Let h(n) be the IR corresponding to H(z')

M2

y2(n) = h(k)ws(n — k)
k=0
= Y h(kDwy(n — kI)
k=0
= ) h(k)wa(n — kI)
k=0
form = pI

va(n) = Y h(k)yws((p—k)I)
k=0
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> h(k)a(p — k)
k=0

w1 (p)( see above )

forn # pl
ya(n) = Y h(k).0=0
k=0
so we conclude y1(n) = ya(n)

11.11
(a)
H(z) = Y h(2n)z>"+> h(2n+ 1)z
= Z h(2n)(z2)™" +nz-1 > h@n+1)(z%)"
= I;O(ZQ) + 27 H (27) ’
Therefore Ho(z) = Y h(2n)z™"
Hi(z) = Z h(2n+ 1)z
(b)
H(z) = > hmD)z"P+Y h(nD+1)z"P~"+ ...
:Z h(nD + D — :)z*nD*DH
= Df = FY h(nD + k)(zP) "
Therefore Hy,(z) = kz::()h(nD:— k)z "
()
HE) =

o
— § : az" "
n=0

Hy(z) = i a?nzn

n=0
1

1—a22-1

0o
Hl(z) — Za2n+lzfn
n=0

a
1—a22-1
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11.12

The output of the upsampler is X (22). Thus, we have

Yi(z) =3 [X(2)H1(2Y?) + X (2)H1(21/2W1/2)]
= 5 [Hi(z"%) + Hi(z'2WY/?)] X (2)
= Hy(2)X(2)
11.13
(a) Refer to Fig. 11.13-1 for I/D = 5/3.
DTFT[x(n)]
F, SF,
------------------ Filter
F, SF,
DTET[y(m)]
(1/2)min(F _F)
F, 3F,

2F,

Figure 11.13-1:

(b) Refer to Fig. 11.13-2 for I/D = 3/5.

11.14

(a) The desired implementation is given in Fig. 11.14-1
(b) The polyphase decomposition is given by

Hy(2) (142717
145271 4+10272 41022+ 52744 27°
141027245274+ (5410272 + 274271

Py(z)+ P, (z)z*1
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DTFT[x(n)]

( l/2)min(F\,Fy)

3F,

NN

E SE

DTFT[y(m)]

Figure 11.13-2:

11.15
(a)
N-1
H(z) = Z 27" P, (2N)
n=0
where -
Pu(z)= Y h(kN +n)z"*
k=—o0
Let m=N —1—n. Then
N-1
H(z) = zf(Nflfm)PN_l_m(z )
n=0
N-1
— Z—(N—l—m)Qm(ZN)
n=0
(b)
— a2 o asey o 2 T asey 12

Figure 11.14-1:
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y(n) x(n)

@) D> > R @)
Y
i +i
> P (@) > P @) >®
v ! v }
> P& )>® > PN_Z(Z“)»é
Y I
71 71
R-1@) > R.@ )J

Figure 11.15-1: Type 1 Polyphase Decomposition

x(n)

N

-l
<«

> Q) *é

Y vy
> QN—1(2l )$®4’

?

Figure 11.15-2: Type 2 Polyphase Decomposition

350

© 2007PearsorEducation)nc., UpperSaddleRiver,NJ. All rightsreservedThis materialis protectedunderall copyrightlaws
astheycurrentlyexist.No portionof this materialmaybe reproducedin anyform or by any meanswithout permissionn
writing from the publisher. For the exclusiveuseof adopterf the bookDigital SignalProcessingiourthEdition, by JohnG.
ProakisandDimitris G. Manolakis.ISBN 0-13-187374-1.



11.16

AR o 13
Y
Z—l

> Ql(i') 13

> Q@ 13

Figure 11.16-1:

11.17

D,
Fy

Passband 0 < F' < 50
Transition band 50 < F' < 345
Stopband 345 < F < 5000

)

Passband 0 < F' < 50
Transition band 50 < F' < 55
Stopband 55 < F < 200

For filter 1, &

Af

M,
For filter 2, d;

Af

My

25, Dy=4

F,
10 kHz , Fﬁsz?::4W)Hz

1

Fy
— =100 H
D, z

0.1
— =0.05
2 )

345 — 50
10, 000
—10logd10o — 13
14.6Af
5y =1073

5y = 1073
= 2.9521072

+1=71

0.05,
55 — 50 .
= 7.52107°
100 7.5210
71010‘95152 —13
14.6Af

+ 1~ 275

The coefficients of the two filters can be obtained using a number of DSP software packages.
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11.18
To avoid aliasing Fj. S . Thus D = I = 50.

Single stage

5 = 01, =103
65 — 60
Af = = 5x107*
! 10,000 _ >¢10
~ —10l095152 13
M = ———= 1=~
1 1460 f + 3700
Two stages
Dy = 25, Dy=2 IL=2, 1I,=25
10, 000
5 1./, = . =4
stage il o5 00
Passband 0 < F < 60
Transition band 60 < F' < 335
Stopband 335 < F' < 5000
1073
6, = 0.1, = 1
Af = 27521072 M, =84
4
stage 2:Fp = % =200
Passband 0 < F < 60
Transition band 60 < F < 65
Stopband 65 < F' < 100
1073
6 = 0.1, = 1
Af = 01875 M, =13

Use DSP software to obtain filter coefficients.

11.19

b4 (n) is nonzero for 0 < n < 2N —2 with N even. Let ¢(n) = by[n—

for —(N —1) <n < N — 1. From (11.11.35)
By (w) + ()Y 1By (w - )
or By (2) + (—1)¥ 1B, (—2)
Therefore, C(z)z~ N1 4 (=1)N1C(=2)(—2) "N —1

or C(z)+ C(—=z)

c(n) +¢(=n)

when n # Oc(n)

when n is odd ¢(n)

when n is even but n # 0, ¢(n)

(half-band filter)

when n = 0, c¢(n)

352

(N —1)]. So ¢(n) is nonzero

ae—jw(N—l)

L~ (N-1)

azf(Nfl)
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11.20

one stage:
5 = 001, =102
100 — 90
Af = ——— =103
/ 10,000
~ —10[09(51(52 —13
M=—"—""" " 1+1=~2536
14.6 A f +
two stages: F, = 2x 10° Hz
L =1, I,b=2
F
= “2=2x10"Hz
L
Passband 0 < F < 90
Transition band 90 < F' < 19,900
19,900 — 90
Therefore Af = ——— "~ —=0.
erefore A f 5 3 105 0.09905
6
and 011 = 517 012 = 02
~ —10l095152 —13
= 4+ 1x29
! uenf T
F
F, = “1=1x10"Hz
I
Passband 0 < F <90
Transition band 90 < F' < 9,900
Therefore Af = w = 0.4905
6
and d21 = 517 022 = 02

v —10[09(5152 —13

= 1~
2 uenf T 7

11.21

Suppose the output of the analysis section is xq0(m) and xz,1(m). After interpolation by 2, they
become yo(m) and y;(m). Thus

Tar(2), meven k=0,1
yk(m):{ofkb) m odd

The final output is

z(m) = yo(m)*2h(m) + y1(m) * [-2(=1)"h(m)]
when m is even, say m = 27,
z(m) = 2(2§) = 2yo(m)*h(m)— 2y;(m) * h(m)

= 2 yo(k)h(m — k) =2 yi(k)h(m — k)
k k

= 2> yo(2D)h(2j —21) =2y (2D)h(2] — 21)
l l

353

© 2007PearsorEducation)nc., UpperSaddleRiver,NJ. All rightsreservedThis materialis protectedunderall copyrightlaws
astheycurrentlyexist.No portionof this materialmaybe reproducedin anyform or by any meanswithout permissionn
writing from the publisher. For the exclusiveuseof adopterf the bookDigital SignalProcessingiourthEdition, by JohnG.
ProakisandDimitris G. Manolakis.ISBN 0-13-187374-1.



= 23 zaoDh[2(G —1)] 2 zar(A[2(j — 1))
l l

= 2[za0(j) — a1 (5)] * 1(2)

= 2[za0(j) = za1(5)] * Po(4)

In the same manner, it can be shown that
2(2j 4+ 1)

2[wa0(f) + Ta1(4)] * p1(4)

11.22

Refer to fig 11.22-1, where h;(n) is a lowpass filter with cutoff freq. F. After transposition (refer

Interpolator 1 Interpolator L

Figure 11.22-1: I = I I5 ... I} L-stage interpolator

to fig 11.22-2). As D=1, let D; = I 41—;, then D = D1 D5 ... Dy. Refer to fig 11.22-3
Obviously, this is equivalent to the transposed form above.
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Figure 11.22-2:

Figure 11.22-3: L-stage decimator

355

© 2007PearsorEducation)nc., UpperSaddleRiver,NJ. All rightsreservedThis materialis protectedunderall copyrightlaws
astheycurrentlyexist.No portionof this materialmaybe reproducedin anyform or by any meanswithout permissionn
writing from the publisher. For the exclusiveuseof adopterf the bookDigital SignalProcessingiourthEdition, by JohnG.
ProakisandDimitris G. Manolakis.ISBN 0-13-187374-1.



11.23

Suppose that output is y(n). Then T, = %Tm. F,=
filter is h(n) of length M = kI (see fig 11.23-4)

T%, = éT% = %Fx Assume that the lowpass

coefficient storage

F |

X X ; g(no) | n=0., .., K-1 ;
input - o— 90D | n=01, .., K1

buffer 1 i

length K i |

" — gl | n=01, .. K-1

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

buffer % @
+

lengthK |
K—©
K-1
>
n=0
utput
buffer | ()
length | F= (k) K
y
Figure 11.23-4:
11.24
(a)
foranyn = I+5 (0<j<I-1)
-1 -1
Y okn—k) = Y p(l+j—Fk)
k=0 k=0
= ()
= p;()
= h(j+1I)
= h(n)
-1
Therefore, h(n) = Zpk(n —k)
k=0
356
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(b) z-transform both sides

-1
H(z) = 27 R pr(2)
k=0
(c)
1 -1 27l (n—k) K
Vi Z h(n)e = 1 z T
n =0
1 I-1 '
= FZ h(kerI)e]Q’Tlmz*m
m =0
= Y h(k+ml)z"™"
= Zpk(m)z m
= pr(2)
11.25
(a) Refer to fig 11.25-1.
(b)
spectrum of x(n) spectrum of y(n)
1 ‘ ‘ ‘ 0.8 ‘ ‘ ‘
0.8}
g 2 0.7
2 2
0.6 [=
S 0.6
E 0.4} =
] ]
I I
0.2l 0.5
0 0.4
0 2 4 6 8 2 4 6 8
-—>w -—>w

Figure 11.25-1:

Bandwidth = %

cut off freq = g

sampling freq of x(n) = 2=«
sampling freq for the desired band of frequencies = 27” =
Therefore, D = 2777 =2

(c) Refer to fig 11.25-2.
(d) Refer to fig 11.25-3.
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x(n) IX(w)|

40 ‘ ‘ 1200
1000}
30t )
= S 8o00f
S c
X 20 2 600}
| =
A 400}
10t |
200}
0 ol IAIMAIMAALY |
0 500 1000 1500 0 500 1000 1500

Figure 11.25-2:

spectrum of s(n)
1000

900 b

800 1

700 1

600 1

—=> magnitude
u
o
o
T
L

AWML

0 200 400 600 800 1000 1200

Figure 11.25-3:
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11.26

N Y
> Q. 2) M
Y
> QL ) 1 >
Y
Z—l
y(n)
> Q& )— 11 —»é—»

Figure 11.26-1:

11.27
N—1
Hy(z) = Z 2P, (2N)
n=0
where
oo
Pu(z) =Y ho(kN+n)z"%, 0<k<N-1
k=0
Then, .
Hy(z) = Ho(ze 72™/N) = Hy(zwk))
where wy = e927/N
(a)
N-1
Hy(z) = 2w P (N wiY)

I

=
L

Tl MPGY), k=0,1,...,N -1

l

I
o

Therefore, Hy(z),0 < k < N — 1 can be expressed in matrix form as

ne)
27 P (2Y)
Hy(2) = | 1 wy’ wy® ... w;,(N_l)k] .

27 1P(2)
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(b) From part (a), we have

Ho(2) 1 1 1 1 Po(2N)
H,(2) 1 wyt wy? - w;,(Nfl) 271P ()
Hy_1(2) 1 w;,(N—l) w;[2(1v—1) w;[(N—l)(N—l) 2P (2N)
Po(ZN)
27 1P(2)
= Nw! .
27 1P (2N)
where W id the DFT matrix.
(c)
] %™
x() P @) > S
Y
ks
Y, (n)
> P @) —> >
\! N-point
: IDFT
Yup (M)
> P& ) >
Y
Z—l
Yot (M)
R @) > —
Figure 11.27-1:
(d)
¥, (n)
—> R @)
Z—l
y, ()
—> P @)
N-point
DFT
Yo (M) %
> R ) [=6
-1
> Rea@ ) >

Figure 11.27-2:
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11.28

Ho(z) =1+ 271 +3272 +427°

Hyp(z) = Ho(zwh), 1<k<3
_ HO(ZeijWk/éL)
Then,
Hi(z) = 1+4jzt =372+ 54273
Hy(z) = 1—jz ' 432724273
H3(z) = 1—jz7' =322 44273

Note that the impulse response hy(n) are complex-valued, in general. Consequently, |Hy(w)] is
not symmetric with respect to w = 0.
(b) Let us use the polyphase implementation of the uniform filter bank. We have

Pi(z) =) ho(l+3n)z"", 1=0,1,2,3
n=0

This yields Py(z) = 1, Pi(z) = 1, Py(z) = 3, and P3(z) = 4. By using the results in Prob-
lem 11.27, we have the equation for the synthesis filter bank as

Ho(Z) I 1 1 1 1 1T P0(24)
Hi(z) _ 7 -1 = 27 P(2*)
Hy(z) 1 -1 1 -1 272 Py(2%)
H;(2) IR A B A B Ry N ES

(11 1 1 ][ 1 1

B 1 5 -1 —j 2 I

- 1 -1 1 -1 3.2 | =4 3272

|1 - -1 g || 477 4278

where W denotes the DFT matrix. Thus, we have the analysis filter bank given in fig 11.28-1.
(c) The synthesis filter bank in fig. 11.28-2

11.29
H(z) = —3+19272 432272 +1927* - 3276
(a)
H(z™') = —3+1922+322% 4+ 192" — 32°
2 OH(Y) = 32041927 +3227% 419272 -3
= H(z)

Therefore, H(z7!) and H(z) hve roots that are symmetric, such that if z; is not a root, then
1/z; is also a root. This implies that H(z) has linera phase.

361

© 2007PearsorEducation)nc., UpperSaddleRiver,NJ. All rightsreservedThis materialis protectedunderall copyrightlaws
astheycurrentlyexist.No portionof this materialmaybe reproducedin anyform or by any meanswithout permissionn
writing from the publisher. For the exclusiveuseof adopterf the bookDigital SignalProcessingiourthEdition, by JohnG.
ProakisandDimitris G. Manolakis.ISBN 0-13-187374-1.



x(n) % (M)
X > P (Z) > >
A\
71
y, (n)
> P () > —>
v 4-point
Es IDFT
¥, (n)
> P () > >
Y
Z—l
¥, (n)
Fg (24 ) > —
Figure 11.28-1:
¥ (n)
—> R ")
y, () Y
—> P@) [—>®
4-point 71
DFT
Y, (n)
—> R@) —>®
Z—l
y,(n) v(n)
—> RE) >

Figure 11.28-2:

(b) We may express H(z) as:
H(z)=2"3[-32"+192"' +32+ 192! — 3277]

Thus, we have the coefficients:

32, n=0
h(2n) = { 0. n
Therefore, H(z) is a half-band filter.
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70
60 - n

50 n

[Hw)|

20 N
10 n

-4 -3 -2 -1 0 1 2 3 4

10

angle(H(w))
o
T

|
a1
T
1

-10 ! ! ! ! !
-4 -3 -2 -1 0 1 2 3 4

Figure 11.29-1:

11.30

Ho(z) =14 27!

Pz) = Y ho(l+2n)z"
n=0

Po(z) = Y ho(2n)z" =1
n=0
Pi(z) = Z ho(l+2n)z"" =1
n=0
363
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Hi(z2) = Py(2*)—27'P(?)

= 1—z

Figure 11.30-1: Anaylsis section

Go(z) = Py(z®)+2z7'P(2?) = 14271
Gi(z) = —[P(z*)—2z"'Pi(2)] = — 142"

Figure 11.30-2: QMF in a polyphase realization

(d) For perfect reconstruction,

Q=) = 3 [Ho(2)Go(z) + Hr(2)Ch (2)] = 0=~
where C' is a constant. We have
Qz) = % [(1 +27H)? - (1 - 2_1)2] =271
11.31
(a)
Hy(z) 1+271 4272
Hiz)=| Hi(z) | =| 1—27'+272 | = P(z*)a(2)
HQ(Z) 1-— 2_2
1
where a(z) = | 27! |. Then
52
1+ 21 =+ 272 POQ(Z3) Po1 (2’3) POQ(ZS) 1
1—271 + 272 = Plo(ZS) Pn(zg) P12(2’3) 271
1-— 2’72 P20(2’3> Pgl(Zg) P22(Z3) 272
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1 1 1 2
[P(2)] " = il2 20
1 1 =2
By selecting C = 4 and k = 1, we have
11 2
Q(z) == -2 0
11 =2
Therefore,
Go(2) 1 1 2 1
G1(2) = 2212 -2 0 z71
Ga(2) 1 1 =2 272
1+2271 4272
= 1—2z71 4272
—2+2271
(c)

ON NN B

Figure 11.31-1:
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Chapter 12

12.1
(a)
25
Pew(z) = (1—z1+322)(1—21+1:22)
1
B = T
and 02 = 25
sox(n) = wz(n—1)— %m(n = 2)+w(n)

(b) The whitening filter is H1(z) =1 — 271 + 1272

12.2

1—1z1)(1-12
(@) Toa(2) = F =15
1

For a stable filter, denominator (1 — 52') must be chose. However, either numerator factor

_ (1 - %Zl) (1—%2)

B S

may be used. H(z)

[min.pk.]
(b) Must invert the min. pk. filter to obtain a stable whitening filter.

B = (1
3
12.3
(a)
1+0.9271

H(z) =

1—-1.6271+0.632~2
1—1.627140.63272

140.9271
zeros: z = 0.7 and 0.9

whitening filter, H~'(z) =

pole: z = —0.9
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Teo(w) = o2 H(w)H(—w)
9 |14 0.9e=7w|?
= 0 . .
Y11 — 1.6e=9% + 0.63e— 27w |2
12.4
13 5 1
A - 1 -2 -1 Y. -2 - .3
(2) +24z +8z +32
1
k3 == g
1 5 13
Bs(z) = g—&—gz*l—&—ﬂzﬁ—&—z*g
1
k3 - 5
1
By(z) = §+gz 1y 272
Ag(z) — kQBQ(Z)
Ai(z) =
1— k2
1
= 1—‘1—12’_1
1
kl == 1
12.5
1
As(z) = 142z +§z
1
By(z) = §+2271+272
1
kQ = §
AQ(Z) — kgBQ(Z)
A = ==
1(2) 1- k32
3
= 1+§Z71
3
kl - 5
12.6
(a)
I
1
Bi(z) = §+z_1
Ag(z) = A1(2)+k5231(2)2_1
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3 3
1 1
By(z) = 3 + ngl +272
H(z)=As3(2) = A(2)+ kng(,z);f1
= 14273
The zeros are at z = —1, i3
Refer to fig 12.6-1

1

Figure 12.6-1:

(b)
If k3 = -1, we have
H(z) = A3(2) = Ay(2) — Ba(2)z7!
2 .
= 1+§zfl — §272—zf‘3
V11
The zeros are at z = —1,—gj:j7

(c) If |kp| = 1, the zeros of H(z) = A,(z) are on the unit circle. Refer to fig 12.6-2.
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unit circle

Figure 12.6-2:

12.7
A(z) = 1406271
Bi(z) = 06+z"
AQ(Z) = Al(z) + kgBl(Z)Z_l
= 1407821403272
Ba(z) = 034078271 4272
Az(2) = Aa(2) +0.52By(2)z "
= 14093271 4+0.69272+0.523
Bs(z) = 0.5+0.69271 40932724273
Hg(Z) = Ag(Z) + 0.933(2’)271
= 14138271 +1.3112724+1.337272 +0.9274
h(n) = {%,1.38,1.311,1.337,0.970,...}
12.8

Let y(m) = z(2n — p — m). Then, the backward prediction of z(n — p) becomes the forward
prediction of y(n). Hence, its linear prediction error filter is just the noise whitening filter of the
corresponding anticausal AR(p) process.

12.9
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e(n) = z(n+m)—2z(n+m)

= x(n+m)+zp:ap(k)a:(n—k)

Ble(ma'n—1] = 0, 1=12...p
= kzp:ap(k)vm(k‘ —1)

The minimum error is

_’Y:cw(l—i_m)? l:172>"'7p

Efle(n)’} = Ele(n)z”(n +m)]
= Y22(0) + Z ap(k)%mr(m + k)
k=1
Refer to fig 12.9-1.
x(n+m) + /\ e(n)
forward |
zm1 inear |
predictor
Figure 12.9-1:
12.10
En—p-m) = =Y by(k)a(n—k)
k=0
e(n) = z(n—p—-m)—2(n—p—m)
= z(n—p—m)+ Z by(k)z(n — k)
k=0
Ele(n)z*(n—=1)] = 0, 1=0,2,...,p—1
éZbP(k)’ym(lfk) = —Y(l—p—-m), 1=0,2,...;p—1
k=0
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The minimum error is

E{le(n)|*}

\
=
o
2
3

*
3

\
S

\
2

Refer to fig 12.10-1.

o) Pl e
predictor

_p_m

| x(n-p-m) + &(n)

Figure 12.10-1:

12.11

The Levinson-Durbin algorithm for the forward filter coefficients is

t
Yaz (M) + lfn_lgm—l

am(m) =k, =

E"I{L
am(k) = am-1(k)+kmay,_1(m—k),
k=1,2,....m—-1,m=1,2,...,p
but by, (k) = a,(m—k), k=0,2,....,m
or am(k) = br,(m—k)
. Yaz (M) + lf, _1b:n—1
Therefore, b),(0) =k, = — B :
by (m—Fk) = by, _1(m—1=k)+ knbn_1(k)
Yae(m) +797 by,
Equivalently, b,,(0) = k), = E?"*l -
ba(k) = bt (k= 1) + Ky (2 — K)

This is the Levinson-Durbin algorithm for the backward filter.

372

© 2007PearsorEducation)nc., UpperSaddleRiver,NJ. All rightsreservedThis materialis protectedunderall copyrightlaws
astheycurrentlyexist.No portionof this materialmay be reproducedin anyform or by anymeanswithout permissiorin
writing from the publisher. Forthe exclusiveuseof adopterof thebookDigital SignalProcessingi-ourthEdition, by JohnG.
ProakisandDimitris G. Manolakis.ISBN 0-13-187374-1.



12.12

Let
b d
b = Zm—1 + Zm—1 :|
b= [0 |+ [l
Then,
1 e [ [0 )
P () [T L0 by () Com(m)
Hence,
E’H’L7lb’rn71 + EM71dm71 + bm(m)ls;_l = mel
ll:l,lbm—l + li),tl,ldm—l + b (M) V22 (0) = cm(m)
But Em—lbm,—l = G-
= E7nfldm,fl - _bm (m)’yfn71
Hence, d,,,_; = _bm(m)L_n,l—llf;,l
Also, T2 = ab
Therefore, b'rn(m)li,i_lgf:z—l + b (m)Y22(0) = cm(m) — 11112—1@7"_1
solving for b,,(m), we obtain
Cm (m) - 'th by
bm(m) = 7;?_1 ZZ .
Yz (O> + lm_lgm,—l
bt
_ Cm(m) - lm_lbm—l
Ej s
we also obtain the recursion
bn(k) = bm—1(k) + bm(m)ay, (m —k),
k=1,2,....m—1
12.13
Equations for the forward linear predictor:
Lha,=c¢c,
where the elements of ¢, are v,,(l +m), [=1,2,...,p. The solution of a,, is

m) em(m) =" a4
am(m) = -

" T 0) + 2 al
Cm, (m) - ’th Am—1

= —m—1=
Ej_,
am(k) = am-1(k) + am(m)ag, _(m — k),
k=1,2,....m—1; m=1,2,...,p
where o, is the solution to I, o, = Yon

The coefficients for the m-step backward predictor are b,, = a’,.
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12.14

Z(n) = —aiz(n—1)—ax(n —2) —azz(n — 3)
But z(n) = E:ﬂ(n -1+ g:::(n —2)— iglc(n —3)+wn)
24 24 24
E{[z(n) — #(n)]?} is minimized by selecting the coefficients as a; = —1%,a0 = — 2%, a5 = &
(b)
3
Yez(m) = fZak'ym(mfk), m >0
k=1

p
= —Zak'yw(m—k)%—ai, m=0

Since we know the {ax} we can solve for v,,(m), m =0,1,2,3. Then we can obtain v, (m)
for m > 3, by the above recursion. Thus,

Y22(0) = 4.93
Yez(1) = 4.32
Yz (2) 4.2
Y2x(3) = 3.85
Yez(4) = 3.65
Yz (D) = 3.46
(c)
14 9 1
A - 1 - -1 _ < -2 3
3(2) 91” Tyt Tty
1
ks = —
3 24
19 ., Mo, 3
Bs(2) = o5~ 94° 91° TF
As(z) — k3Bs(2)
Ax(2) = —F—%5——
1- k2
1—0.569z"" —0.35122
ks = —0.351
By(z) = —0.351 —0.569271 + 272
AQ(Z) — kQBQ(Z)
Ai(z) = ——————~
1- k2
1-0.877z71
ki, = —0877
12.15
(a)
2 | o
Thu(s) = do, (2—271)(2-2)
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The minimum-phase system function H(z) is

22— 271
H(z) 33— 21

41— %z_l

91— 2271

(b) The mixed-phase stable system has a system function

212271
H(z) = --——2_
(=) 33— 21
_21—-2271
91— %2*1
12.16
(a)
As(z) = 1—2rcos@z ' 412272
= ky = 7‘2
By(z) = 1r*—2rcos©z '+ 272
Az (2) — k2Ba(z)
A = 2@ T RlE)
1(2) 1— k2
2rcos® _;
= 1—-——2
1+7r2
2
Hence, k1 = 7&56
1+7r2

(b) Asr — 1,ky — 1 and k1 — —cos®

12.17
(a)
a1(1) = —1.25, ay(2) =1.25, a3(3) = —1
Hence, A3(z) = 1-1.252"1 4125272 — 23
First, we determine the reflection coefficients. Clearly, k3 = —1, whcih implies that the roots

of A3(z) are on the unit circle. We may factor out one root. Thus,

Ay(z) = (1—z*1)(1—iz*1+z*2)
= 1-zYH1l-azHA —a*z™h)
where = M
8

Hence, the roots of A3(z) are z = 1,«, and o*.
(b) The autocorrelation function satisfies the equations

3 2

Yoz (1) + kz_l%("f)%f(m —k) = { 00 1<m<3
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Yoz(0)  Vaz(l) Vew(2)  V2a(3) 1 oy,
Yoz (2)  Yaz(1) Y22(0)  Vaw(l) 1.25 0

(c) Note that since k3 = —1, the recursion Ejf = Efn_l(l — |km|?) implies that E?’: = 0. This

implies that the 4x4 correlation matrix I';, is singular. Since E:{ =0, then 02 =0

12.18
'Ya:l'(o) =1
V(1) = —0.5
Yz (2) = 0.625
Y2z (3) = —0.6875
Use the Levinson-Durbin algorithm
%cac(l) 1
1 = — = —
a1(l) Ve (0) 2
1
Al (Z) =1 + §Z_1
1
= k'l = 5
3
E, = (1 - a?(l))’}/zx(o) = Z
as(2) = — [
2(2) B 5
1
az(1) = ai(l) +ax(2a(l) = ;
1 1
Therefore,A5(z) = 1+ Zz_l - 52_2
1
= k2 = —5
9 9
E2 = (1 — a2(2))E1 = TG
_ ’795:1:(3) + a2(1)7zz(2) + a2(2)'ymc(1) _ 1
(3 = - E T2
2
3
03(2) = 112(2) -+ 0{5(3)(12(1) = 7§
(13(1) = (12(1) + a3(3)a2(2) =0
Therefore,A5(z) = 1-— 2272 + %z*‘g
1
= k3 = 5
27
Es = (1-a3(3)E: = ol
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12.19

o0
ee(z) = Z%w(m)z_m
1 > 1
= ;(Z)fmfm + g(z)mzfm
B iz 1
11— %z 1 %2*1
15
_ 16
(1- %z)(l — %zil)
since Ipp(2) = o2H(2)H (271,
0.968
H = —
(2) 1— %z—l

is the minimum-phase solution. The difference equation is

x(n) = ix(n — 1) 4+ 0.968w(n)

where w(n) is a white noise sequence with zero mean and unit variance.
(b) If we choose

H(z) = 1 1}12
51
= = i
_ 4771
o 1—42t
then, z(n) = 4z(n—1)—4x0.968w(n —1)
12.20
Yz (0)
'sz(]-) -
’Ym(Q) = —a?
'wa(g) =0
o Yaa(l)
S (1 R
Al(Z) = 1
= ]411 =0
B = (1 - a’%(l))Pyxz(O) =1
(L2(2) _ _711(2) + al(l)lymx(l) _ a2
Iy
G,Q(l) = al(l) + a2(2)a1(1) =0
377
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Therefore,Ay(z) = 14 a®z72

= ko = CL2
By = (1-da3(2)Ey=1-a"
a3<3) — _’wa(3> + a2(1)7wg(2) + a2(2)7:mc(1) -0
a3(2) = ax(2) +a3(3)ax(1) = a*
(13(1) = (lg(l) + a3(3)a2(2) =0
Therefore,A3(z) = Ay(2) = 1+a%272
= ]{)3 =0
E3 = E2 = 1- a4

12.21

Ap(2) = Ap-1(2) + kpBpoa(2)27

where Bj,_1(z) is the reverse polynomial of A,_;(z).

For |ky| < 1, we have all the roots inside the unit circle as previously shown.

For |ky| =1, A,(2) is symmetric, which implies that all the roots are on the unit circle.

For |k,| > 1, A,(2) = As(2) + €Bp_1(2)z7 1, where A4(z) is the symmetric polynomial with all
the roots on the unit circle and B,,_1(z) has all the roots outside the unit circle. Therefore, A,(2)
will have all its roots outside the unit circle.

12.22
oL 1
o= 1 Lo B[ 1]
T 1 P B Ry
-ty | g 0y | =0 a2

12.23
@

Elfm(matn i) = E[3 an(B)a(n - Ra(n - i)

k=0

0, by the orthogonality property
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Elgm(n)z(n—1)] = Z a) (B)E[z(n —m+ k)x(n —1)]

(c)
Elfm(n)z(n)] = E{fmn)[fm(n) =D am(k)x(n - k)]}
k=1
= B{fu()’}
= E,
Elgm(n)z(n—m)] = E{gm(n)[gm(n) = Y bu(k)z(n —k)]}
k=0
= B{lgn(n)*}
= Em
(d)
Efin)f;(n)] = BE{fi(n)z(n)+_ a;(k)a(n - k)]}
k=1
= E;
= Emax(i,])
where ¢ > j has been assumed
(e)

Blfi(mfi(n—0)] = B{fim)en—1)+Y a;ken -t - k)]

k=1

when 0 <t <i—jz(n—t—1),z(n—t—2),...,2(n—t—j) are just a subset of z(n — 1), z(n —
2),...,z(n —1) Hence, from the orthogonality principle,

Elfi(n)f;(n —1)] = 0
Also, when —1 >t > i — j holds, via the same method we have
E[fi(n)fi(n —1)] =0
(f)

Elgi(n)gj(n—1t)] = E{g(n)z(n—-t—j)+ Z bj(k)x(n—t—k)|}
k=0

when 0 <t <i—j,{z(n—t),z(n—t—1),...,2(n—t—7j)} is a subset of {z(n),...,xz(n—i+1)}
Hence, from the orthogonality principle,

Elgi(n)g;(n —1)] =0
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Also, when 0 >t > ¢ — j 4+ 1 we obtain the same result (g)

for i = j, E{fi(n+1)f;(n+7)} E{f}(n+1i)}
- E

for i # j, suppose that ¢ > j. Then
J

E{fin+i)fjn+5)} = E{filn+i)la(n+j)+ Y aj(k)z(n+j—k)]}

k=1
- 0
(h)
suppose % > j
E{gi(n+i)gj(n+5)} = E{giln+izmn)+ Y bik)z(n+j—k)]}
k=0
Elgi(n +i)z(n)]
= E
(i)
fori>j
E{fi(n)g;(n)}y = BE{fi(n)[z(n—j) +Zb
= E{fi(n )[bg(o)w(n)]}
= k;E[fi(n)z(n)]
= kE;
for i < 7,
E{fi(n)g;(n)} = E{g;(n)[z(n)+ Y _ ai(k)z(n —k)]}
k=1
=0
()
B{fimgtn—1} = Blima(n—1-7)+ > bikjaln—1- k)
k=0
= Elfiln)x (n—l—i)]
= E{fl ngrl Z 1+1 )]}
= _E[ 1( )H—l() ( )}
= _kz+1Ez
(k)
i+1
E{gi(n —Dz(n)} = E{gi(n —1[fit1(n ZQZ-H — k)J}
k=1
= —E[gi(n—1Daj11(i + Dzx(n —1—1)]
= —kinE;

E{fin+Dz(n—1i)} = E{filn+1)[filn—i)— ) ai(k)z(n—i—k)]}
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suppose ¢ > j

E{fi(n)gi(n—1)} = E{fin)zn—-1-j)+> bj(k)z(n—1-k)]}
k=0

=0
Now, let 7+ < j. then

E{fi(n)gi(n—1)} = Ef{gj(n—Dz(n) + Y ai(k)x(n - k)]}
k=1

= E{gj(n—1z(n)}
= —kj+1Ej from (d)

12.24
(a) E[fm(n)z*(n—14)] =0, 1<i<m
(b) E[gm(n)z*(n—1)] =0, 0<i<m-1
(€) Elfm(n)z*(n)] = Elgm(n)z*(n —m)] = E,,
Ed)) E[fz(n)fj*(n)] = Emaz(za])
B0 -] =0, for { LELEITR 17
f
. x 0<t<i—y, P>
Elas(n)g;(n— 0] =0, o { PS1S179 12
(&)

E[fi(n+i)f] (n+j)] _{ oE iZj

E};) E[gz(n + Z)g;(n + ])} = Emaw(iaj)

E[fi(n)g; (n)] = { kiEi, 2]

0, i< j

12.25

QO B [ ’YCME(O) 7909:(]-) ’me(Q) ’711(3) :|

10 Yoo (l)  Vaz(2)  You(3)
Gl‘[o Yoz (0) Ve (1) m@)}
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Pl
2
I
|
22
8 8
8 8
— |~
O =
S— | N—
<
=
I
| — |
[
Pl
s
| I

V.G, = [ 0 0 Yoz (2) + k1722 (1) Vow(3) + F17ee(2) ]

0 'Ymr(o) + kﬁm(l) ’sz(l) + kT’sz(Q) 711(2) + kf’?’zz(?))

— TxT 2 +k Tz 1 — 1—1(0) ww(2)7 31(1)
Therefore, &z = ’38%38 = 20
Let,
1 ks }
V,= N
vo- | g 4
VoG — [ 00 0 A }
=2 0 0 ke ['71’3:(2) + k'l’)/:cac(l)] + 'Yxac(o) + kl%ca:(l) B

where A = 7,4(3) + k1722(2) + k1k2vV22(2) + k2Vee (1), and

0 0 0 7ou(3) + k1 (1 + E2)vau(2) + kavan (1) }

and therefore, G5 = |: 0 0 0 kovea(3) +E1(1+ E2)vVea(2) + Yau (1)

and

[V2e(1) = 722(0)]722(3) + C
(Vaw (0)722(2) = V20 (D]Vaw (3) — Yax (1)72,(2) + D

where € = 2920 (072 (17as (2) — Y2 (172,(2) — 72,(1) and
D = 422 (0)Vaw (1)722(2) + ’Y%z(l) - 7wz(1)7§x (0)
This is the same result obtained from the Levinson Algorithm.

ky = —

12.26
The results of section 11.1 apply directly to this problem. We may express I'z,.(f) as
Lou(f) = on[H()I?
where H(f) is a filter with transfer function
H(z) = exp[ 3 v(m)z""]
m=1

The prediction error filter whitens the input process, so that the output process is white with
spectral density 02 = exp[v(0)]. Therefore, the minimum MSE is

w
™
Ego = / o2 dw

—T

™

_ 2

= O’w/ dw
—T
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_ 2
= 270,

= 27”0

But v(0) = /5 Inlyy (f)df

1
2
1

Therefore, Ef, = 27rexp[/E Inlyr (f)df]
12.27
o2
Tealz) = (I—az71)(1-az)
1
=0 = o
Since d(n) = z(n+m), we have
vz (k) = E{d(n)x(n—k)}
= F{z(n+m)xz(n—k)}
= ’Yzz(m + k)
Therefore, Ty (2) = 2MI..(2)
Lz (2) B 202 (1 — az)
{G(z‘l)L B [(1—GZ‘1)(1—6L2)]+
_ o2 2m
B [1 - azl} n
- e
1 m
Hopt(2) = —(1—az" =0
— am
hopt(n) = a™é(n)
the output is y(n) = hgpt(n) * z(n)
= a"z(m)
k=0
= Tz (0) - amrydx (0)
1—a? 1—a?
B 1 — g™ 9
1—az v
12.28
(®) 11 1
Go=|] 7§ |
2 8 ©d
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I
—_
Il
—
o O
— o=
N[00
OO\D—‘?:‘)—‘
[
T
i
Il
|
I

V1G1:[8 g _175 _112924}
G2:|:8 8 _Zé 1—54]:192:
e[} 4]
(i 4]
NIEER JE

(b)Refer to fig 12.28-1

12.29

o0

Tow(f) = Y Yaalk)e 7>

k=—o00

An(f) = S amlple
p=0

A(f) = D an(g)e™
a=0

[ a0 0d = S XY v ®aniao) [ e iig
- kK p q

_1
2

= D > tee(Wam(p)as(@)dlg —p— k)

k=—00 p=0 q=0

= > veeld —pam(p)as(9)

p=04¢=0

= > > Elx(l+ gzl +p)lam(p)a;(q)
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w7, () (+) x()

47/128 -2/3 2/3 12 -1/2
-47/128

Figure 12.28-1:

n

- E {Z am(p)z*(1+p) Y ah(g)x(l +p)}
p=0

q=0
E{fm(l+m)fr(l+n)}

where the last step follows from prob. 12.24 property (g)

12.30

Ai(z) = 1406271
Bi(z) = 06421
As(2) = Ai1(2) +keBi(2)z7!
= 14078271 40.3272
By(z) = 03+0.7827 14272
Az(z) = Aa(2) +k3Ba(2)z !
= 14093271 40.69272+0.527°
B3(z) = 05+0.6927" 40932724273
Ay(2) = As(z)+ kyBs(z)z 7t
= 1413827 +1.311272+1.337272 +0.9274
1
H(z) = 0
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12.31

Ag(z) = 1401271 —0.72272
ke = -=0.72
By(2) = —0.72+0.1z" 142772
Ag(2) — kaBa(2)
A = = emert
1(2) 1— k3
= 140357271
ki = 0.357
Bi(z) = 0357421
Ao(Z) = Bo(z) =1
Ca(z2) = PoBo(z) + B1Bi(2) + B2Bs(2)
= Bo+F1(0.357 4 271 4+ Bo(—0.72 4+ 0.1271 4+ 272)
= 1-082"'+0.15272
Hence, 5y = 1.399
01 = —0.815
B2 = 0.15
Refer to fig 12.31-1
input +
0.7 -0.72
-1 -1
+ Z Z
1.399
0.15 -0.815
()
+ + output
N \_J P

12.32

Figure 12.31-1:

Refer to fig 12.32-1 h!(n) mininizes E[e?(n)] (wiener filter) length M = 2 (a)
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w(n)

s(n) <EZ>XUD hyn) yOﬂ_ )
FIR +
d(n)

Figure 12.32-1:

Pss(w) = of|H(w)?
B 0.49

|1 —0.8e—7w|2

4

ro(z) - 0.49

(1-0.8271)(1-0.82)

We can either formally invert this z-transform, or use the following idea: The inverse z-
transform of 12.1 will have the form

Yos (1) = 755(0) (0.8) ™
From the AR model for s(n) it is easy to show

755(0) = 0. 8759(1) + "YSU( )
= 0.87.(1) + 62
and 7,(1) = 0.87955(0) 4+ 750 (1)
= 0.87,5(0)
49
solve for v55(0) = 36
49 4 m
S0 Vss(m) = 36(5)| |
Now ves(m) = Elz(n)z(n —m)]
= E{[s(n) +w(n)][s(n —m) + w(n —m)]}
= ’Ybé( )+ o 5(7’2’1)
49 4.
= 2+ s(m)
(b)
d(n) = s(n)
Vaz(l) = ¥s2(1) = E[s(n)z(n —1)]
= B{s(n)[s(n —1) +w(n —1)}
= 7ss(l)

So the normal equations are
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R'(0) = 0.462,  h'(1) =0.248

(c) € =MMSE; = 32 — 0.462 x 42 — 0.248 x 32 x 3 = 0.462

12.33
Fiz(z) = Tss(z)
B 0.49
(1 -0.8271)(1 —0.82)
Few(z) = Tes(z)+1
~ L.78(1—0.45271)(1 — 0.452)
B (1—0.82"1)(1 - 0.82)
 (1—045z71)
¢ = G0
Lz (2) _ 0.49
GzY)],  [(1—-082"1)(1—-045z2)],
B 0766 03452
|1 -08z"!  1-—0.45z n
B 0.766
- 1-0.8271
1 1-08z"' 0.766
H = —
e (2) 178104521 1— 0.8z 1
B 0.43
- 1-045z71
hf(n) = 0.43(0.45)"u(n)
1
&F =MMSE,, = 3 [[ss(2) — He(2)Tss(27 1]z 1d2
U c
1 ]{ 0.28
27 J. (z—0.45)(1 — 0.8z)
= 0.438
12.34
Using quantities in prob. 12-33,
Fdx(z)
H} =
B 0.275
(1 —-0.45271)(1 —0.452)
1
o= MMSE, = o 7{ Caa(z) = H(2)Tan (=~ 1))2 22
1 f 0.275
2rrj J. (z —0.45)(1 — 0.45z~1)
= 0.345
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12.35

7ss(m) = (0.6)1™

2 06 0.36 h*(0) 1
06 2 06 (1) | =] 06
036 0.6 2 ht(2) 0.36

hT(0) = 0.455, ht(1)=0.15, A" (2)=0.055

&3 = MMSE3 =1 — 0.455 — 0.15 x 0.6 — 0.055 x 0.36 = 0.435
Increasing the length of the filter decreases the MMSE.

12.36
Yoz (0)  Yaz (1) Yaz(2) 1 1
1 -1 06 Yoz (0) 1
=| -1 16 0 Yez(1) | =1 0 | 02
06 -1 1 e (2) 0
Yow(0) = 2.5641,  Ypu(1) = 1.6026, 720 (2) = 0.064
For m > 3,v42(m) = Yau(m — 1) — 0.6, (m — 2)
For m < 0,7v42(m) = Yz (—m)
12.37
) = S a0 D+ S a0
Let a,(0) = 1
S SR P Th S SR OED
Fss(z) = FSS(Z) + afv
_ ogtan()()
()C)
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x(n)is ARMA(p,p). Suppose

Tuo(z) = (O h—o bp(k)z=F) (30— by(k)2")

(D=0 ap(k)2=F) (37— ap(k)2*)

Comparing parameters of the two numerators

p
op+on Y ar(k) = o2y bi(k)
k=0
p—q
on Y ap(Rap(k+q) = on Y by(k)by(k+a) ¢=1,2,....p
k=0

There are p+ 1 equations in p+ 1 unknown parameters o2, b,(1), ..., b,(p). Note that b,(0) = 1.
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Chapter 13

13.1
N M-1 2
E= Z y(n) + w(n) — Z h(k)z(n — k)
n=0 k=0
By carrying out the minimization we obtain the set of linear equations:
M-1
> h(E)raa(l = k) = 1ye(l) + rue(l), 1=0,---,M —1
k=0
where,
N
rue(l) = > w(n)z(n 1)
n=0
13.2

If we assume the presence of a near-end echo only, the received signal is
ra(t) = Asa(t —dy) +w(t) = A a(k)p(t —di — kT%) + w(t)
k=0

The receiver filter eliminates the noise outside the frequency band occupied by the signal and
after sampling at the symbol rate we obtain,

r(n) =AY a(k)p(nTy — dy — kTy) + w(nTy).
k=0
If we assume that the delay d; is a multiple of the symbol time interval, that is, d; = DTy,
then,
r(n) = Aa(n — D) + w(n)
The LS criterion minimizes

i— 2

oo M-—1
E= Z;) r(n) — kz: h(k)a(n — k)

=0
The equations for the coefficients of the adaptive echo canceler are

M-1
> h(E)raa(l = k) =rpa(l)  1=0,---, M —1
k=0
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where,

Taa(l — k Za a(n —1).

rra(l) = Z[Aa(n — D)+ w(n)a(n —1) = Arge(l — D) + rya(l).

n

13.3
Assume that the sample autocorrelation and crosscorrelation are given by the unbiased estimates:
1 Nl 1 Nl
ron(k) = & ; v(o(n—k)  ry(k) = + ; y(n)o(n — k)

Then,

1 N-1

rou(k) = Z(sz (n = Dh(l) +ws(n )(sz (n—Fk-— Ph()+w3(”k)>
e
-1y (z 5 s — Dus(n — k — DHOIEH+
0 \i=0 p=0

+ Z wa(n — Dws(n — k)h(l) + Z h(p)wz(n — k — p)ws(n) + ws(n)ws(n — ki))

=0 p=0
Since Ewa(n — l)ws(n — k)] = 0, we obtain
1 N-1 oo o0
Elrvu(k)] = 5 > (Z > Elwa(n = Dws(n — k = p)lh(Dh(p) + Elws(n)ws(n — k)])

n=0 \!=0 p=0

or

Elry(k Z Z R(D)R(P)Ywsws (k + P — 1) + Ywguws (k)

=0 p=0
1 N—-1
k) = e 3 y(nyu(n )
v
- ¥ (z(n) +wi(n) + wa(n (ng n—k—1) h(l)—i—wg(n—k))
n=0
1 N—-1 oo
= ¥ > (@(n) + wi(n) + wa(n))wa(n — k — A1)
n=0 [=
1 N—ll ’
+y 2 (@(mws(n —k) +wi(n)ws(n — k) + wa(njws(n — k)
n=0
= E[Tyv(k)] = Z['mez (k + 1) + Yawgw, (B + D]A(1) + VYzws (k)

=0

Further simplifications are obtained if wy, wo, w3 are white and z is uncorrelated with ws.
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13.4

We need to prove that

[ ag(mM)Vinga(n) = [bf(n—1) 1]Qp, 41 (n) = K;\py ()
z*(1)
n n z*(1—1)
Vigr(n) = > w" ol —m—1)X},,(n)=> w" 'zl —m-1) ,
=0 =0 .
x*(l —m)
Sowla(l —m—1)z*(l) v
N Vi(n — 1) V-1
Thus,
1 afi(m)Vinii(n) = [1 - QR (n—1)]
‘/nL(n - 1)

= v=Qun)R (n—1)Vin(n = 1) = v+ Qu(n)bm(n — 1)
= v+b,(n—1)Q,(n)

But,
n Qm(n)
Quii(n) = > w" ' XO)X: (-1 =] -
=0 v*
Hence,
@ (n)
1 ag(n)]vm"‘l(n) = [bfn(n -1)1] = [bin(n - 1) 1]Q:n+1(n)

From the definition of K,,1(n) in (13.3.29) we obtain

[1 am ()] Vins1(n) = [ (n = 1) 1]Q7 41 (n) = K7y 41 (n)

13.5

We need to prove that

am ()95, (n)€m+1(n)

Em(n) =&n(n —1) -

E},(n)
By definition
fult) =~

Use the relations:

om(n) = wop(n—1)+ amgn,(n)em(n)

em+1(n) = em(n) — 577121?”—(“1)9?)(71)
Ep(n) = wEp(n—1)+ am|gm(n)?
Wy (n — 1) + amgy,(n) (em+1(n) + %)
fmln) = E},(n)
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Om(n = D(wEy, (n — 1) + am()lgm(n)*) _ am(n)gp (n)em1(n)

E},(n)Ep,(n—1) Ep.(n)
_ O (n —1) _ (1) g () €mt1 (1)
Ep(n—1) Ep,(n)
- am(n)g:n(n)em 1(77’)
= R
13.6
Om () Km(n) = wum(n = 1) + fr1(n)gn1(n = 1) + fm-1(n)g, 1 (n — 1)
= wup(n—1)+ [fm( ) + K (n)gm—1(n = 1)]gp,1(n = 1)
+ [9m (1) + K (1) fr -1 (0)] frn1.(n)
= wum(n—1)+ fm( )m—1(n = 1) + g (1) frn—1(n)
+ Km(n){lgm_1(n = DI+ |f7_1(n = 1]}
Ko (n)[vm(n) = g —1(n = 1)| = | fa_1(n = 1)]]
- wu‘m(n - 1) + f’rn(n)g:n—l(n - 1) + g:n(n)fm—l(n)
= Kn(n)wom(n —1) = wum(n = 1) + fm(n)gg—1(n — 1) + g5,(n) fr—1(n)
Km(n) _ Km(n . 1) + fm(n)g:n—l(:;; ](-Ltgl:;(n)fm—l(n)
13.7
We will derive the FAEST algorithm in Table 13.7 line by line. The alternative Kalman gain is
defined as

Kn(n) = %Pm(n —1)X7 (n)

From (13.2.74)

Prn(n —1)X7,(n) _ Ko (n)
w+ X ()P (n = 1) X5 (n) 14 4 XE () P (n — 1) X7, (n)
= Kp(n)am(n) (seel3.3.57)
Define a,,(n) = 1/a,;(n). Then,

K,(n) =

am(n) =1+ %an(n)Pm(n -1)Xr(n)=1+ an(n)f(m(n)

FAEST-line 1:
fm—1(n) =2(n) +ap,_1(n = 1) Xp_1(n—1)

fmfl(n)

dm_l(n - 1) '

FAEST-line 2:
frmn-1(n,n) = fn1(n)am1(n) =
FAEST-line 3: From (13.3.50)
am(n) = apn—1)— K,(n—1)fn(n) =
am-1(n) = apm-1(n—1)— f{m—l(n)afn—l(n —1)fm-1(n)
= am_1(n—1)— Kp_1(n)fm—1(n,n)
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FAEST-line 4: From (13.3.83)
Ej,_y(n) = wE;,_y(n = 1) + ap-1(n = 1) fmn-1(n) f,_1(n)

But am,_1(n—1)f%_,(n) = f*_,(n,n), thus,

m—1 m—1
Bl (n)=wE},_;(n—1)+ fm-1(n)fi_(n,n)

FAEST-line 5:

on(n) = = Rl = D)X5(n)  and Kypoa(n—1) = %R;l_l(n — X% (n—1)

m—1

Use the partition (13.3.32) to write

Ryl(n—1) = { 0 Rl (n—2) } +E£H(1n_1) { ol } a0 1))
Thus,
Kol = {;[8 lel?n—m}*zm[am-l(ln1@““51(”‘1”}

' [ X;TIZ)— 1) }

{ f(m—l(()n— 1) ] ijfl_ll(:Lil) [ amfl(ln— 1) }

FAEST-line 6: We need to find the update formula for the step K, 11(n + 1) — Ky, (n + 1).

1 *
K,,(n) = —Py,(n—1)X} (n).

w
Using partition (13.3.27) we obtain

o mel(’n— 1) 0 1 bm,l(n— 1) H
Pp(n—1) = [ 0 0 +m 1 [brn—1(n —1) 1]

Thus,

R B | B R ey

m—1

. { bm_1(1nf 1) } b (n—1)1]- { x*é?;__;ﬂ(z 1) }
)

]+ Im—1 [bml(n—l) }

Write )
Ron(n) = [ Crm-1(n) ]

We identify

bonl) = s () = 0B (0= i)
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FAEST-line 7: Using the partition of f(m(n) in step-6 we obtain

Crn1(n) = K- 1(n) 4 Emm(m)bpm_1(n —1) = K,_1(n) = Cp_1(n) = émm(n)bpm_1(n — 1)
FAEST-line 8: From (13.3.91)
m—1(n, 1) fm—1(n)
Ej,_(n)
But, @ (n) = 1/dm(n) and fr_1(n) = fr_1(n,n)dm—1(n —1). Thus,
E;,_(n)
Bl 1(n) = am-1(n = 1)| fm-1(n)]?
wES, (= 1) + | fmo1(n)*/dm-1(n — 1)

am(n) =am_1(n—1) |1 -

am(n) = am-1(n—1)-

= &m_l(n - 1)

wE},_(n)
e | fon1(n) 2
- mfl( 1) 1+am 1( )wETJ; 1(n)
= & n— ‘fm 1( )‘
B =7 e

FAEST-line 9: d,,(n) = 14 K%, (n)X,,(n). If we use the partition of step-6 then

im(n) = 1+ [KL_ (n) 01X, (n) + M[bm 1(n = 1) 1Xm(n)
= Am-1(n) + Crm(n)gm-1(n) =
am-1(n) = am(n) = Cmm(n)gm-1(n)
FAEST-line 10: From (13.3.61)
gm-1(n)

Jm—1(n,n) = gm-1(n)am—1(n) = m—1(n)

FAEST-line 11: From (13.3.84)
Ep(n) = wEp, (n — 1) + am(n)gy, (n)gm(n).
But, gm(n)am(n) = gm(n,n), so that,
Ep(n) = wEp,(n = 1) + g5 (0)gim (n,n) = wE, (0 — 1) + g (1), (n, 1)

FAEST-line 12: The time-update of b,,(n) is given by (13.3.51)

bm(n) - bm(n - 1) - Km(n)gm(n)
But, Kp(n) = K (n)am(n) and an (n)gm(n) = gm(n,n), so that

b (1) = by (n — 1) — Ky (0)Gm (2, 1)

FAEST-line 13: By definition ey (n) = d(n) — hl,(n — 1) X,,(n)
FAEST-line 14,15: From (13.2.76

(
)
)
)

hm(n) = hpn—1)+ Ifm(n)em(n) =hmn—1) 4+ Kp(n)am(n)em,(n)
= hpn—1)+ K,(n)én(n,n)
where, )
em(n,n) = an(n)ey,(n) = ()
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13.8

him(n 4+ 1) = why,(n) + Ae(n) X, (n)

where
e(n) = d(n) — hy, (n) X (n).
Thus,
hm(n+1) = whpy(n)+ Ald(n) - h% (1) Xom(n)) X, (n)
= wWhp(n) + Adn) X5 (n) — AXE(n) XL (n)hy,(n)
= Elhp(n+1)] = (wl—ARp)Ehnm(n)]+ Ary,
where,

Ry = EIX;,(n) Xy, ()], rm = Eld(n) X7, (n)].

Since R,, is Hermitian, it assumes the decomposition R,,, = UAUH , where A is a diagonal matrix
with elements \;, 0 < k < m — 1, the eigenvalues of R,,, and U is a normalized modal matrix
such that UUH = 1.
Thus,
Elhm(n+1)] = Ulwl — ANU? E[h,,(n)] + Ary,.

Premultiplying the above by U we obtain

R (n+ 1) = [wl — A, (n) + Ar0,

where E?n(n +1) = UHEhyn(n+1)], v, = UHr,,. The values of A that ensure convergence of
the mean of the coefficient vector should satisfy

|lw—AX| <1, k=0,---;m—1

or 1 1
SNt i A O |
k Ak
or 1 14
—w w
AN .
)\min < )\ma:r
13.9
e(n) = le(n)]” + ¢y (n)]?

[d(n) = X5 (W)has ()] [d* (n) = b (0) X3, (n) | + chll )y ()

[d(m)I? — 2Re |3l () X, (m)| d(n) + 1 () X3 () X T () oy (n) + choff () oy (n)

The complex gradient vector is de(n)/dhi,:

% Z) = X (n)d(n) + 7XR[(71)7X£[ (n)hps(n) + chys(n)
{137,
= —Xiy(n) [d(n) Jrlﬂ(”)th(n)] + chy;(n)

—e(n) Xy (n) + chp(n)
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Then, in the steepest-descent method, we update the coeficient vector as follows:

de(n)

Ohgy

= hy(n) + Ale(n) Xy (n) — chy(n)]
= (L= Ac)hy(n) + Ae(n) Xy (n)

hy(n+1) = hy(n)—A

13.10

The normalized LMS algorithm is given as:

A *
hay(n+1) = hy(n) + WKM(TL)‘?(”)

DEfine the error vector £(n) as
§(7’L) = hopt (n) - EM (n)

Also, define the mean square derivation of the error vector as

J(n) = E [|le(n)]?]

Then,
A
Jn+1) = E[sn ———— X% (n)e(n 2]
(n+1) le(n) X0 m(n)e(n)]
Re [e(n) X" (n)e(n)] [ le(n)|? }
= J(n)—-2AF — — + A’E | A
) { IXmI? X2
Hence,
2 Re [ (n) X" (n)e(n)]
Jn+1JnA2[W]2AE —
A PO X
We observe that the mean square derivation decreases exponentially with an increase in n, pro-
vided that
Re[e" (n) X" (n)e(n)]
A E{ X }
< <
le(n)|?
B | 5]
Approximation:
g ) B et
IXm)II7] EIX ()7
and

g Re [ (n) X" (n)e(n)] E{Re [e" (n)X*(n)e(n)] }
1 X ()2 |

With the approximations, we obtain
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13.11

We can reduce the number of computations needed by m — 1 multiplications if we avoid the
update of the Kalman gain

Kp—1(n) = 2Cp—1(n) — ybpm—_1(n —1).
If we use the alternative Kalman gain this step takes the form
Km—1(n) = Cpue1(n) — ybm—1(n — 1).

As in the a-priori case, the update of the alternative Kalman gain vector K (n), is carried out
in two steps,

step—up 7
~ — Kpii(n+1
Km(n) +1( )

step—down
—

Kn(n+1)
using the following Levinson-type recursions:

Kpn(n) = { f(m_l(()n o } + wEf(_TlL—l) { am,l(ln ) } (step — Hofprob.13 — 8)

m—1

and

Kp(n) = [ Km-1(n) ] + 11)]5?”9_:;(;_1) [ bm‘l({“ 1) } (step — 6ofprob.13 — 8)

With K,,(n) we associate the scalar d,, (n)

() = o = 1+ X () o)

This parameter is updated as (see prob. 13.8)
_ . |fn—1(n)|?

am(n) = am-1(n — 1) + m
am-1(n — 1) = @m(n) = gm-1(n)emm(n).

FAST RLS algorithm: Version A (a-posteriori version)

fm—1(n) = z(n)+ap,_1(n =X, 1(n—1)
gmoa(n) = w(n— M+ 1)+ by (n— 1) X s (n— 1)
am—1(n) = am-_1(n—1)— f(m,l(n — 1)m
fm-1(n,n) = z(n)+a, ;(n—1)Xpm_1(n—1)
Ef;_l(n) = UJEZ@A(W = 1)+ frm-1(n) fr_1(n,mn)
() = Crn1(n) 1 0 (1) 1
I e A b wEl (n D) —
Rm_l(n) = C’m_l(n) —bm—1(n — 1)épnm(n)
~ - & n— |fm—1(n)|2
am(n) = m—l( 1) + ’wEfnil(n _ 1)
&m—l(n) == am(n) - gm—l(n)émm(rn)
b1(n) = bm_1(n—1) = Kp_1(n — 1)M
Am—1N
399

© 2007PearsorEducation)nc., UpperSaddleRiver,NJ. All rightsreservedThis materialis protectedunderall copyrightlaws

astheycurrentlyexist.No portionof this materialmaybe reproducedin anyform or by any meanswithout permissionn
writing from the publisher. Forthe exclusiveuseof adopterf thebookDigital SignalProcessingi-ourthEdition, by JohnG.
ProakisandDimitris G. Manolakis.ISBN 0-13-187374-1.



din) = hi(n—1)X,,(n)
em(n) = d(n)—d(n) ]
) = o — 1)+ £ )

Initialization:

m1(=1) = bp_1(~1) =0, Kp_1(=1)=0, hp_1(=1) =0, El _(-1)=£&>0.

f7n—1(n) ‘f'mfl(n)lz
m—1(n—1)’ wEfnil(n—l)’

In this version we need 5 extra multiplications for the calculation of -

Im—1(n)emm(n), (;”jl’i(ly(bn_)l), m EZ; and we save m multiplications from the estimation of K,,_1(n).

FAST RLS algorithm: Version B (a-posteriori version)

fm-1(n) = z(n)+ap_1(n—1)Xpn_1(n—1)
gm—l(n) = x(n — M + 1) + bfn_l(n — l)Xm_l(n)
_ > Jm—1(n)
am-1(n) = am_1(n—1)— Kp_1(n— 1)m
3 _ fm— (n)
fm—1(n,n) = m
n)|2
Bla) = wEl(n-1)+ A2l
e oy [ G _ 0 finea(n) I
Km(n) = [ Cmm (1) ] - { Kin—1(n—1) } * wES _(n—1) { am—1(n —1) }
f(m—l(n) = Cim—l(”) - bm—l(n - 1)6mm(n)
~ - & n— |fm71(n)|2
Tnl) = el )
am—-1(n) = am(n) = gm—1(n)énm(n)
bn1(n) = bm_1(n—1)— Kp_1(n — 1)2’”1%
din) = hi(n —Al)Xm(n)
em(n) = d(n)—d(n) )
ho(n) = ho(n—1) + K (n)em(n)
am(n)
Initialization:

am—1(=1) = bp_1(=1) = 0, Kp_1(=1) =0, hpp_1(=1) =0, Bl (=1) =& > 0,dp_1(—1) = 1.

fm—1(n) gm-1(n)  em(n)
nzfl(n_l)7 &'mfl(n_l)7 &'m(n)

In this version we need 3 extra multiplications for the calculation of =

and we save m multiplications from the estimation of IN{m,l(n).

13.12
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o€ M—1
m:o — E 2<g—;h(n)z(n)>x(k)]=o, k=0,---,M—1
Thus,
Elgz(k)]=E | > h x(k)] . k=0,---,M—1
Blgz(k)] = Elg(gv(k) +w(k))] = Elg*Jv(k) + Elguw(k)]
= Gu(k) (ifg, w(k)areuncorrelated)
M—1 M—1
n=0 1111_01

= Z h(n)E[(gv(n) + w(n))(gv(k) + w(k))]

= Z h(n Ju(k) + gv(n)w(k) + gv(k)w(n) + w(n)w(k)]

= G Z h(n ) + o2 h(k)
Hence,

M—1
Gu(k) = Gu(k) > h(n)v(n) + o7 h(k)
n=0
" (GvvT +62I)h =Gv
where
v =[w(0), -, v(M-1]", h=[h0), -, h(M-1)]".
13.13
Let M-1 M—1
hpz"% and  H, = H(z = ¥™/M) = Z hye2mnk/M
k=0

The sequence {hy} is related to the sequence {H,} by the inverse discrete Fourier transform

] M-t
hk:MZHne]%Tn/]W’ k:(L,M*l
n=0
When hyg, given above is substituted in the expression for H(z) the double sum that results can
be simplified to yield

-z Hk
H(z) = M Z;) 1 _ ei2mk/M 41"
The filter structure is shown in Fig. 13.13-1.
1. Let yi(n) be the output at time ¢ = nT of the filter with transfer function

1—zM 1
M 1 — ei2nk/M—1°
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d(n)

()

H

M =1 j21yMm KX\
1-z 1-z%

ﬁ

dn)
v | 1 D)

e(n)
1 yM—l

1 = 721y X
Hy-1

Figure 13.13-1:

Then the response of the recursive filter at ¢t = nT is
M—1
d(n) = Y Hy(n)yx(n).
k=0

where {Hj,(n)} are the filter coefficients at ¢ = nT. If e(n) = d — d(n) then, an algorithm
for adjusting the coeflicients Hy(n) is given by

Hi(n+1) = Hi(n) + Ae(n)yr(n)k =0,---, M — 1.

2. The cascade of the comb filter 1_15\/; ™ with each of the single-pole filter forms a system
with frequency response
1— ej27rf/]\l
Hy(f) = M1 — er2n /M=)’

Thus,

1 e—j27er ejQTer _ e—jZTer
He(Hl = 57 2m (/M=) ‘ e/ =F) ej27r(k/]\/[f)‘

_ 1 27 sin(wM f) _ 1 sin(mM f)

M | =2jsin(n(k/M — f))| M |sin(n(k/M — f))|
We observe that |Hi(f)] = 0 at the frequencies f = n/M, n # k and |Hp(f)| = 1 at
f=k/M.
Thus, the kth system has a resonant frequency at f = k/M, and it is zero at the resonant
frequencies of all the other systems. This means that if the desired signal is

M—

d(n) = Z Ay cos(wn), wg =
k=0

[

27k

M )

the coefficient of each single-pole filter can be adjusted independently without any interac-
tion from the other filters.
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13.14

Thus,
h(n+1) = h(n) — Ah(n) + 204 = h(n)(1 — A) 4+ 20A.

1. For an overdamped system,

l1-Al<l=0<A<2.

2. Fig. 13.14-1 contains a plot of J(n) vs. n. The step A was set to 0.5 and the initial value
of h was set to 0. In Fig. 13.14-2 we have plotted J(h(n)) vs. h(n). As it is observed from
the figures the minimum value of J which is —372, is reached within 5 iterations of the
algorithm.

50

-100 b

=150 b

J(n)

-200 b

-250 b

-300 b

=350 b

-400 1 1 1 1 1 1 1 1 1

Figure 13.14-1:

13.15

Normal Equations:
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50

-100

-150

J(h(n))

-200

-250

-300

-350

—400 I I I I I I I I I
0 2 4 6 8 10 12 14 16 18 20

h(n)

Figure 13.14-2:

Tou(l = ) = Twguws (I = k) + Ty, (1 — k)

Power spectral density of vy(n):

1 o2 0.75
Loy, (f) = 02| H(f)]? = 02 - = :
2 (f) = o[ H(I" = o, 11— 05e—727/2 ~ 0.75 1.25 — cos(2nf)

IhLlS,
0'2
w

— —w zd
075 (0.5)'™1.

Tuyu, (M)

Hence,

2
Ly — 257 Ow [l—k|
ol — k) =050(l — k) + 075 (0.5)1" "1,

Assuming that z(n), wi(n), we(n), wsz(n) are mutually uncorrelated, it follows that
(o)
Ely(n)v(n —1)] = Elwava(n —1)] = E |ws Z h(k)wa(n —1-k)|,
k=0
where h(k) = 0.5F. Thus,

h(k)o26(1 + k) = a2 5(1).

NE

Ely(n)o(n —D)] =Y h(k)E [wa(n)wz(n -1 — k)] =
k=0

e
I
o
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v, (n)
w,(n) 1 v, (n) v(n)
1-05z7*%

e(n)

(+

y(n)=x(n) +w (n) + w (n)
Figure 13.15-1:

The normal equations take the form

a2 0.502 0.2502
op + 0.75 0.75 0.75 a(0) o2
0.502 o2 0.502 —
0.75 oy + 075 0.75 a(l) | = 0
0.2502 0.502 2 2 a(2) 0
0.75 0.75 Twt 575
15 4 1
— — _ 2 —_
= a0)=, a()= s a()= -5
13.16
e(n) = z(n)—ax(n—1) —asx(n —2)
£ = E[&*(n)] =
o0&
Dol = E[(z(n) —aiz(n — 1) —asz(n — 2))z(n—1)] =0
1
o0&
Ban = E[(z(n) —arz(n — 1) —asz(n — 2))z(n —2)] =0
ag

= Elz(n)x(n — 1)] — a1 E[z(n — 1)z(n — 1)] — axE[z(n — 2)x(n — 1)] =0
Elz(n)x(n —2)] — a1 E[x(n — 1)z(n — 2)] — asE[z(n — 2)x(n —2)] =0

But,

Thus, we obtain the system

with solution a1 = a, as = 0.
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13.17
The optimum linear predictor in Prob. 13.16 is a first order filter with transfer function
A(z) =1—az"t.
Thus, the corresponding lattice has one stage with the forward and backward errors given by
f(n) = foln) + Kbg(n —1)  b(n) =bo(n — 1) + K fo(n)
Since fo(n) = bo(n) = z(n), we obtain
fn)=z(n)+ Kax(n—1) bn)=z(n—-1)+ Kz(n).

Comparing with the prediction error:

we identify K as —a.

x(n)

Figure 13.17-1:

13.18

1
Z bkryy(l - k) = rdy(l) = Twy(l)a l= Oa 1
k=0

where y(n) is the input of the adaptive FIR filter B(z)
ryy(l— k) = res(l — k) + row(l — k) = res(l — k) + 02,6(1 — k)

where s(n) is the output of the system C(z).
If 2(n) is white with variance o2 then,
o2 o2
ss(l—k) = L —0U. |l7k|:7zf. [l—k|
rall = k) = g (709) —o Y
rey(l) = Elz(n)y™(n — )] = Elz(n)(s"(n = 1) + w*(n = 1))].
If 2(n) and w(n) are uncorrelated then,

ey (1) = E[z(n)s*(n — )] = 025(1).
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Thus, we obtain the system:

2 2
g X

o5 T ~o1(0-9) { bo ] _ { o2 } |

o2 o 2
—91509) g5 T ow

With ¢2 and o2 known, we can determine by, b.

13.19
(a)

fm(n) = fm-1(n) = kmgm-1(n — 1)
gm(n) = gm-1(n—1) = ky, fm-1(n)

n

ek = > W [ fmOF +lom(D)]

derl;ls - n—I * *
= f2l§:;w (97010 = D fm(D) + (g ()] = 0

n

>0 g (=) Pnea () = kg1 (= D]+ fna () [0 = 1) = B frna (D]}

=0

Solving for ks, we obtain

ko (1) 2 Zzn:o w"’lfm—1(l)gfn_1(l -1) . U (1)

- Z;L:O wn |fm—1(l)|2 + |gm_1(l - 1)‘2} Um(”)

(b)
km (n) _ wum(n B 1) + 2f7n—1(”)9jn—1(” B 1)
’LU’Um(ﬂ - 1) + |fm—1(n)|2 + |gm—1(n - 1)|2
fm—1()gm-1(n—=1) = fin_1(n) [9;(”) + km(n)f;kl(n)]
Fr=1(0) g (1) + K (1) | frn—1(n)|?
fr—1(M)gm-1(n —1) = gm-1(n) [fm(n) + kn(n)gm-1(n — 1)]
= gm-1(n—1)fm(n) +kn(n) |gm-1(n — 1)|2
Therefore,
2fm-1 ()G 1 (2 = 1) = En () [ frnoa (DI + g1 () | + 2(n)
where
z2(n) = fm-1(n)gm(n) + fm(n)gp_1(n —1)

Now,

2 (Mg (1) = 2(n) + Ko (0) w00 (1) + s () + 01 ()
—kpm (n)wo, (n — 1)
z2(n) 4+ km(n)vm(n) — kp(n)wo, (n — 1)
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Then,

2 z_: wnilfm—l(l)g:n—l(l - 1) + 2f7n—1(n)g;1—1(n - 1) = wum(n - 1)
=0
Jrz(n) + km(n)vm(n)

— o (R) W (0 — 1)
But k(1) = (1) /0m(n). Therefore,
K ()W (1) = 2() + Wik, (1 — 1) + Ko (0) 0y () — iy w0V (11 — 1)
and, then

Wy, (Tl — 1) Z(’fl)
knb(n) - ’LU’Um(n — ]_) + wvm(n - 1)
z(n)

(

wom(n —1)

km(n) = knphn—1)+

408

© 2007PearsorEducation)nc., UpperSaddleRiver,NJ. All rightsreservedThis materialis protectedunderall copyrightlaws
astheycurrentlyexist.No portionof this materialmaybe reproducedin anyform or by any meanswithout permissionn
writing from the publisher. Forthe exclusiveuseof adopterf thebookDigital SignalProcessingi-ourthEdition, by JohnG.
ProakisandDimitris G. Manolakis.ISBN 0-13-187374-1.



Chapter 14

14.1
(a)
1 To 2w F't 2
limT HooE 7|/ :U(t)e_J Tt
° 2Ty |, |
1 To ) To .
= limp, o E 7/ ;v(t)e*ﬂ”Ftdt/ z*(1)e?*™ T dr
2Ty J_r, n
1 Ty Ty '
= hmTo—>oo / E[x( ) *(T)]e—gsz(t—q—)dth
2T,
= limp, o 2T0/ / Veu (t — 7)e I D) dtdr
t+T0
= 11mTO‘>002T0/ / 6 JQﬂF(a)dtda
— / me(a)67j2WF(a)da
= YeulF)
(b)
1 N-1
Vez(m) = Z z(n +m)z* (n)
n:O
N - NNl
S sl =3 S s gy
m=—N m=—N n=0
N—-1 1 n+N
= Z Z 2( Ye—i2mfU=n)
n=0 Nl:n N
1 N—-1N-1
— N Z‘ 6 ]27Tfl6]27rfn
n=0 [=0
N—-1
— l| LL' —j27rfn‘2
N
n=0
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14.2

N—|m|—-1 N—|m|-1

Elyea(m)]?] = Z Z z(n+m)z(n)z*(n' +m)]
= = Z Z {E[z*(n)z(n + m)|E[z(n)z*(n' + m)]

+E[z*(n)z(n))]E[z*(n' +m)z(n + m)]
+E[z"(n)a" (n' + m)|E[z(n)z(n + m)]}

= 2 2 S m) + 2 )

Va0 +m = n)yze(n +m —n')]
Let p = n—n'. Then

2
Eltaz(m)]’] = ~2,(m) [szlmq + % Z Zhiz (P)Vse (P — M) Ve (p + m)]
= [EDaa(m)]* + 55 ZZ Vo (P) Ve (p — M) (p + m))]
Therefore,
varle(m)] = 3 3 S P (p — M)+ m)]
% _Z Nae (P) Vi (p — M) Ya(p + )]
14.3
(a)
1 N—|m|—-1
Elee(m)yz.(m)] = E§ |5 > @ma(n+m).
n=0
1 N—|m|-1 / ) /
N n,Z:() z(n)z*(n' +m')

- % Z Z E{z*(n)z(n 4+ m)x(n")z*(n' +m’')}

= % Y AE" (n)z(n+m)|Elz(n')z” (0 +m')]
+E[z" (n)z(n)]Elz" (0 +m')z(n + m)]
+E[z" (n)2™ (n' +m')|Elz(n))z(n +m)]}

_ % SN Bmys(m) + 6(n —n')a(m — m')
+o(n" +m' —n)d(n+m —n'))

N—-1 N—-1 . ) ,
Hence, E[pyz(f1)pea(f2)] = Z Z E[’Yrm(m)’Yrm(m,)}eﬂ2wmf1eiﬂﬂm F2

m=—(N—-1)m/'=—(N-1)

410
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coV[paz (f1)Pza (f2)]

14.4

)+ 6(n—n")d(m —m')

:ﬁzzzz

m’

+6(n’ +m' —n)d(n+m —n'))e 2Tl gi2mm f2

sint(f1 + f2)N } {simr(fl —fg)Nr}

- 1+ {stmr fi+f2) Nsinm(f1 — fo2)

[parx(fl)pxw(fQ)]
[pxw(fl)pww(fQ

4 { {szmr fi+ f2)
o

E[p:c:c(fl)] [pxac(f2)]

o
]2+ {Smﬂ (f1 — fa)N ]
Nsinm(f1 + f2) Nsinm(f1 — f2)

var(pe.(f)] = cov[pea(f1)Pez(f2)ll fi=fa=7

in2m f N 2
S B sin
le + Nsin2rw f

Assume that z(n) is the output of a linear system excited by white noise input w(n), where
02 =1. Then pu(f) = Low(f)Pww(f). From prob. 12.3, (a), (b) and (c), we have

oV [Paa (f1)Pra (f2))

var[pgz (f)]

14.5

Lo (1)l 2a (f2) E[Pww(f1)Pww (f2)]

sinm(f1+ f2)N1>  [sinw(fi — f2)N]°
Fos(f1)Tas(f2) { " {Nsmﬂ(fl + fz)] " {Nsmﬂ(ﬁ - fz)} }

me(fl)rxz (f2>COV[pww(fl)pww (f2)}

e { B [t )

oV [Pea (f1)Pze (f2)] |f1:f2:f

. 2
F{r 14 sm?wa
Nsin2rw f

Let yr(n) = 2(n)* hg(n)

_ x(m)ej%'rk(]\rlz—m)

N—
J27rk n 7‘}271',(/!77,

,..

m=0

yr()ln=n =
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Note that this is just the Goertzel algorithm for computing the DFT. Then,

N-1
—j2mkm
)] =1 XK = | a(m)e™ 5

m=0

14.6

From (14.2.18) we have

by the definition of U in (14.2.12)

14.7

(a) (1) Divide z(n) into subsequences of length % and overlapped by 50% to produce 4k subse-
quences. Each subsequence is padded with % ZE€ros.

(2) Compute the M-point DFT of each frame or subsequence.

(3) Compute the magnitude square of each DFT.

(4) Average the 4k M-point DFT’s.

(5) Perform the IDFT to obtain an estimate of the autocorrelation sequence.
(b)

Xs(k) = ng(m)e T
m=0

j27k M1 j2mkm’
= z1(m)e” A 4 eI E zo(m Ve T
=0 m’=0

1(k) 4+ e 7™ X5 (k)

3

i

X3(k) =

(c) Instead of zero-padding, we can combine two subsequences to produce a single M-point
subsequence and thus reduce the number of sequences form 4k to 2k. Then, we use the relation
in (b) for the DFT.

412
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14.8

(a) Obviously, Af = 0.01. From (12.2.52), M = %5 = 90.
(b) From (14.2.53), the quality factor is @ = 1.1NA f. This expression does not depend on M;
hence, there is no advantage to increasing the value of M beyond 90.

14.9
(a) From table 14.1, we have
Qs = LI1IINAf
QB 1
Af = -
= &f 1.11N 111
Qw = 139NAf
Qu 1
Af = -
= &f 130N 139
Qpr = 234NAf
QBT 1
Af = -
= af 234N 234
(b)
For the Bartlett estimate,
N
QB = M
N
Qp
For the Welch estimate with 50% overlap,
16NV
v = ar
16NV
For the Blackman-Tukey estimate,
1.5N
Qpr = B
1.5N
=M = > =150
QBT
14.10

(a) Suppose P](; )( f) is the periodogram based on the Bartlett method. Then,

PO = 2l 3 wlm)e 202, =0,k
n=0
PR(f) = 0
(1) L—w R~ f
sz (f) 7' €T (m)e_jQTr n|2
M nz:% !

= (1-w)P(f)

PA(f) = wPO(f)+ 1 —w)P(f)

413
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= (1 —wwPP () + PP(f)]
PEO(f) = (L—w) Y mu™ *PE(f)

xrx

Therefore, E{Péi”)(f)} = (1—w)ZMwmikE[P)(3k)(f)]
k=1
N A : o) |sinalf — )M i o
= )l—wM 11—‘“1"1;(){52'7177(]‘—04)} a
- sinm(f —a)M 2 N
- M/; ] ¢
var{PG0(N)}Y = E{[PGD (1) - [B{PLD ()Y
var{ PAD(f)} = E{[(1—w) ZMw’" P ()1
k=1
—{E[(1 - w) Y Mw™FPY (f)]}?
k=1
= (1-w)? [Z Mw?M=P (P (f))? - {E[Pé'“)(f>]}2]
k=1
= (1-w)? Z Mw2(M_k)var[Pg€)(f)]
k=1
51— w*M sin2m f M 2
= a-wl [w (o) ]

_ w1 — sin2m f M 2
= (—w™) Lol [H (Msin27rf> ]

(b)
E{PUV(N)} = B{PW()}
= /_l Fww(a)W(f - a)da
-1
where W(f) = m| Z w(n)e=32In 2
M
Var[ngiw)(f)] = (1- w)2 ZwﬂM*’“)var[ngQ ()]
k=1
= - (52
14.11

Let Rg(c@z be defined as follows:

r0) i)
o 1| e e
TJ(Q(O)

414
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Then,

. 1 /. ; Y
E*(HREE(S) = D ek = K)em il

=T X men

k=0 m=k—(M—1)

(M—1)
-y B e
—(M—1)
-
(B) - ()R
Therefore, P, (f) = )7 ZE E(f)
14.12
To prove the recursive relation in (12.3.19) we make use of the following relations:
N-1
E, = |frn | + |grn( - 1)|2] (1)
where f,,(n) = fm,l( )+ kmgm—1(n—1)
gm(n) = kp fm-1(n) + gm-1(n—1) (2)
X N-1
and By = Y [[fme1 () + g1 (n = 1))

1
= |fm 1( *1)|2+|gm—1(m72)|2

+Z [ fm—1 (M) + gm—1(n = 1)[]

N-1

Also, Z [frn—1(n) + g1 (n = 1)] =

n=m

1~ A
—=km

2 —1

We substitute for f,,(n) and g, (n — 1) from (2) into (1), and we expand the expressions. Then,
use the relations for F,,_1 and k,,, to reduce the result.

14.13
1
z(n) = §x(n -1 +wn) —wh-1)
Ele(n)] = 5 Ble(n—1)] + Blw(n)] - Elu(n — 1)
since Elw(n)] = 0, it follows that E[z(n)] =0
To determine the autocorrelation, we have
h0) = %h(—l) +6(0) = 8(=1) = -1
hl) = %h(o) +6(1) = 3(0) = —%
415
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bo=1, b =-1

1 1
Hence, 7,,(0) = §’Ym(1) +on(1+ 5)
1
Yeu(1) = 5’7%(0) + Ui;(*l)
4
and v,,(0) = 503’
1
Yax(l) = _5‘7121;
Yee(m) = —a17ge(m —1)
11,
= —5(5) ton, m>1
11,
= —3(5) oy, m<0
14.14
z(n) = w(n)—2wh—1)+wn—2)
Elz(n)] = 0since Efw(n)]=0
q
Yaa(m) = o, Zbkbk-‘rma 0<m<gq
k=0
where ¢ = 2, by =1, by = -2, by =1
2
Hence, 7,.(0) = o2 Zbi = bo?,
k=0
2
Yoo(l) = 05 bpbey1 = 4o,
k=0
2
Yaa(2) = 00 Y bbeia =0,
k=0
Yaz(m) = 0, Im| > 3,
Yaz(—=M) = Yaa(m)

14.15

loo(z) = Z Yaw(m)z™™

= 2272(2* - 228 +322 - 22 4+1)

The four zeros are

1+jV3 145V3

2 2
The minimum-phase system is
H(z) = G(1—z"1'4272), where G =2
Hence, H(2) = V2(1—z7'+272)

416
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(b) The solution is unique.

14.16
(a)
Fww(z) = Z ,wa(m)z_m
2
= @(6 — 3521 462272 35272 + 6277
22 1 1
= Z(1-32YHY1-2z"Ha1-=z"Ha - =71
Z-3h- 21— ga -5
The four zeros are z = 3,2, %,%
The minimum phase system is H(2) 6 (1 1271)(1 L )
] = — = — =z
p Vi NGAE 3
1
= \/@(6 — 527 4272
(b) The maximum phase system is H(z) = \/%(1 — 5271 +6272)

(¢) There are two possible mixed-phase systems: Hi(z) = \/%(3 — 7271 4+2272)  Hy(z) =
2 (2-72714+3272)

V62
14.17
(a)
14271
H@E) = =g
Thn(f) = H(2)H(z™")|omeions
1+4+e 920 1427
1 -0.8¢7927f 1 —(0.8e27f
B cos’n f
~ 71.64 — 1.6cos2n f
1
—  (Z)Im]
Yz (M) (2)
1 ,
= me(f) = m:Z_oo(§)|m‘€_J27rfm'
B 0.75
125 —cos2rf
_ 3cos’mf
~ (1.64 — 1.6c0827 f)(1.25 — cos2r f)
(b)
54 5
Lyy(f) 2

1.64 — 1.6cos2nf  1.25 — cos2n f

417

© 2007PearsorEducation)nc., UpperSaddleRiver,NJ. All rightsreservedThis materialis protectedunderall copyrightlaws
astheycurrentlyexist.No portionof this materialmay be reproducedin anyform or by anymeanswithout permissiorin
writing from the publisher. Forthe exclusiveuseof adopterf thebookDigital SignalProcessingi-ourthEdition, by JohnG.
ProakisandDimitris G. Manolakis.ISBN 0-13-187374-1.



9 3

= 150 2% — 50 .
1.64 — 1.6cos2r f 1.25 — cos2n f

Yyy(m) = 150(0.8)|m‘_50(%)\m|

(€) 02 = 7,4(0) = 150 — 50 = 100

14.18

proof is by contradiction.
(a) Assume the |k,,| > 1. Since E,, = (1 — |kmy|?)Em_1, this implies that either E,, < 0 or
E,,_1 < 0. Hence, 02, < 0, and

is not positive definite.
(b) From the Schur-Cohn test, A,(z) is stable if |k,,| < 1. Hence, the roots of A,(z) are inside
the unit circle.

14.19
(a)
Yoz (0)  Yaz(l)  Yaa(2) 1 o2
Yoz(m) = 081ygz(m—2), m>3
Hence, %ng) = {2.91,0,2.36,0,1.91,0,1.55,0,...}
q
The values of the parameters d,,, = Z bibk1m are as follows:
k=0
MA2):d, = {291,0,2,36}
MA4):d,, = {2.91,0,2,36,0,1.91}
MA@®):d, = {291,0,2,36,0,1.91,0,1.55,0}

(b) The MA(2), MA(4) and M A(8) models have spectra that contain negative values. On the
other hand, the spectrum of the AR process is shown below. Clearly, the MA models do not
provide good approximations to the AR process. Refer to fig 14.19-1.

14.20

Yaz(m) = {1.65602,0,0.8162,0,...}.
For AR(2) process:

418
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——=> magnitude
o = N w S ol o

1
0 0.05

1 1
0.3 0.35

0.1 0.15 0.2 0.25 0.4 0.45 0.5
———> frequency(Hz)
Figure 14.19-1:
1.65602 0 0.8102 1 g2,
0 165602 0 a | =] 0
0.8102 0 1.65602, ao 0
The solution is
g = 112
ay = 0
ay = —0.489
For the AR(4) process, we obtain ¢ = 1.07 and
a = {1,0,-0.643,0,0.314}
For the AR(8) process, we obtain ¢ = 1.024 and

a

Refer to fig 14.20-1.

14.21
(a) (1)
H(w) =
Fua(w) =
L (w)
(2)
H(w
P (w0
(3)
H(w)

{1,0,—-0.75,0,0.536,0, —0.345, 0, 0.169}

1—e v
14+ 0.81le—dw
|H(w)|?o?,
| 1—e v 2,2
1+0.8le—dw' "%

(1—e72v)
|H (w) [,

2

2 .
4o sin“w
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MA(2) AR(2)

2 25
515 g 2
2 2
2 Z
g 1 g15
1S IS
0 0
| 05 b1

0 0.5

0 0.2 0.4 0.6 0 0.2 0.4 0.6
———> frequency(Hz) ———> frequency(Hz)
AR(4) AR(8)

2 2
3 815
215 =
c 'c
g g 1
IS IS
Mo 0
| | 0.5

©
ol
o

o

0.2 0.4 0.6 0 0.2 0.4 0.6
-——> frequency(Hz) -—=> frequency(Hz)

Figure 14.20-1:

o2

me - “
(w) 1.6561 — 1.62cosw

(b) Refer to fig 14.21-1.

(c) For (2),
0'12[) Zi:o bkbk+m7 0 S m S 2
Yee(m) = ¢ 0, m > 2
’Y;x(_m>7 m <0
since by = 1, b1 = 0 and by = —1, we have
Yee(0) = 207,
'Yxm(z) = _0—1211
7xm(f2) = 70_1211
Yealm) = 0, m+#0,+2

For (3), the AR process has coefficients ag = 1,a; = 0 and az = 0.81.

1 0 081 Yz (0) o2
0 181 0 Yez(1) | =1 0
081 0 1 Yz (2) 0
Y2z (0) = 2902
420
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(1) )

56 815
2 2
5 5
@ @
g4 g 1
0 0
|2 | 0.5

0 0

0 0.2 0.4 0.6 0 0.2 0.4 0.6
———> frequency(Hz) ———> frequency(Hz)
®3)

6

5
(]
©
24
'c
g3
IS
)
|
I

1

0

0 0.2 0.4 0.6

—-——> frequency(Hz)
Figure 14.21-1:
Yez(m) = 0, m odd
Yeu(m) = 2.9(0.9)™ o2 m even
14.22

(a) For the Bartlett estimate,

= = 26.67

= =53.33
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14.23

el f —0.9)2
Loa(f) = 03, 27 f | 3012 '27r]|" 012
|e27f — j0.9]|2|ei2™f + j0.9]
(a)
2—09 271-09
r = o’
w(2) = w8l 2 2 1081
z—0.9
Theref H = —
erefore, H(z) 2103l
oz (1-0927Y)
14081272
(b) The inverse system is
1 1+0.81z72

H(z) 2z71(1-0.9z71)

This is a stable system.

14.24
N-1 o
X(k) = Z z(n)e ™ ®
(a)
EIX(k)] = Y Elz(n)e”F" =0
EIXMP] = 33 Ele(n)a® (m)]e ™=
= Z Z o26(n — m)e%wm)
n Nill
- 231
n=0
= No?
(b)

E(XMX"(k=m)} = 33 Ela(na’ (n))e~F =5

—j2rmn’ —j2rk(n—n’)
= aig g dn—n')e” 8 e N
n n/

o 2 j2mmn
= o'me N
= Nag, m = pN

= 0, otherwise p=0,£1,+2,...

422
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14.25

You(m) = E[*(n)o(n+m)]
= > bibw Ew(n— kw(n+m— k)]
k/=0 k=0
= 05, > > bibpd(m+k—k)
k'=0 k=0
= 02> bibism
k=0
= cradm
Then, Ty, (f) = o2 zq: dpe 2 im
14.26
Yez(m) = Elz"(n)z(n+ m)]
= A?E{cos(win + ¢)cos[wi(n +m) + ¢]}
= A?E{coswlm + cos[wi(2n +m) + 2¢]}
= 5 coswin
14.27
(a)
z(n) = 08lz(n—2)+wn)
y(n) = x(n)+ov(n)
=x(n) = y(n)—ov(n)
y(n) —v(n) = 0.8ly(n —2)—0.81v(n —2) + w(n)
)

Therefore, y(n) = 0.81ly(n —2)+v(n) — 0.81v(n — 2) + w(n)

so that y(n) is an ARMA(2,2) process

(v)
s(n) = —Zp:akx(n—k)—kw(n)
Yn) = a(m) +o(n)
o) = yn)—o®)
y(n) —ofn) = —gpjlak[ym — k) = v(n — B)] + w(n)
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Hence, y(n) is an ARMA(p, p) process

Note that X (z)[1 + Zakz = W(z)
HE) = s
L+ ke ar?
1
- Ap(2)
Lya(2) o H(2)H(27")
and T'yy(z) = o2 H(2)H(z™") +o2
_ oh 2
T AEE T
_ o + 0 Ap(2)Ap(z7)
Ap(2)Ap(z71)
14.28
(a)
K K
ealm) = B{S Axcosuwgn + én) + w(m)][ 3 Awcos(un (n+m) + éu) + w(n +m)]}
k=1 B=1
= Z Z Ay Ay E{cos(wgn + ¢r)cos(wr (n + m) + ¢pr) } + Elw(n)w(n + m)]
koK
K
= Z cos(wyn) + o2 5(m)
k=1
(b)
Lyo(w) Z 'Ymc(m)eijwm
A2 &
= Z Z (eTWk 4 emIWR)eIwn 4 52
= Z I[27r6(w — wy, — 27tm) + 27w (w 4 wy, — 27m)] + o2,
k—
lK
= g ;Ai[d(w —wy, — 2mm) + 276 (w + wy, — 27m)] + o2,
14.29
E = a" Lya+A1- Q*Ta)
d&
@ - O
=L,a—X = 0
or)a Aa
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Thus, a is an eigenvector corresponding to the eigenvalue A. Substitute I, a = Aa into €. Then,

2

€ = A. To minimize £, we select th smallest eigenvalue, namely, o .

14.30
(a)
’sz(o) = P+0'12U
Yer(1) = Peos2nfi
Yz (2) = Pcosdnf
By the Levinson-Durbin algorithm,
xTrxr 1
0w = -2 (1)
Yz (0)
B _P00527rf1
- P+o2
kl = (11(1)
E, = (l_k%)'}/xw(o)
B P2sin®21 f; +2Po2 + ot
B P+o2
0@ = -2 ( )+;‘;1( )Yz (1)
1

Po? cosdrfi — P2sin?2r f;
P2sin?2r f1 4+ 2Po2 + o

az(l) = a1(1) 4+ a2(2)ar(1)
__ Pcos2m fy ) P2sin?2n f| — Po? cosdr fi
P+02 P2sin22n f; + 2Po2 + o
(b) k2 = a2(2) k1 = a1(1) as given above.
(c)
If 62, — 0, we have
w(l) = —(cos2nfi)(1+1)
= —2cos27f,
az(2) = 1
by = 1
ki = —cos2rfi
14.31

e(h) = h"Topuh + p(1 = E¥ (f)h) + p* (1 - BT E(f))
(a) To determine the optimum filter that minimizes 0_3 subject to the constraint, we differentiate
e(h) with respect to h* (compute the complex gradient):

h

Thus,
By = WL E(f)
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(b) To solve for the Langrange multipliers using the constraint, we have

E(Hhgy = wEY (F)LLLE(f) =1

“opt T

Thus,
1

EM(HLLE(S)

By substituting for x* in the result given in (a) we obtain the optimum filter as

*

M:

Lo E(f)

= —A

Rot = BT B(R)

14.32

The periodogram spectral estimate is

Pxx(f) =

where

N—-1 )
X(f) =Y w(n)e " = B"()X (n)
n=0

By substituting X (f) into P,.(f), we obtain

1
Poo(f) = NEH(f)X(n)X(n)HE(f)

Then,

1

EPp(f)] = NEH(J”)E (X (n)X(n)"] E(f)
1
= VETILLE()
14.33
We use the Pisasenko decomposition method. First, we compute the eigqnvalues of the correlation
matrix.
3—A 0 -2
3—A 0 0 3—A
g(\) = 0 3—A 0 =(3—/\)‘ 0 3_)\‘—2‘3_)\ 0 ’

—2 0 3-2X
= (3=X°=22)B-N)=0B-N[B=-XN*—-4] =0

Thus, A =5, 3,1 and the noise varinace is A,,;, = 1. The corresponding eigenvector is

2 0 -2 1 0 1
0o 2 0 ap | =10 | =a=1a=0= |0
-2 0 2 as 0 1

The frequency is found from the equation 1 + 272 = 0 = z = +j. Therefore, e/¥ = +; yields
w = +7/2 and the power is P = 2.
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14.34

The eigenvalues are found from

2-X —j -1
g()\): 7 2—A *j i)\lzl,)\gzl,)\g,zél.
1 22

and the normalized eigenvectors are

—j/V3 0 2/3
v =] 1/V3 vy = | j/V2 v = | —j/V6
i/V3 1/v2 1/v6

By computing the denominator of (14.5.28), we find that the frequency isw = /2 or f = 1/4. We
may also find the frequency by using the eigenvectors v, and w4 to construct the two polynomials
(Boot Music Method):

1
B = e 5

2 1 1
‘/3(2) = § 762_1 + %2_2

Then, we form the polynomials

1 2. 2. _ 1 _
Va(2)V5' (1/2%) + Va(2) V5 (1/2%) = 522 + g]Z +2— ng Ly gz 2

It is easily verified that the polynomial has a double root at z = j or, equivalently, at w = 7/2.
The other two roots are spurious roots that are neglected.
Finally, the power of the exponential signal is P = 1.

14.35

1
Pyusic(f) = S s (P

The denominator can be expressed as

M M

Mol = > s (Hualls(f)

k=p+1 k=p+1

M
ST | DD v | s(f)

k=p+1

14.36

(a) Ve(2) = Ziw:*()l vk (n+1)z7" and Vi (f) = Vi(2) |.—¢s2=s Then, the denominator in Pyysro(f)
may be expressed as

M
> :’§H(f)ﬂk’2 = Y MVi(HV()
k=p+1

k=p+1

= Z MV (2)ViE(1/2%) | seizns
k=p+1
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(b) For the roots of Q(z), we consruct (from Problem 14.34) Q(z) as

Q(z) = Va(2)V5'(1/2") + Va(2)Vy (1/27)
= %22 + %j2+ 2 — %jz*l + %z”

Thus polynomial has a double root at z = j and two spurious roots. Therefore, the desired
frequency is w = /2.

14.37
(a)
N-1
Yay(no) = y(n —no)ly(n —no) +w(n)]
v
Elvey(no)] = E[y*(n — ny))]
v
= E[A%cos®wo(n —ng)] 0<n<M-—1
_ niAQ
2

(2, (o)) (-
M A?

= D> E{ytn—no)ly(n —no) + w(n)ly(n' —no)ly(n' — no) + w(n)} - (——)*

&

var ['Yﬁcy (nO)] =

M A?

(b)
2
var[yzy (no)]
(MA2 )2
_ 2
= M2A2 p
. MA?
202
(c¢) As M increases, the SNR increases.
14.38
Refer to fig 14.38-1.
14.39
Refer to fig 14.39-1.
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autocor of w(n) periodogram Pxx(f)
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Figure 14.39-1:
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Corrections to Digital Signal Processing, 4" Edition

by
John G. Proakis and Dimitris G. Manolakis

. Page 18, two lines below equation (1.3.18)

sk(n) should be s,(n)

. Page 34, Figure 1.4.8

The quantized value of the signal between 2T and 3T should be 4
. Page 66, line below equation (2.2.43)

“is relaxed” should be ““is non-relaxed”

. Page 101, last term of equation (2.4.24)

n

should be

n

. Page 147, last sentence above Section 3.1

Move this sentence to line above, just before the word “Finally, “
. Page 161, figure 5.2.1

The mappingisw=a'z

. Page 237, line 2 from the top of page

“radian” should be “radial”

. Page 321, Figure 5.2.3, magnitude plot

Scale on the ordinate should be multiplied by 5



9. Page 387, line 8 below equation (6.1.15)
X(F,) should be X(F)
10.Page 390, Figure 6.1.3(b)
X(F/F,) should be X(F)
11.Page 391, Figure 6.1.5 upper right-hand part of the figure
X(F/X,) should be X(F)
12.Page 396, Figure 6.2.3, graph of Y(F)
For F<0, the F, on the abscissa should be -F
13.Page 424, two lines below equation (6.4.68)
The word “envelop” should be “envelope”
14.Page 454, equation on line above Section 7.1.2
e2*N should be €72 ¥N
15.Page 463, line below equation (7.1.39)
(7.1.38) should be (7.1.39)
16.Page 506, problem 7.23(e)
The exponent should be j(2 /N) k.n
17. Page 526, Figure 8.1.10
Delete the factor of 2 in the expression for B

18. Page 582, line 4 from the top

B,(z) = 1/2+3/8 2'+2



19. Page 646, Problem 9.22
In the denominator of H(z), the term r2 should be r*
20. Page 672, two lines below equation (10.2.35)
G(k+x) should be ((k+)
21. Page 679, line above equation (10.2.52) and in equation (10.2.52)

Add the term

b (1) =2b(1) -2 b(0); Then, in (10.2.52), k=2.,3,....M/2 -2
22. Page 680, line above Case 4:

The equation should be

C0) -12€(2) =c(1)

23. Page 725, Figure 10.3.14, graph on left
The value of 1 is the peak value

24. Page 742, problem 10.2.3, lines 4 and 6
Add subscripts | and u on the expressions for
H(s) should b H,(s)

25. Page 809, equation (11.12.15)

Q(z™) should be Q'(z™)



26. Page 811, in Solution of example 11.12.1
The matrix for G,(z), G,(z) and G,(z) should be transposed

Thus,
Gy(z)=1-z'+ 77, G,(z) =-1-z'+327, G,(z)=1+3z"'-52>

27.Page 818, problem 11.16

Change the statement of the problem to the following:

Use the result in Problem 11.15 to determine the type II form of the 1=3
interpolator in Figure 11.5.12(b)

28. Page 821, third line from bottom of page
Should be f,=1/6 and f=1/3

29. Page 958, problem 13.19

In the expression for the least squares error,
f(m)n should be f_(I) and gm(n) should be g_(I)

30. Page 962, equations (14.1.6), (14.1.7) and (14.1.8)
X(F/X(F)) should be X(F)

31. Page 964, in Solution of Example 14.1.1, line 2
Figure 10.2.2(a) should be Figure 10.2.2

32. Page 1038, problem 14.35

In the denominator of the equation, v, v, should be v, v, "



